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Basic definitions
°od=123,..
e D C RY — open (unbounded)
@ (X;) — isotropic a-stable process in RY, o € (0,2)
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Definition
For p: Ry — Ry, define horn-shaped region (HSR):
D, = {(x1,>"<) ER? x>0, 3] < p(xl)} .

Definition
HSR D, is nondegenerate if for some x > 0,
p(u)>0 == 3x : (u,0,...,0) € B(x,kp(u)) C Dp.



Killed process

o tp — first exit time from D,
p=inf{t >0 : X; ¢ D}

o (PP) — semigroup of (X;) killed upon exiting D,
POF(x) = E*((X0): t <)

- /D PP (x,y) F(y) dy f e ’(D)

° p? positive, continuous and bounded on D x D

e vy (D) — killing intensity



Theorem (MK)

PP are compact <= lim E*rp =0.
[x|—00

Remark: This holds true also for the Brownian motion

Theorem (MK)

PP are compact <= lim (D) =c0.
|x]—00
Example
For nondegenerate HSR D = D),
PP are compact <= lim p(u)=0.

u—0o0



From now on we assume that P are compact

There exists a complete orthonormal sequence (¢p):
’DtDQOn:ei)\”t(pn O< A< <3< >

Theorem (MK)

_ C(D)E*tp
p1(x) = W'

Remark: E*7p is local:
E*rp =< C(D) E*Tprp(x,1)



From now on we assume that P are compact

There exists a complete orthonormal sequence (¢p):
“Ant

P1:D90n:e ©n O< A< <3< >
Theorem (MK)

_ C(D)E*tp
p1(x) = W'

Proposition (MK)
For a HSR D = D, with sufficiently smooth p,
E*rp < C(D) (f(a)? — %) * -



Definition
(PP) is said to be intrinsically ultracontractive (IU) if
pe(x,y) < C(D, t) pr(x) ea(y)

(PP)is IU if
e D is bounded with smooth boundary (Chen, Song, 1997)
e D is bounded (Kulczycki, 1998)

If (PP)is 1U, then

D
pe (x,y) —(A2—A1)t
su — 1| < C(D) e 1271 t>1
x,yepD e Mtp1(x) p1(y) (D) (£=1)




Theorem (MK)

The following are equivalent:
(a) (PP)is IU;

(b) PP(.y) < €(b.1)

(T4 [xDIHe@ + [y)+e

Corollary
Dy C Dy, (PP)islU = (P)isIU.

Corollary
(PPYisIU = PP are Hilbert-Schmidt operators.



Theorem (MK)

The following are equivalent:

(a) (PtD) is 1U;
C(D,t)

() #02) < ety + e

X C(D,t)
(c) SliPP (To\B(o,r) > 1) < 1+ rydra

Remark: Condition (c) is local at infinity



Theorem (MK)

The following are equivalent:
(a) (PP)is IU;

C(D,t) .
(b) PP(XJ’) < (1 + [x])d+e(1 + |y[)d+e’
C(D,
(C) Sl)J(p PX(TD\E(O,I’) > t) S (]__ﬁr)dt‘)i’a

Theorem (MK)
vy (D)

PPYisIU «—— li =0,
(P) |x|IToo log | x|

(PPYisIU = lim dist(x,dD) (Iog|x])é

x| =00



Corollary
For a nondegenerate HSR D = D,,

(PP)islU <= lim (logu)ap(u)=0.

u—0o0

Example

If p(u) ~ u=9 (q > 0), then (PP) is IU.
If p(u) ~ (log u)~9, then

1
(PP)islU q>—.
ExamplgO
If D = | J B(xn, ra), (disjoint balls, x, = (u,0, ...,0)), then
n=1

(PP)isIU  «— lim rlogu, =0.

h—00






Let k, =2", gn = (n+1)"91 and

0o kp—1
5 1
D= xGRd:|X|€UU(n+m+qn,n+m+ ) ;

kn kn

n=0 m=0

then (PP) is IU, but |D¢| < oc.




Boundary Harnack inequality (K. Bogdan, T. Kulczycki, MK)
If
e f,g>0and f =g=0o0n B(0,2)\ D,
o f(x) = EXf(X(7p)), &(x) = E*g(X(7D));
then
mgCM for x,y € B(0,1) N D.




Boundary Harnack inequality (K. Bogdan, T. Kulczycki, MK)
If

e f,g>0and f =g=0o0n B(0,2)\ D,

o f(x) = EXf(X(7p)), &(x) = E*g(X(7D));

then
) _ ) »
20 = € () for x,y € B(0,1) N D.
Remarks:

@ C does not depend on D
@ No smoothness assumptions on 9D

History:
e D Lipschitz, C = C(D) (Bogdan, 1997)
e D arbitrary, C = C(D) (Song, Wu, 1999)



Boundary Harnack inequality (K. Bogdan, T. Kulczycki, MK)
If

e f,g>0and f =g=0o0n B(0,2)\ D,

o f(x) = EXf(X(7p)), &(x) = E*g(X(7D));
then

) _ 1)
209 = €50 for x,y € B(0,1) N D.

Key lemma (K. Bogdan, T. Kulczycki, MK)

Under the same hypotheses,

fix)=<C (EXTDmB(0,2)) </D\B(O ) f(y)vo(y) dy)
for x € B(0,1) N D.



Definitions
For x,y € D, z € D¢, w € 0D,

° Gp(x,y)= / pP(x,y) dt — Green function
0

e Pp(x,z) = / Gp(x,y)vy(z)dy — 'Poisson kernel’
D

o Mp(x,w) = lim Gp(x,y)

— Martin kernel
y—w Gp(xo,y)

Theorem (K. Bogdan, T. Kulczycki, MK)
(i) Mp(x,w) exists for all w € 9D;
(i) Mp(-,w) is a-harmonicin D <= w € duyD, where

8MD—{W€8D ; /Vy(W)EyTDdy_OO}.
D



8MD:{W€8D : /Vw(y)EyTDdy:oo}.
D

Example

For p:(0,1) — [0, 00) nondecreasing, define thorn:
Dy = {(Xl,)N() €eR? : 0<x <1, |% < p(xl)} .

Then
u) d+a 1
0€yDs <— / Wdu:oo.
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For p(u) ~ u|log u|~9: 0.05
1

0eduD <—= g< ———

—0.10
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Theorem (K. Bogdan, T. Kulczycki, MK)
If f > 0is a-harmonic in D, then

f(x) = /DC Pp(x,z) f(z)dz + - Mp(x, w) u(dw).

The representation is unique.

Remarks:
e |OyD| =0

e Pp(x,-) is density of P*-distribution of X(7p) on D¢\ oy D
(Ikeda, Watanabe: on D€\ 9D)



A different point of view

A function f > 0 is a-harmonic in D with outer charge X if
700 = [ Polxz)Adz)+ [ Mo(x.w) ()
De omD

= PpA(x) + Mppu(x).
(A — a measure on D¢\ Oy D)

Boundary Harnack inequality
If
o f=Pp\+ Mpu, g =Pp\N + Mpy/,
o A(B(0,2)) = XN'(B(0,2)) = pu(B(0,2)) = 1/'(B(0,2)) =0,

then

@<CM for x,y € B(0,1)N D.

g(x) ~  &ly)



