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Fractional Laplace operator

How do we define (—A)*/2 for a € (0,2)?
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Pointwise definitions

(1) As a singular integral:

—(=2)*2u(x) = ¢ lim / ulx + y3 — ulx) dy;
e=0" JRd\B(0,¢) |y|dte

(2) As a Dynkin's characteristic operator:

—(=A)*2u(x) = ¢ lim / ulx+y) — ulx) d

y.
8 Jin 00y W1 P =227

(3) Through harmonic extensions, which can be reduced to:

: +y) — u(x)
—(=A)Pu(x) =c | / ulx dy.
(FA)Tub) =clim | @y pyEer Y
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Operator approach
(4) As a generator of a semigroup of Markov operators:

(A u(x) = ¢ lim ) w9

t—0+ t

t(—A)*/2

here e~ u = p; * u, where p,(¢) = e tI",

(5) By Bochner's subordination:

—(- A)a/2 0y t1-a/2gy.
F(=2)lJo
here e® is the usual heat operator.
(6) By Balakrishnan's formula:
sin &% [
—(=A)*2y = ki A(s — A)Lus*/? s,

™ 0
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Riesz potentials, Fourier transform

(7) As the inverse of the Riesz potential operator:

e [ R

ly[@=

(8) By Fourier transform:

((—A)*2u) (&) = |¢*a(8).

Isotropic unimodal
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Duality

(9) Distributional definition:

/Rd(_A)a/zu(X)V(X)dX: /Rd U(X)(—A)a/2v(x)dx

for v e C*
(10) Via quadratic form:

(=2)*2u,v) = &(u,v),

where

(x) = v(y))
uv-c/]Rd/]Rd |x—y|d+0‘ dx dy

ZW/WI&W €) 0(€) de¢.
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Equivalence

Theorem (numerous authors; see [K-17])

The above ten definitions are all equivalent on G, G,, and LP,
p € [1,00) (whenever meaningful).

All limits are understood in the corresponding norm, etc.
Natural limitations:

» Riesz potentials work only in LP, p € [1, g);
» Fourier transform is only defined on LP, p € [1,2];
» quadratic form is restricted to [2.

Major part was known, but scattered in literature;
some pieces were apparently missing.

Very well-known for smooth functions.



Ten definitions
00000080

Remarks

e In Gy and G, pointwise convergence to a continuous
function implies norm convergence.

e In LP, norm convergence implies convergence
almost everywhere.

e There are even more definitions! For example:

_(_A)a/2u(x) _ C/Rd U(X+y) — U(T})/|;+Z ) VU(X)EB(V) dy,
(=AY u(x) = C/Rd u(x +y) +‘L;(|>;; y)—2ux) 4

or the definition involving viscosity solutions.

e Pointwise definitions are to some extent equivalent
(e.g. for smooth functions), but not in full generality.
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Caffarelli-Silvestre extension technique

e ‘Harmonic extension’ refers to the representation
of —(—A)*? as a Dirichlet-to-Neumann operator:

Asu(x,y)+cy* /" Sh(x,y) =0 fory >0
u(x,0) = f(x)
dyu(x,0) = —(—=A)*2f(x)

e (Re-)discovered and popularised in [Caffarelli-Silvestre-07],
but occassionally used already in 1960s.

e Remark: if c y>=2/ is replaced by A(dy), one obtains

—1p(—A) for a complete Bernstein function v,
and A+ 1 is a bijection; see [K-Mucha-18"].
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Origins

e In 1938, M. Riesz published his article
Intégrales de Riemann—Liouville et potentiels.

e |t contains a lot of results!
Some of them are often attributed to other authors.

e M. Riesz considered what is now called Riesz potential:
u(x —y)
lyu(x) = c/ ————~ dy,
) re |y|7e
where o € (0, d).

e This extends the classical Newtonian potential, which
corresponds to o = 2.
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Potential theory

e In modern PDE language, M. Riesz constructed the

‘solution’ of
—(—A)*?u(x) = —g(x) for x € D,
u(x) = f(x) for x € R4\ D.

e The ‘solution’ is given in terms of the Green function and
the Poisson kernel, fundamental objects in potential theory:

u(x) = /Rd\D Pp(x, z)f(z)dz + /D Gp(x,y)g(y)dy.

e The Poisson kernel is constructed in a potential-theoretic
way, and the Green function is defined by

C C

G - Po(x,2) —— dz.
D(va) ’y—X|d7a /]Rd\D D(X Z) |y_zldfa z
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Poisson kernel of a ball

e If D= B(0,r) is a ball, then
2 — |x|2)°*/2 1
|

|z|> — r? x—z|d

Po(x,z) = c(

e The original work of M. Riesz required that a < d.

e Extension to a > d was carried out in [Kac-57] and
[Blumenthal-Getoor-Ray-61].

e A simple corollary: (scale-invariant) Harnack inequality.

e Another simple corollary:
— ()P~ X)) = in B(O,),
— (—A)[(x)*] =0 in R7! x (0, 00).
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Green function of a ball

e If D= B(0,r) is a ball, then

C C
Gp(x,y ——/ Pp(x,z) —————— dz.
CoN) = 57 ™ s P

e [Blumenthal-Getoor—Ray—61] simplified this to

( ) 1 S(r,x,y) a/2 1
Gp(x,y)=¢c———— / ———ds
[x =yl Jo

(1+5s)d/2
(SCrx ) (5%
x — y|d- 21\ 142
2

_5(r7 X, y)) )
where

S(rxy) - PP =)

rPlx —yl?
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Meijer G-function

a
|x|2)} _
b
27 2

Theorem ([Dyda—Kuznetsov-K-17a])

a a
__Aa/2 Gmn 1y ---5 9p
( ) |:p’q<b1,...,bq
—_————

1-d—«o a— ¢ _«

— _2a Gm+1,n+1 2 ) 29 2
p+2,9+2 0, b o« 1 _d

F).

e The Meijer G-function G[7" is not nice to work with.
e A lot of functions can be written in terms of G,;t’g’”.

e [Prudnikov-Brychkov—-Marichev—90] contains
a 100-page-long table of such expressions.
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Special cases: full space (1/2)

e Generalised hypergeometric function is somewhat simpler:

—f
_(_A)a/2 |j3F ( a, .-, dp _|X‘2)} —
7 bla crey bq—la%

e A more explicit example is:
—(=D)*2[Ix[P(1 + [x[*)7?]
— 2 G272 1- (HTaa 1+ p+g_av —3
- ) 3,3

_r(_g 07 p—Toz’ 1_g
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Special cases: full space (2/2)

e We recover formulae from [Samko—01], for example
—(=0)lexp(=|x*)] = c1F (4% 5 = [x[?)

and

R o]

2F1(—n, 51— d’Ta —n; 1+ |x?)
(1 + ‘X’2)(d+a)/2+n ’

e By the way, when n = 0, we obtain

/2 1
~(=a)" [(H P

c
)(d—a)/2] T (1 + [x[2)@+e)
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Special cases: unit ball

e Our result also includes the expressions found in
[Biler—-Imbert-Karch-11] and [Dyda-12]:

—(=0)2[(1 = [xP)2] = —caFu (%, § — pi 5 IXIP)
in the unit ball B(0,1).
e More generally: in the unit ball B(0,1) we have

(A2 )2 P 2l - 1)) =

ad
272

— —c PP — 1),

where P,(,a”g)(r) is the Jacobi polynomial.
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Application: eigenvalues in the unit ball

e The eigenvalue problem for (—A)®/2 in the unit ball:

(—A)*2p(x) = Ap(x) for x € B(0,1),
o(x)=0 for x € R\ B(0,1).

o Let A\yo < Ag1 < Ag2 < ... be the sequence of those
eigenvalues which correspond to radial eigenfunctions.

e Upper bounds for Ay ,: Rayleigh—Ritz variational formula.
e Lower bounds for Ay ,: Weinstein—Aronszajn method of
intermediate problems.
a d_
o In both methods we use (1 — [x|2)%/2 P\32 V(2|2 — 1)
as test functions.

e This leads to both numerical and analytical bounds;
see [Dyda—Kuznetsov-K-17b].
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Harmonic polynomials

Bochner's relation implies that if V(x) is a solid harmonic
polynomial of degree ¢, then:

~(~A)PPVE) ()] = V() g(x])  in B

if and only if
—(=2)*[f(ly)] = &(lyl)  in BRI
e Here ‘solid’ = ‘homogeneous’; examples of V/(x):

2 2
1, x1, xixo, xiXa ... Xd, X{ — X3.

Corollary: Ay 2., are the eigenvalues of (—A)*/2 in B(0,1).

Our bounds allow us to compare Ay; and A\gi2¢ for small d.
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Kulczycki's conjecture
e Let \g < A\; < A\, be the sequence of all eigenvalues of
(—A)%/2 in the unit ball B(0,1).

e It is easy to see that Ay corresponds to the ground state,
the unique positive (and radial) eigenfunction.

e Kulczycki conjectured that \; corresponds to an

antisymmetric eigenfunction:

e Numerical bounds strongly support the conjecture, and
analytical bounds prove it when d <2 (or a =1, d <9).

and not
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Half-line
Theorem ([K-11], [K-Matecki-Ryznar-13], [Kuznetsov—K-18])

For A > 0, the solution of

{(—A)O‘/2<p(x) = \p(x) for x >0,

o(x) =0 for x <0
is given by
pa(0) = sin(ux-+ E227) — [T e () o,
where o ’
d(s) = m;rm : 14 s%@ —5256“ cos &

y 1/°° 1 | 1—s2r2d
exp [ = 0 rl.
PAT o l+1r2 €1 _sara
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Half-line and interval

ox(x) = sin(Ax + &= a)”)—/ e d(s) ds,
0

e The function ®(s) can be expressed in terms of the
Koyama—Kurokawa's double sine function Sy(a; s).

e Asymmetric operators are included in [Kuznetsov—K-18].

e Eigenfunctions in the interval (—1,1) can be approximated
by glueing together (1 4 x) and (1 — x) near x = 0.

Theorem ([K-12])

The eigenvalues \, of (—A)*/2 in (—1,1) satisfy

(5 o).
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Harmonicity
e u is a-harmonic in D if u is continuous in D and
—(=A)*2u(x) =0 for x € D;

e equivalently (see [Bogdan—-Byczkowski-99]):
u(x) :/ Pg(x,z)u(z)d
RI\B

for any ball B (equivalently: any bounded open B)
such that B C D.

e u is regular a-harmonic in D if
u(x) :/ Pp(x, z)u(z)dz.
RI\D

e If ue C(RY\ D) and D has the exterior cone property,
‘regular a-harmonic’ means ‘a-harmonic and C(R9)'.
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Harmonic functions in a ball

Theorem ([Hmissi-94], [Bogdan—-99], [Chen—Song-98])

Non-negative a-harmonic functions in the unit ball D = B(0, 1)
have the form

u(x) = /R o POl R+ [ Mol 2)ute),

where the Poisson kernel and the Martin kernel are given by

r2—|x|2 a/2 1
PD(X>Z) = C<|Z|2 . I’2)

(7 = D)

x — 2|9

x — 2|7

Mp(x,z) =
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Harmonic functions in any open set
Theorem ([Bogdan—99], [Chen-Song—98], [Song-Wu-99],

[Bogdan—Kulczycki-K-08])

Non-negative a-harmonic functions in an arbitrary open set D
have the form

u(x) = /IRd\D Pp(x,z)f(z)dz + . Mp(x, z)u(dz),

where the Poisson kernel and the Martin kernel are given by

c
P x,z:/G X,y) ———— dy,
D( ) 5 D( .y) ]y—Z]‘“’O‘ y
Mp(x, z) = lim Go(x,y)
y22 Gp(x0,y)

and 0,D = {z € 9D : Pp(xq, z) = o0}.
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Boundary Harnack inequality

e The existence of Mp(x, z) is a consequence of the
following boundary Harnack inequality.

Theorem ([Bogdan—97], [Song—Wu-99],

[Bogdan—-Kulczycki-K-08])
Let D be an open set, z € 9D. If u is regular a-harmonic in D
and u(x) =0 for x € B(z,r) \ D, then

lim oou)
x25 [ Gp(x, y)dy

(uniformly with respect to u, D and z).

exists

e No regularity of D is needed.

e The denominator is not a-harmonic.
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Harmonic functions and potentials

e A simple corollary: if g is nonnegative and

/GDXy dy7

then u(x fD Gp(x, y)dy (unless u(x) = 0).
e In fact, |f g is nonnegative and continuous at z € 9D, then

lim _u)
25 Jp Go(x, y)dy
e If D= B(0,r) is a ball, then
/ Go(x,y)dy = c(r* — [x[2)¥/2.
D
e If D has C*! boundary, then

/D Go(x, y)dy ~ c(dist(x, DD))*">.

exists.
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Translation-invariant operators

Consider a symmetric function v on R? such that
Jra min{1, |x[*}r(x)dx < 0o, and let

L) = tim [ g ) W)y

e—0t
By general theory, a ‘solution’ of
{Lu(x) = —g(x) forxeD,
u(x) = f(x) for x € RY\ D.

is given in terms of the Green function and the Poisson kernel:
u(x) = / f(z)Pp(x,dz) + / g(y)Gp(x,dy).
RI\D D

In fact L need not be translation-invariant: the above
is true whenever L is the generator of a Markov process.
No hope for detailed results in this generality.
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Isotropic unimodal kernels

e An isotropic unimodal kernel is a function of the form
v(|x|) for a non-increasing v.
e Why this class of kernels?
» The convolution of two isotropic unimodal kernels is
again isotropic unimodal.
» Tauberian theorems require some kind of monotonicity.
e A large part of the theory for the fractional Laplace
operator —(—A)/? extends to operators L with
isotropic and unimodal kernels v(x) = v(|x|).

e Study initiated in [Grzywny—14]| (extending previous works
on narrower classes of operators).
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Regular variation

e A function f is regularly varying at oo with index « if
f(A
lim ()

= )\¢ f 1.
A F () A or \ >

e More generally, f is O-regularly varying (OR) at oo with
lower index o and upper index [ if
f(A\x) f(A\x)

o . . . ﬂ
A <||)[Tl>|orlf Fx) lIT_iLolp—f(X) <A

for A > 1.
e O-regular variation at 0 is defined in a similar way.
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Pruitt's functions

e Karamata's Tauberian theory tells us, for example, that
f is OR at 0 with lower index av > —1

o d
/0 f(y)dy =< x f(x).

e Following [Pruitt-81], we define

e Thus,
K(r) < riv(r) <= v(r)is OR at 0 with a > —d — 2.
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Estimates

Theorem ([Grzywny-K-18])

If d > 3, then the potential kernel U(|x|) (the kernel of —L™1)
satisfies

c v(r) r 4K(r)
(K(r) + L(r)) (K(r) + L(r))?
The Green function of a ball B(0, r) satisfies
x — y|"?K(Ix — y])
(K(r)+ L(r))> ~
v(|x = yl)
K(re) + L(r))(K(ry) + L(ry))

where r, = min(|x — y|,r —|x|) and r, = min(|x —y|, r —|y]).

;S U(r)<c

GB(O,r)(X7y) Sc

GB(O,r)(X7y) =cC (
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A priori estimate

Theorem ([Grzywny-K-18])

A non-negative L-harmonic function u in B(0, r) satisfies

Cr—(r)/ f(z)dz.
K(r) + L(r) Jra\s(0,r/2)

u(x) <

e The proof is quite explicit: we average Ppgo,)(0, z) over
0 € (0,r) to get a bounded kernel which reproduces
harmonic functions.
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Regularity

Theorem ([Grzywny-K-18])

If v(|x]) is CK(R9 \ B(0,¢)) for all € > 0, then L-harmonic
functions in D are C*(D).

e Higher regularity of u is expected for kernels sufficiently
singular near 0.

e Any solution of
Lu(x) = —g(x) forx € D,
u(x) = f(x) for x e R4\ D
is a sum of an L-harmonic function and U x g.

e This allows one to study the regularity of u in terms of
the regularity of g and the characteristics of v.
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Boundary estimate

Theorem ([Bogdan—Kumagai—-K-15], [Juszczyszyn—-K-18],

[Kim—Song—Vondracek-18"abc], [Grzywny—-K-18])
Suppose that v(r) is OR at 0 with « > —d — 2 and
v(r+9)

s o(r) =1 uniformly in r > 1.

Then the boundary Harnack inequality holds:

Let D be an open set, z € 9D. If u is regular L-harmonic in D
and u(x) =0 for x € B(z,r) \ D, then

: u(x)
lim ———2
X2z [, Go(x, y)dy

(uniformly with respect to u, D and z).

exists
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