
9. Laplace transform and di�erential equations.

1. Derive Laplace transforms of the functions given below.

(a) f(t) = C · 1[a,b](t) =

{
C, t ∈ [a, b],
0, t /∈ [a, b],

where 0 ≤ a < b and C 6= 0.

(b) f(t) = cos(βt), β 6= 0.

(c) f(t) =


t, t ∈ [0, a),
2a− t, t /∈ [a, 2a],
0, t > a,

where a > 0.

(d) f(t) = 1A(t) =

{
1, t ∈ A,
0, t /∈ A,

where A =
∞⋃
n=0

[2n, 2n+ 1] = [0, 1] ∪ [2, 3] ∪ [4, 5] ∪ ... = {t : ∃n ∈ N t ∈ [2n, 2n+ 1]}.

2. Using basic properties of Laplace transform and formulas of the basic transforms identify Laplace
transforms of the functions given below.

(a) f(t) = 2t7 − 5t4 + 7t2 − 4 + t3 · e3t.
(b) f(t) = −5(t− 2)3 + 2t.

(c) f(t) = 5 cos
(
2t− π

3

)
.

(d) f(t) = te−t cos(3t).

(e) f(t) =

{
(t− 3)4 · e2(t−3), t ≥ 3,
0, t < 3.

3. Find all continuous functions whose Laplace transforms are given below.

(a)
1

s− 3
+

5

s3
+

2

s2 + 7
− s

s2 + 7
.

(b)
3s+ 2

s2 − s− 2
.

(c)
s2 + 5

s3 − 3s+ 2
.

(d)
s

s2 − 6s+ 34
.

(e)
As+B

(s− p)2 + q2
, where q > 0 and A 6= 0 ∨B 6= 0.

(f)
e−2s

(s− 2)2
.

(g)
e−s

s2 + 2s+ 2
.

4. Using Laplace solve the following di�erential equations of variable y = y(t).

(a) y′ + y = t2e−t, y(0) = 1.
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(b) y′ + y = 4 sin t, y(0) = −1.

(c) y′ + y = 4 sin t, y
(π
2

)
= −1.

(d) y′ − αy = k, where α, k ∈ R.

(e) y′ − αy = k, y(t0) = y0, where α, k, t0, y0 ∈ R.

(f) y′′ − 3y′ + 2y = 0, y(0) = 2, y′(0) = −1.
(g) y′′ − 2py′ + p2y = 0, y(t0) = y0, y

′(t0) = y1, where p, t0, y0, y1 ∈ R.

(h) y′′ + 4y = t, y(0) = 0, y′(0) = 1.

(i) y′′ − 4y = t, y(0) = 0, y′(0) = 1.

(j) y′′ − y = te2t, y(0) = y′(0) = 1.

(k) y′′ − y = tet, y(0) = y′(0) = 1.

(l) y′′ + 2y′ + 2y = sin(2t), y(0) = y′(0) = 0.

(m) y′′ + 2y′ + 2y = cos t, y(0) = y′(0) = 0.

(n) y′′ − 2y′ + y = et, y(0) = 2, y′(0) = 0.
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