Mathematical logic and sets

1. Show that the following formulas are laws of logic.

(a) [~(pV @] < [(-p) A(=g)]

(b) [=(p A )] < [(=p) V (mg)].

() Flpegle[((=p)Ag)V((=g) Ap)]
d) [p=aAl@=1)]=({@=r).

2. Write the negation of the following statements in the way that the final answer does not contain any
negation sign.
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) d<z<T7Vae<I10.
) keZN(k<—-6VEk>25).
) x>3=22>09.

)
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)

3. Using quantifiers, operations of logic, symbols and numbers write the statements below.

n+1

(a) a, = —— is increasing.
(b) d, = — is non-increasing from the 2nd element.
(c) Equatlon x3 — 3r + 8 = 0 has a real solution.
(d) Equation z® — 3z + 8 = 0 has exactly one solution.
(e) The system

T4+ 2y=—-1

r+y=2 ,z,y€R,

r+3y=1

has a solution.

(f) The system
T+ 2y=-1
r4+y=2 ,r,y €R,
r+3y=1
has no solution.

(g) 14371 is a prime number.
(h) R\ {0} is the set of values of f(x) =

)

1.
) L
(i) 2 is the smallest element of a sequence a,, = n! + 1.
(j) The greatest common divisor of 8, 12 and 22 is 2.
(k) The least common multiple of 3, 4 and 6 is 12.



4. Write the negation of the following theorems in the way that the final answer does not contain any
negation sign.

(a) Vz € R 22+ 22 < 0.
(b) Ve e Z 27 #3.

(¢c) z € R 2?42z < 0.
(d) 3x € Z 2* +#3.

)

(e) Ve € Dy f(—x)= f(z)
(this means that f is an even function over its domain Dy).

1 1
f) v >0 x>0 = — > ——
(f) Vi, zy L2 ~ T NG
1
(this means that y = — is decreasing in (0, c0).

VT
(g) VeRIyeR 22 +¢*=0.
(h) IyeRVreR 22 +4°=0.
i) WweRIzreRy=2*—x
(this means that the set of values of y = 2* — x is R).

(j) IM e RVne NT a, <M,
(this means that M is an upper boundary of a sequence a,,.

(k) Ve >03ng e Nt Vne NT,n>ng |a, — L| <e
(this means that a number L is a limit of a sequence ay,).

5. Disprove the following theorems by giving adequate counterexamples.

(a) Vn € N 2" > n?

(b) ¥Yn € N 2" 4+ 3 is a prime number.
(c) Vn € N n® —n is divisible by 6.

(

d) Ve e R 922+ 12x+4 > 0.

1 1
e) Ve, z0 € R\ {0} 20> = — < —.
4] T

(
(f) Ve,y >0 zy>1= (x> 1Ay >1).
(g) Ve Rdye R zy #0.

(h) If a, is an arithmetic sequence then |a,| is also an arithmetic sequence.
(i) If |a,| is a geometric sequence then a,, is also a geometric sequence.

(J

(k) If lim a, = lim b, = oo then lim (a, —b,) = 0.

n—oo n—o0 n—oQ

If a, > 0 for every n € N* and lim a,, exists then lim a, > 0.
n—oo n—0o0
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(1) If lim a, =0 and lim b, does not exist then lim (a, - b,) is 0 or it does not exist
n—oo n—oo n—oo

6. Prove by contradiction the following theorems.
(a) /5 is irrational.
(b) log, 3 is irrational.
(c) Ifx € Q\ {0} and y ¢ Q then zy ¢ Q.
(d) AcB = A\ B=0.
)

b
(e) If lim a, = 0o or —oo and lim b,, does not exist then lim — is 0 or it does not exist.
n— 00 n— 00 n—00 (A,



7. Prove the following theorems by any method.

(a) Let z,y >0, y # 1. Then
log,7€Q & Ja>0,a#13IPpecQIgecQ\{0} z=0a’,y=a’
(b) a, is a arithmetic sequence iff
JA,Be R VneNT a,=An+ B.
(c) If a, is a geometric sequence then |a,| is also a geometric sequence.
(d) Let f be an even or an odd function. Then
e if xy is its root then —xg is also its root,
e if it is monotonic in some interval (a,b), a < b, then it is monotonic in (—b, —a),
e if it has a turning point at x = xy then it has a turning point at x = —xy,

e if x = 1 is its asymptote then x = —x; is also its asymptote.

8. Prove by induction that for all suitable natural n

2 1 2

(a) 13+23+33+...+n3:#,
1
(b) 17 =22+ 3> -4+ ..+ (-1)"'n? = 5(—1)“—1n(n +1),
(c) 4™ + 2 is divisible by 3,
(d) n" —n is divisible by 7,
(e) n! > n? for n >4,
1 1 1 1 1

(f) Etptapt-ts2-
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