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Przykłady 8.1 :

Oblicz podane całki nieoznaczone.

(a)
∫

(x− 2ex)dx =
∫
xdx− 2

∫
exdx =

x2

2
− 2ex + C, C ∈ R

(b)
∫

sin2
(
x

2

)
dx =

 cosx = 1− 2 sin2
x

2
sin2
x

2
=

1
2

(1− cosx)

 =
∫ 1

2
(1− cosx)dx =

1
2

(∫
1dx−

∫
cosxdx

)
=

=
1
2

(x− sinx) + C, C ∈ R

(c)
∫ x2

1 + x2
dx =

[
x2

1 + x2
=

1 + x2 − 1
1 + x2

= 1− 1
1 + x2

]
=
∫ (

1− 1
1 + x2

)
dx =

∫
1dx−

∫ 1
1 + x2

dx =

= x− arctgx+ C, C ∈ R

Przykłady 8.2 :

Korzystając z twierdzenia o całkowaniu przez części oblicz całki nieoznaczone:

(a)
∫
x sinxdx =

[
f = x g

′
= sinx

f
′
= 1 g =

∫
sinxdx = − cosx

]
= −x cosx−

∫
1 · (− cosx)dx =

= −x cosx+
∫

cosxdx = −x cosx+ sinx+ C, C ∈ R

(b)
∫
xarctgxdx =

 f = arctgx g
′
= x

f
′
=

1
1 + x2

g =
∫
xdx =

x2

2

 =
x2

2
arctgx−

∫ 1
1 + x2

· x
2

2
dx =

=
x2

2
arctgx− 1

2

∫ x2

1 + x2
dx =

x2

2
arctgx− 1

2
(x− arctgx) + C, C ∈ R

(na podstawie przykładu 8.1 (c))

(c)
∫

lnxdx =

 f = lnx g
′
= 1

f
′
=

1
x
g =

∫
1dx = x

 = x lnx−
∫ 1
x
· xdx =

= x lnx−
∫

1dx = x lnx− x+ C, C ∈ R

(d) A =
∫
ex cosxdx =

[
f = cosx g

′
= ex

f
′
= − sinx g =

∫
exdx = ex

]
= ex cosx+

∫
ex sinxdx =

=
[
f = sinx g

′
= ex

f
′
= cosx g = ex

]
= ex cosx+(ex sinx−

∫
ex cosxdx) = ex(cosx+sinx)−A+c, c ∈ R

Zatem A =
∫
ex cosxdx =

ex(cosx+ sinx)
2

+ C, C = c/2 ∈ R
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Przykłady 8.3 :

Stosując odpowiednie podstawienia oblicz podane całki nieoznaczone:

(a)
∫

sin5 x cosxdx =
[
y = sinx
dy = (sinx)

′
dx = cosxdx

]
=
∫
y5dy =

y6

6
=

sin6 x
6

+ C, C ∈ R

(b)
∫ dx

x ln2 x
=
∫ 1

ln2 x
· 1
x
dx =

 y = lnx

dy = (lnx)
′
dx =

1
x
dx

 =
∫
y−2dy =

y−1

−1
=
−1
lnx

+ C, C ∈ R

(c)
∫ x7dx√

1− x16
=
∫ 1√

1− (x8)2
x7dx =

[
y = x8

dy = (x8)
′
dx = 8x7dx

]
=
∫ 1√

1− y2
1
8
dy =

1
8

arc sin y =

=
1
8

arc sin(x8) + C, C ∈ R

(d)
∫ dx

1 + e3x
=


y = e3x > 0
x = 1

3 ln y

dx = (13 ln y)
′
dy =

1
3y
dy

 =
∫ 1

1 + y
· 1

3y
dy =

1
3

∫ 1
y(y + 1)

dy =

=


1

y(y + 1)
=
a

y
+
b

y + 1
1 = a(y + 1) + by
y = 0⇒ a = 1
y = −1⇒ b = −1

 =
1
3

∫ (
1
y
− 1
y + 1

)
dy =

=
1
3

(ln |y| − ln |y + 1|) =
1
3

(ln e3x − ln(e3x + 1)) = x− 1
3

ln(e3x + 1) + C, C ∈ R

Przykłady 8.4 :

Oblicz podane całki nieoznaczone z funkcji wymiernych:

(a)
∫ 1
y(y + 1)

dy obliczaliśmy w 7.3(d)

(b)
∫ 2x+ 4
x3 − 2x2

dx =



2x+ 4
x3 − 2x2

=
2x+ 4
x2(x− 2)

=
a

x
+
b

x2
+
c

x− 2
2x+ 4 = ax(x− 2) + b(x− 2) + cx2 = (a+ c)x2 + (−2a+ b)x− 2b

a+ c = 0
−2a+ b = 2
−2b = 4

⇔


a = −2
b = −2
c = 2


=

=
∫ (−2
x

+
−2
x2

+
2
x− 2

)
dx = −2

∫ dx
x
− 2

∫ dx
x2

+ 2
∫ dx

x− 2
=

= −2 ln |x| − 2
(−1
x

)
+ 2 ln |x− 2|+ C, C ∈ R

(c)
∫ dx

x2 − x+ 1
=

 ∆ = 1− 4 < 0

x2 − x+ 1 =
(
x− 12

)2
+ 3
4 = 3

4

((
2√
3

(
x− 12

))2
+ 1

)
= 3
4

((
2x−1√
3

)2
+ 1

)  =

=
4
3

∫ dx(
2x−1√
3

)2
+ 1

=


y = 2x−1√

3

x =
√
3y+1
2

dx =
√
3
2 dy

 =
4
3

∫ √
3
2 dy

y2 + 1
=

2
√

3
3

arctgy =
2
√

3
3

arctg
(

2x− 1√
3

)
+ C,

C ∈ R
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(d)
∫ 2x+ 3
x2 + 2x+ 2

dx =

 ∆ = 4− 8 < 0
x2 + 2x+ 2 = (x+ 1)2 + 1
(x2 + 2x+ 2)

′
= 2x+ 2

 =

=
∫ 2x+ 2 + 1
x2 + 2x+ 2

dx =
∫ 2x+ 2
x2 + 2x+ 2

dx+
∫ 1

(x+ 1)2 + 1
dx = ln(x2+2x+2)+arctg(x+1)+C,

C ∈ R
Obliczenia pomocnicze:∫ 2x+ 2
x2 + 2x+ 2

dx =
[
y = x2 + 2x+ 2
dy = (2x+ 2)dx

]
=
∫ dy
y

= ln |y| = ln(x2 + 2x+ 2)

∫ 1
(x+ 1)2 + 1

dx =
[
y = x+ 1
dy = dx

]
=
∫ dy

y2 + 1
= arctgy = arctg(x+ 1)

Przykłady 8.5 :

Oblicz podane całki nieoznaczone z funkcji trygonometrycznych:

(a)
∫ sin4 x

cosx
dx =

 R(u, v) =
u4

v
R(u,−v) = −R(u, v)

∣∣∣∣∣∣∣ y = sinx

 =
∫ y4√

1− y2
· dy√

1− y2
=

=
∫ y4

1− y2
dy = −

∫ y4

y2 − 1
dy =



y4 = (y2 − 1)(y2 + 1) + 1
y4

y2 − 1
= y2 + 1 +

1
(y − 1)(y + 1)

= y2 + 1 +
a

y − 1
+
b

y + 1
1 = a(y + 1) + b(y − 1) = (a+ b)y + (a− b){
a+ b = 0
a− b = 1

⇔
{
a = 1/2
b = −1/2


=

= −
∫ (
y2 + 1 +

1/2
y − 1

+
−1/2
y + 1

)
dy = −

(
y3

3
+ y +

1
2

ln |y − 1| − 1
2

ln |y + 1|
)

=

= −
(

sin3 x
3

+ sinx+
1
2

ln | sinx− 1| − 1
2

ln | sinx+ 1|
)

+ C, C ∈ R

(b)
∫ 2 sinx+ 3 cosx

sin2 x cosx+ 9 cos3 x
dx =

 R(u, v) =
2u+ 3v
u2v + 9v3

R(−u,−v) = R(u, v)

∣∣∣∣∣∣ y = tg x

 =

=
∫ 2 y√

1+y2
+ 3 1√

1+y2(
y√
1+y2

)2
· 1√
1+y2

+ 9
(

1√
1+y2

)3 · dy1 + y2
=
∫ 2y+3√

1+y2

y2+9

(
√
1+y2)3

· dy
1 + y2

=
∫ 2y + 3
y2 + 9

dy =
[

∆ < 0
(y2 + 9)

′
= 2y

]
=

=
∫ 2ydy
y2 + 9

+
∫ 3dy
y2 + 9

= ln(y2 + 9) + arctg
(
y

3

)
= ln(tg2 x+ 9) + arctg

(tg x
3

)
+ C, C ∈ R

Obliczenia pomocnicze:∫ 2y
y2 + 9

dy =
[
z = y2 + 9
dz = 2ydy

]
=
∫ dz
z

= ln |z| = ln(y2 + 9)

∫ 3dy
y2 + 9

=
∫ 3dy

9
((
y
3

)2
+ 1

) =
[
z = y

3
dz = 1

3dy

]
=
∫ dz

z2 + 1
= arctgz = arctg

(
y

3

)
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(c)
∫ 1

sinx+ cosx
dx =


R(u, v) =

1
u+ v

nie spełnia żadnego
warunku szczególnego

∣∣∣∣∣∣∣∣∣ y = tg
(
x

2

)  =
∫ 2dy

1+y2

2y
1+y2 + 1−y2

1+y2
= −2

∫ dy

y2 − 2y − 1
=

=



∆ = 8, t1,2 = 1±
√

2, y2 − 2y − 1 = (y − 1−
√

2)(y − 1 +
√

2)
1

y2 − 2y − 1
=

a

y − 1−
√

2
+

b

y − 1 +
√

2
1 = a(y − 1 +

√
2) + b(y − 1−

√
2) = (a+ b)y + a(−1 +

√
2) + b(−1−

√
2){

a + b = 0
(−1 +

√
2)a + (−1−

√
2)b = 1

⇔
{
a = 1/(2

√
2)

b = −1/(2
√

2)


=

= −2
∫ (

1/(2
√

2)
y − 1−

√
2

+
−1/(2

√
2)

y − 1 +
√

2

)
dy = − 1√

2
ln |y − 1−

√
2|+ 1√

2
ln |y − 1 +

√
2| =

= − 1√
2

ln
∣∣∣∣tg(x2

)
− 1−

√
2
∣∣∣∣+ 1√

2
ln
∣∣∣∣tg(x2

)
− 1 +

√
2
∣∣∣∣+ C, C ∈ R
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