MATHEMATICAL ANALYSIS 2
Worksheet 6.
Applications of double and triple integrals in geometry and physics. Cylindrical and spherical
coordinates in R3

Theory outline and sample problems

Double integrals is a natural tool for calculation of a set of characteristics of planar and spatial
figures. In what follows, D is a planar domain, i.e. a domain on the plane R?

Formula 1. The area of a planar domain D s equal

S(D) = //D dxdy.

Formula 2. Let U be a body in R3, bounded between the graphs of two functions hipwer(2,y) <
hupper(,Y), defined on the same planar domain D. The volume of the body U is equal

V)= [ usper (@.5) = Bt () ddly.

Formula 3. Let I be the surface z = f(z,y),(z,y) € D; that is, I is the graph of the function
f(z,y) with the domain D. The area of the surface I' is equal

S = [ V14 @0f @.9)) + (Oy9(a.9)? dady.

Sample problem 1: Calculate the volume of the ball B and the surface area of the sphere I' of the
radius R.

Solution. We can represent the ball as the body between the graphs of the functions

h’uppe"’(‘r7 y) = \/ma hlower(x, y) =—\/R?— 22— y2

taken on the domain D = {(z,y) : 2% + 3*> < R%}. Thus
vim =2 /[ JR2 — 22 — 2 dady.
(B) o e r? — y* dxdy
Changing the variables to polar, we calculate the volume of the ball:
2m R 2 R2
_ | pP=w _
V(B) = 2/0 dgb/o \R? — p?pdp = ‘ 2dp = dv | = 27 ; VR? —vdv
v=R?
o (S -0p?)| =T

= —R%
v=0 3

Next, the surface of the sphere consists of two equal parts which correspond to the upper and the

lower semi-spheres, i.e. the graphs of the functions hypper (2, y), Riower(2,y). We have

z Y

8mh/upper(x7 y) - \/m’ ayhupper (SL’, y) \/m’




and
2 2 R
L+ @ehupper (2,9)° + Ohamper (@:9))* = =55

thus

R
S(I) =2 / / dzdy.
( ) x2+y2<R‘/R2—332—y2 ray
Changing the variables to polar, we calculate the surface of the sphere:
R? R
——dv
0o VR?—vw

=27

27 R R 2 __
= —_— e p =v
S(I) 2/0 d¢/0 mpd/) 20dp = dv
= 27r< —2R(R? — v)1/2>

v=R

= 471 R2.

v=0

The volume of a ball and the surface area of a sphere are well known and can be found in various
handbooks. However, the method of the calculation explained above is quite general and allows
one to consider much more sophisticated geometric shapes. Let us consider two more examples.

Sample problem 2: Find the surface area obtained by cutting from the sphere with the radius R
two cylinders 2% + y? & Rz < 0.

Answer: 8R?. This is a remarkable example of a figure on the sphere, whose surface area is a
rational expression, i.e. does not involve irrational coefficients like 47 in the formula for the area
of the entire sphere. This is the Viviani problem, named by Vincentio Viviani who posed it in 1692
and proposed the construction of the required figure, but did not give a proof. The calculation
below easily verifies that Viviani’s construction is correct.

Solution: The same calculation as in the previous problem gives us the formula for the surface
area

S(T) = 2//[) \/@ﬁi__yjdxdy,

where the domain D now has the form of the circle {2? 4+ y* < R} with two circular holes cutted
out:

{#*+y*+Rr < 0} <= {(a+R/2)*+y" < (R/2)"}, {2’+y"—Re <0} <= {(z—R/2)"+y" < (R/2)"}.

Let us divide D in two symmetric parts Dy = DN{z > 0}, D_ = DN {z < 0}. Since the function
under the integral is even w.r.t. z, we have

R
SF:4/ dxdy.
() Dy VR? —x? — 2 vay

Now, let us change the variables to polar. The domain D, does not have the form of a rectangle in
the polar coordinates, but still we can describe it efficiently. Namely, a point © = pcos ¢,y = psin ¢
will belong to the positive semi-circle of the radius R if ¢ € (—=Z,Z) and p < R. For this point to
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be outside the circle {z? + y* — Rz < 0}, we need that

p?cos? ¢ + p?sin® ¢ > Rpcos ¢ <= p > Rcos ¢.



Then, changing coordinates to polar, we get

R
4/ _dxd _4/ Y4
D, \/R?—:zc2 vy z Rcos ¢ RZ—pQP p

pP=v

28/ d ————pdp =
0 ¢ Rcosqﬁ vV R2 p P dep dv
= 4/ / dv
0 R2cos? ¢ R2 — v
_ 4/5 dq§< _OR(R? — 0)1/2>
v=R2 cos? ¢

—8R2/ \/1—cosz¢dqb—8R2/ T ginodé = SR (—coso)| = SR?.

$=0

2

Sample problem 3: Find the area of the part of the surface 22 = 2xy, cutted off by the planes
r+y=1,2=0,y=0.

Comment and a control question: Equation 2% = 2xy defines a hyperbolic cone, you can imagine
the shape of this surface by drawing its intersections with the planes z = ¢. What are the shapes
of these intersections, considered as the curves in the (z,y)-plane?

Solution: The surface contains symmetric two parts, each of them being a graph of a function:
2z = +/2xy, z = —/2xy. We have for the first function

Yy xr
a;t =1\ 5 Oyz = a0
- V 2z ve \/ 2y

y v 2oy+yP+at  (v+y)
Oo2)® + (0y2)* =1+ =~ + — =
+(0:2)° + (0,2 +2x+2y 21y 2ry

0122 T = (2 )

where the domain D is bounded by the lines z +y = 1,z = 0,y = 0. Representing this domain as
x-normal

then

and

D={(z,y):0<2<1,0<y<1—z}
we write the above double integral as an 1terated one:

S ] <§f>

\/5/01 (2ﬁ\/ﬂ+§(1 —x)3ﬁ> dz.

The calculation of the integral in x requires some mastery. First, observe that

(Ba-0) = —vi=5 @vey-



hence integrating by parts gives us
S(I) = 4\/5/01 Vvl =z dz.
Second, making the change of variables x = sin®¢, we have dz = 2sintcost, 1 — x = cos’ ¢, hence
ST = 4\/5/0727 sintcost(2sint cost) dt = 2\/5/0;r sin? 2t dt

™ 2 [ 2 1
:’2t:s|:\/§/ sin2$ds:\g/ (1—cos2s)ds:\g—(1—200823)
0 0

S=T0 T

s=0 B \/§

The area of the domain D can be physically interpreted as the mass of a thin material plate of the
shape D, provided that the density of the material is constant and equals 1. The integral formula
for the area can be extended to the situation, where the density of the material is non-constant,
and is given by a continuous function v(x,y) > 0.

Formula 4. The mass of a planar figure D with the density v(x,y) equals

M(D) = //D v(x,y) dxdy.

In the same spirit, the following mechanical characteristics can be calculated.

Formula 5. The center of mass of a planar figure D with the density vy(zx,y) is the point C(D)
with the coordinates

To = M(lD)//D zy(z,y) drdy, yo = M(lp)//D yy(z,y) drdy.

The static moments w.r.t. axes Ox, Oy are given by

MSI(D)Z//Dyv(:r,y)dxdy, MSy(D)Z//Dm(%y)dxdy.

Formula 6. The moments of inertia of a planar figure D with the density v(z,y) w.r.t. azes
Oz, Oy are given by

Ix(D)Z//Dyzv(w,y) dxdy, Iy(D)Z//Dmgv(aﬁ,y) drdy.

The moment of inertia w.r.t. the origin is given by

1(D) = [[ (@ +y)(z,y) dedy.

Sample problem 4: Let D be a right triangle with the right angle located at the origin and the
legs located on the positive Oz, Oy semi-axes and having the lengths 1 and 2, respectively. The
density function is y(z,y) = x. Find the mass of D, its center of mass, its static moments and
moments of inertia.



Solution: Parametrise the triangle D as an z-normal domain: D = {(z,9),0 < 2 < 1,0 < y <

2 —2x}. Then
1 2-2¢ 9 1 1
:/ dx/ :L‘dy:/ (2 —2z)dr = (2* — Z2%)| = =,
0 0 3 0 3
1 2-2z 1 A 2 93 el 1
- d/ d :,/ 2 —22)2d :2(— ) .
/oxo rydy =3 J, w2 = 20)de > 3 1)
1 2-22 R AT
- d/ 24 :/ 2~ 22)d —2( ) _—
I A R D e
and thus
MS,(D) 1 _ MS,(D) 1

T M) "2 YT MD) T2

The moments of inertia w.r.t. axes Ox, Oy are equal

/ d:B/2 mey dy—f/ z(2 —2z)* dx

= / z(1— 37+ 32* — 2°) dx
3
81 2

E]

-o(5-%)
4 )

Then the moment of inertia w.r.t. the origin is

8<$2 3x3+3x4 935>
2 3 4 5

o 10
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The above formulae have natural extension from the planar (thin) figures D to spatial bodies U.

Such extensions will involve triple integrals over U, which are treated in the same fashion with
the double integrals we have studied so far. Let us briefly outline corresponding definitions and

main facts. The triple integral
/// f(z,y, 2) dedydz
U

is defined as a limit of integral sums, and is typically calculated by transforming it to an iterated
integral. The body U is called xy-normal, if it can be represented in the form

U= {(l’,y, Z) : (1;73/) € Dahlower(x7y> <2< huppW(x?y)}

with some domain D and functions hipwer(Z,y), hupper(,y) (That is, the body U is bounded
between the graphs of two functions, likewise to the one in Formula 2). For an xy-normal body U
and continuous function f(z,y, z), the triple integral can be written as

hupper x huppeT x )
// f(z,y, 2) dedydz = // [/ v flz,y, 2 )dz] drdy = // dxdy/ N f(z,y, 2) dz.
hlowe'r z y hlower(x y

(1)
The following formula for the volume of a body is analogous to Formula 1; for xy-normal domains,
it is obviously equivalent to Formula 2

[o(D) = 1(D) + 1,(D) =



Formula 7. The volume of a body U is equal

_ / / /U dzdydz.

The following formulae give spatial versions of the Formulae 4 — 6.

Formula 8. The mass of a body U with the density y(x,y, z) equals

= ///U Y(z,y, 2) dedydz.

Formula 9. The center of mass of a body U with the density vy(x,y, z) is the point C(U) with the

coordinates
! // / (z,y, ) dedyd L // / (z,y, ) dedyd
— xzv(z, vy, 2) dedydz = — z, vy, 2) drdydz
U) U YT, Y, yaz, Yc M(U) va » Y, yaz,

]\/-[2(])///(] zy(z,y, 2) dedydz.

The static moments w.r.t. planes Oxy, Oxz, Oyz are given by

/// zy(z,y, 2) dedydz,  MS,. (U // yy(z,y, 2) dedydz,

U) :///Ux’y(a:,y,z) drdydz

Formula 10. The moments of inertia of a body U with the density vy(x,yz) w.r.t. axzes Ox, Oy, Oz

are given by
= /'//U<y2 + 22)7(1‘; Y, Z) dxdydz, Iy(U) = //‘/U(I2 + 22)7(1‘7 v, Z) dxdydz’

— ///U(gp2 + )y, y, 2) dedydz.

The moment of inertia w.r.t. the origin is given by
7 e
U

Sample problem 5: Find the mass of the sphere U with the radius R and the density function
y(x,y, 2) = 22 + y* + 22

Solution: We can represent the body U as xy-normal with D = {2? + y? < R} and

hlower(-%',y) = _m7 hupper(mg y) - \/ﬁ2—y2

Then by (1) we have

2
/// z? +y? + 22 dxdydz_//< 2+ y?)\/ R2 —:c2—y2+3(\/R2—x2—y2)3>d:cdy



Changing the variables to polar we transform the disk D into a rectangle, which gives

2 R 2 — R /9 4 —
U)= ) do | 20"+ (B —p7) )y R = pPpdp=2m | (SR + 2p” |\/R? — p*pdp
Change the variables p = Rsint, then dp = Rcost and

3/2 4 3 4
M(U) :27TR5/2 <3+Ssin2t) sintcothdt:27?]%5/2 (2— 30082t> sint cos® t dt
0 0
5 [2 2 4 4o 5 2 3 4 s
=21R / 2cos”t — —cos"t)sintdt =27 R’ — - cos’t + —cos’ t
0 3 3 15

=3  Am
= R°
=0 5

In many cases, calculation of a triple integral can be simplified if a proper change of variables is
performed. The change of variables formula for triple integrals have the form

///U f(z,y, z) dedydz = ///Q F(Fi(u,v,w), Fy(u,v,w)) |Jr(u, v, w)| dudvdw, (2)

where U is obtained as a one-to-one image of a body {2 under the mapping F'(u, v, w), which has
the Jacobian matrix

OuF1(u,v,w) O, F(u,v,w)  OpFi(u,v,w)
Dr(u,v,w) = | OuFo(u,v,w) OpFa(u,v,w) OyF(u,v,w)
OuFs(u,v,w) Oy F3(u,v,w) OyFs3(u,v,w)

and the Jacobian determinant
OuF1(u,v,w) Oy F1(u,v,w) Oy

Fl Fl (u7 v, w)
Jr(u,v,w) =det | Oy Fo(u,v,w) OpyFo(u,v,w) OyFa(u,v,w)
OuF3(u,v,w) 0,F3(u,v,w) 0,F3

Let us introduce two coordinate systems frequently used to perform the change of variables in the
triple integrals.
The cylindrical coordinates are p > 0, ¢ € [0, 27], z € R, with the change of variables formula

T = pcoso
y=psing
z2=2z

which actually means that the coordinates (z,y) are changed to the polar form, while the coor-
dinate z remains unchanged. The Jacobian matrix and the Jacobian determinant for cylindrical
change of variables are

DC(pa Qb, Z) =

cosp —psing 0
0

sing pcosep 0 |, Jo(p,&,2)=np.
0 1
That is, the particular version of the change of variables formula for the cylindrical coordinates is

///U f(z,y, 2) dedydz = ///Q f(pcoso, psing, z)pdpdpdz. (3)



The spherical coordinates p > 0,¢ € [0,27],¢ € [-7F, 7], with the change of variables formula

X = pCos ¢ cos Y
Yy = psingcosy
z = psiny

Here p = /2?2 + y? + 22 is the distance form the point (z,y, z) to the origin. The angles ¢, 1) have

the following geometric meaning: v is the angle between the vector (z,y, z) and the plane Oxy,
which is taken positive when z > 0 and negative otherwise. Taking the projection of the vector
(x,y, z), we can determine then the polar coordinates of the projection in this plane; the angular
coordinate of the projection is exactly the angle ¢.

The Jacobian matrix and the Jacobian determinant for spherical change of variables are

cos @ cosy —psingcosy —pcos@siny
Ds(p, p,1) = ( singcosy pcospcosy —psin@siny )
sin 0 p CoS Y
Js(p, &,1) = sin(p* sin® ¢ cos ¥ sin ¢ + p? cos? ¢ cos 1 sin 1))
+ pcosth(pcos® ¢ cos 1 + psin® ¢ cos? 1))
= p? cos ¢.

That is, the particular version of the change of variables formula for the spherical coordinates is

/// f(z,y, z) dedydz = /// f(pcos ¢ cosp, psin ¢ cos 1, psinp) p* cos b dpdpdap. (4)
U Q

Spherical coordinates are particularly convenient when the domain of integration has the shape
of a part of a sphere. To illustrate the benefits, let us recalculate the Sample Problem 4.

Sample problem 4’: Solve Sample Problem 4 using spherical coordinates.

Solution: In the Spherical coordinates, the sphere U has the simple form Q = {(p, ¢, ) :
R,¢ € [0,2n],9 € [-7, §]}; that is, only the radial variable is assumed to be bounded by R, and
the angular variables are not restrlcted Then, performing the change of variables, we get

/// i T dxdydz—/// p*p? cos v dpdodi)
[0,R]x[0,27]x[- 5,5
5 _ T

}; (2m) /;ﬁ cos dyp = i (277)(51111#) i

2
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We see that the calculation of the integral after the change to the spherical coordinates is much
simpler than the direct computation based on representation of the sphere as a normal body.
Let us give one more example of such kind.

Sample problem 5: For the ellipsoid

.ZUZ y2 22

with the density function y(z,y,2) = 1 find the mass and the moment of inertia w.r.t. the axis
Oz.



, then the Jacobian of the transformation is

S

Solution: Change the variables x = au,y = bv,z = ¢

Jp(u,v,w) = = abc,

oSO
(SN erNan)

oo

and

MU) = dxdydz = abe dudvduw.
U u2 02 +w2<1

Performing the change to spherical coordinates, we get further

M(U) = abe / / / 02 cos 1 dpdddip
[0,1]x[0,27] X [-Z,Z

2°2
us

— abe [/Olpﬂ (27) V_ coswdzﬁ]

1 4
= abc=(2m)2 = T abe.
3 3

Similarly,

L(U) = ///U(y2 + 2%) dwdydz = abe ///u2+v2+w2<1(b2v2 + *w?) dudvdw

= abc /// (b%p? sin? ¢ cos? 1 + c2p? sin? ) p? cos ¥ dpddi)
[0,1]x[0,271]x [~ Z,Z]

abc % g o 3 2 i 2
=< dq/z/ (% sin” ¢ cos® 1 + ¢* sin” ¢ cos ) do
_r 0
2
b s
— % 1 (7b? cos® 1 + 2mc? sin® ¢ cos ) dp
—3
47

_ & 2 2
= 15abc(b +c).



Problems to solve
In the problems below, a,b,c, A, B,C, ... are fixed positive numbers.
Part A
1. Find the area of the part of the sphere 2 +y?+2? = R?, cutted off by the cylinder 2% +y?* = r?
(r < R).
2. Find the area of the part of the cone 2z? = 22 + 32, cutted off by the cylinder 2% + y? = 2x.

3. For a given plate D and density function y(z,y), find the mass of D, its center of mass, its
static moments and moments of inertia:

(a) D is a rectangle with the sides A, B from which a smaller rectangle with the sides a,b is
cutted in the middle. All the sides are parallel to the axes, and the centers of the rectangles
coincide and are located in the origin. The density function v(z,y) = 1.

(b) D is the quarter of a circle of the radius R, located symmetrically w.r.t. the Ox axis with
the center placed at the origin; the density function v(z,y) = 1.
22 P
(c) D is the ellipse = + v < 1, the density function y(z,y) = 1 + c(2? + y?).

Part B

11 Find the jzirlea of the part of the surface z* = (2 — y?), cutted off by the planes z +y =
y L —Y = .

5. Find the area of the part of the surface z = axy, cutted off by the cylinder a2 + y? = b.

6. For a given body D with the density function v(z,y, z) = 1, find the mass of U and its center
of mass:

(a) U is a right parallelepiped with the sides A, B, C' from which a smaller parallelepiped with
the sides a, b, ¢ is cutted in the middle. All the sides are parallel to the coordinate planes,
and the centers of the rectangles coincide and are located at the origin.

(b) U is a cutted straight circular cone with the height h and the radii of the bases r, R. The
larger base is located on the Oxy plane, with the center placed at the origin.

(¢) U is the half of the sphere of the radius R centered at the origin, located at the upper
half-space {z > 0}.



