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Foreword

The International Mathematical Olympiad is the largest and most prestigious
mathematics competition in the world. It is held each July, and the host city
changes from year to year. It has existed since 1959.

Originally it was a competition between students from a small group of commu-
nist countries, but by the late 1960s, social-democratic nations were starting to send
teams. Over the years the enthusiasm for this competition has built up so much
that very soon (I write in 2008) there will be an IMO with students participating
from over 100 countries. In recent years, the format has become stable. Each nation
can send a team of up to six students. The students compete as individuals, and
must try to solve 6 problems in 9 hours of examination time, spread over two days.

The nations which do consistently well at this competition must have at least
one (and probably at least two) of the following attributes:

(a) A large population.

(b) A significant proportion of its population in receipt of a good education.

(¢) A well-organized training infrastructure to support mathematics competi-
tions.

(d) A culture which values intellectual achievement.

Alternatively, you need a cloning facility and a relaxed regulatory framework.

Mathematics competitions began in the Austro-Hungarian Empire in the 19t}
century, and the IMO has stimulated people into organizing many other related
regional and world competitions. Thus there are quite a few opportunities to take
part in international mathematics competitions other than the IMO.

The issue arises as to where talented students can get help while they prepare
themselves for these competitions. In some countries the students are lucky, and
there is a well-developed training regime. Leaving aside the coaching, one of the
most important features of these regimes is that they put talented young math-
ematicians together. This is very important, not just because of the resulting
exchanges of ideas, but also for mutual encouragment in a world where interest in
mathematics is not always widely understood. There are some very good books
available, and a wealth of resources on the internet, including this excellent book
Infinity.

The principal author of Infinity is Hojoo Lee of Korea. He is the creator of many
beautiful problems, and IMO juries have found his style most alluring. Since 2001
they have chosen 8 of his problems for IMO papers. He has some way to go to catch
up with the sage of Scotland, David Monk, who has had 14 problems on IMO papers.
These two gentlemen are reciprocal Nemeses, dragging themselves out of bed every
morning to face the possibility that the other has just had a good idea. What they
each need is a framed picture of the other, hung in their respective studies. I will
organize this.
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The other authors of Infinity are the young mathematicians Tom Lovering of the
United Kingdom and Cosmin Pohoatad of Romania. Tom is an alumnus of the UK
IMO team, and is now starting to read mathematics at Newton’s outfit, Trinity
College Cambridge. Cosmin has a formidable internet presence, and is a PEN ac-
tivist (Problems in Elementary Number theory).

One might wonder why anyone would spend their time doing mathematics, when
there are so many other options, many of which are superficially more attractive.
There are a whole range of opportunities for an enthusiastic Sybarite, ranging from
full scale debauchery down to gentle dissipation. While not wishing to belittle these
interesting hobbies, mathematics can be more intoxicating.

There is danger here. Many brilliant young minds are accelerated through ed-
ucation, sometimes graduating from university while still under 20. I can think
of people for whom this has worked out well, but usually it does not. It is not
sensible to deprive teenagers of the company of their own kind. Being a teenager
is very stressful; you have to cope with hormonal poisoning, meagre income, social
incompetance and the tyranny of adults. If you find yourself with an excellent
mathematical mind, it just gets worse, because you have to endure the approval of
teachers.

Olympiad mathematics is the sensible alternative to accelerated education. Why
do lots of easy courses designed for older people, when instead you can do math-
ematics which is off the contemporary mathematics syllabus because it is too in-
teresting and too hard? Euclidean and projective geometry and the theory of
inequalities (laced with some number theory and combinatorics) will keep a bright
young mathematician intellectually engaged, off the streets, and able to go school
discos with other people in the same unfortunate teenaged state.

The authors of Infinity are very enthusiastic about MathLinks, a remarkable in-
ternet site. While this is a fantastic resource, in my opinion the atmosphere of
the Olympiad areas is such that newcomers might feel a little overwhelmed by the
extraordinary knowledge and abilities of many of the people posting. There is a
kinder, gentler alternative in the form of the nRich site based at the University of
Cambridge. In particular the Onwards and Upwards section of their Ask a Mathe-
matician service is MathLinks for herbivores. While still on the theme of material
for students at the beginning of their maths competition careers, my accountant
would not forgive me if I did not mention A Mathematical Olympiad Primer available
on the internet from the United Kingdom Mathematics Trust, and also through the
Australian Mathematics Trust.

Returning to this excellent weblished document, Infinity is an wonderful training
resource, and is brim full of charming problems and exercises. The mathematics
competition community owes the authors a great debt of gratitude.

Dr. Geoff Smith (Dept. of Mathematical Sciences, Univ. of Bath, UK)
UK IMO team leader & Chair of the British Mathematical Olympiad
October 2008
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Overture

It was a dark decade until MathLinks was born. However, after Valentin Vornicu
founded MathLinks, everything has changed. As the best on-line community, Math-
Links helps young students around the worlds to develop problem-solving strategies
and broaden their mathematical backgrounds. Nowadays, students, as young math-
ematicians, use the LaTeX typesetting system to upload recent olympiad problems
or their own problems and enjoy mathematical friendship by sharing their creative
solutions with each other. In other words, MathLinks encourages and challenges
young people in all countries, foster friendships between young mathematicians
around the world. Yes, it exactly coincides with the aim of the IMO. Actually,
MathLinks is even better than IMO. Simply, it is because everyone can join Math-
Links!

In this never-ending project, which bears the name Infinity, we offer a delightful
playground for young mathematicians and try to continue the beautiful spirit of
IMO and MathLinks. Infinity begins with a chapter on elementary number theory
and mainly covers Euclidean geometry and inequalities. We re-visit beautiful well-
known theorems and present heuristics for elegant problem-solving. Our aim in this
weblication is not just to deliver must-know techniques in problem-solving. Young
readers should keep in mind that our aim in this project is to present the beautiful
aspects of Mathematics. Eventually, Infinity will admit bridges between Olympiads
Mathematics and undergraduate Mathematics.

Here goes the reason why we focus on the algebraic and trigonometric methods
in geometry. It is a cliché that, in the IMOs, some students from hard-training
countries used to employ the brute-force algebraic techniques, such as employing
trigonometric methods, to attack hard problems from classical triangle geometry or
to trivialize easy problems. Though MathLinks already has been contributed to the
distribution of the power of algebraic methods, it seems that still many people do
not feel the importance of such techniques. Here, we try to destroy such situations
and to deliver a friendly introduction on algebraic and trigonometric methods in
geometry.

We have to confess that many materials in the first chapter are stolen from PEN
(Problems in Elementary Number theory). Also, the lecture note on inequalities is
a continuation of the weblication TIN (Topic in INequalities). We are indebted to
Orlando Dohring and Darij Grinberg for providing us with TeX files including collec-
tions of interesting problems. We owe great debts to Stanley Rabinowitz who kindly
sent us his paper. We’d also like to thank Marian Muresan for his excellent collec-
tion of problems. We are pleased that Cao Minh Quang sent us various Vietnam
problems and nice proofs of Nesbitt’s Inequality.

Infinity is a joint work of three coauthors: Hojoo Lee (Korea), Tom Lovering
(United Kingdom), and Cosmin Pohoat3 (Romania). We would greatly appreciate
hearing about comments and corrections from our readers. Have fun!
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1. NUMBER THEORY

Why are numbers beautiful? It's like asking why is Beethoven's
Ninth Symphony beautiful. If you don’t see why, someone can't
tell you. | know numbers are beautiful. If they aren't beautiful,
nothing is.

- P. Erdés

1.1. Fundamental Theorem of Arithmetic. In this chapter, we meet various in-
equalities and estimations which appears in number theory. Throughout this sec-
tion, we denote N, Z, Q the set of positive integers, integers, rational numbers,
respectively. For integers a and b, we write a | b if there exists an integer &k such
that b = ka. Our starting point In this section is the cornerstone theorem that
every positive integer n # 1 admits a unique factorization of prime numbers.

Theorem 1.1. (The Fundamental Theorem of Arithmetic in N) Let n # 1 be a
positive integer. Then, n is a product of primes. If we ignore the order of prime
factors, the factorization is unique. Collecting primes from the factorization, we
obtain a standard factorization of n:

n=p"°---p.
The distinct prime numbers py, - -- ,p; and the integers e, --- ,e; > 0 are uniquely

determined by n.

We define ordy,(n), the order of n € N at a prime p,! by the nonnegative integer
k such that p* | n but p**1 fn. Then, the standard factorization of positive integer
n can be rewritten as the form

n = H pordp (n) )
1%

: prime
One immediately has the following simple and useful criterion on divisibility.

Proposition 1.1. Let A and B be positive integers. Then, A is a multiple of B if
and only if the inequality
ordy, (A) > ord, (B)

holds for all primes p.

Epsilon 1. [NS] Let a and b be positive integers such that
a® | B+l

for all positive integers k. Show that b is divisible by a.

We now employ a formula for the prime factorization of n!. Let || denote the
largest integer smaller than or equal to the real number x.

Delta 1. (De Polignac's Formula) Let p be a prime and let n be a nonnegative
integer. Then, the largest exponent e of n! such that p¢ | n! is given by

ord, (nl) = i {”J :

k
k=1 p

1Here, we do not assume that n # 1.
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Example 1. Let aq,- - ,a, be nonnegative integers. Then, (a1 + -+ ay)! is di-
visible by aq!-- - ap!.
Proof. Let p be a prime. Our job is to establish the inequality
ordy ((a1+---+an)!) > ord, (ar!) + - - - ord, (ay!) .

> a + cte + (7% = a Ap,
2| e R ([ (7))
k=1 k=1

However, the inequality

or

e+ +an] > 2]+ 2],

holds for all real numbers x1,--- , z,. ([

Epsilon 2. [IMO 1972/3 UNK] Let m and n be arbitrary non-negative integers. Prove
that
(2m)!(2n)!
mInl(m + n)!
is an integer.

Epsilon 3. Let n € N. Show that L, := lem(1,2,---,2n) is divisible by K, :=
(2n) _ (2n)!

n (n!)2-

Delta 2. (Canada 1987) Show that, for all positive integer n,
WA+ VAT = VI F 1) = [VEnF3) = [V T 3).
Delta 3. (Iran 1996) Prove that, for all positive integer n,
I[Vn+vVn+1++vn+2|=[VIn+38|.




INFINITY 3

1.2. Fermat’s Infinite Descent. In this section, we learn Fermat’s trick, which
bears the name method of infinite descent. It is extremely useful for attacking
many Diophantine equations. We first present a proof of Fermat’s Last Theorem
for n = 4.

Theorem 1.2. (The Fermat-Wiles Theorem) Let n > 3 be a positive integer. The
equation

has no solution in positive integers.

Lemma 1.1. Let o be a positive integer. If we have a factorization o® = AB for

some relatively integers A and B, then the both factors A and B are also squares.
There exist positive integers a and b such that

o=ab, A=d* B=0* gcd(a,b)=1.
Proof. Use The Fundamental Theorem of Arithmetic. O

Lemma 1.2. (Primitive Pythagoras Triangles) Let z,y,2 € N with 22 + y? = 22
ged(z,y) = 1, and = 0 (mod 2) Then, there exists positive integers p and ¢ such
that ged(p,q) = 1 and

(z, y, 2) = (200, P* = ¢*, P* +¢%).

Proof. The key observation is that the equation can be rewritten as

5= ()

2

Reading the equation 22 + 32 = 22 modulo 2, we see that both y and z are odd.
Hence, Z‘gy, 5%, and § are positive integers. We also find that Z'QH’ and ¥ are
relatively prime. Indeed, if Z;y and “5¥ admits a common prime divisor p, then

p also divides both y = £ — 2¥ and (%)2 = (%) (%3%), which means that
the prime p divides both = and y. This is a contradiction for ged(z,y) = 1. Now,

applying the above lemma, we obtain

§z+y Z=Y\ 2 2
(2, 5 3 >—(pq,p,q)

for some positive integers p and ¢ such that ged(p,q) = 1. O
Theorem 1.3. The equation z* + y* = 22 has no solution in positive integers.

Proof. Assume to the contrary that there exists a bad triple (x,y, z) of positive
integers such that x* + y* = 22. Pick a bad triple (4, B,C) € D so that A* +
B* = C?. Letting d denote the greatest common divisor of A and B, we see that
C? = A* + B* is divisible by d*, so that C is divisible by d2. In the view of
(%)4 + (%)4 = (d%)Q, we find that (a,b,c) = (%, %7 d%) is also in D, that is,
at + bt =2

Furthermore, since d is the greatest common divisor of A and B, we have ged(a, b) =
ged (%, %) = 1. Now, we do the parity argument. If both a and b are odd, we find
that ¢ = a* +b* = 1 + 1 = 2 (mod 4), which is impossible. By symmetry, we may
assume that a is even and that b is odd. Combining results, we see that a? and b?



4 INFINITY

are relatively prime and that a? is even. Now, in the view of (a2)2 + (b2)2 =2,
we obtain

(a®, 0%, ¢) = (2pg, P’ —¢*, P+ ¢°) .
for some positive integers p and ¢ such that ged(p, q) = 1. It is clear that p and ¢
are of opposite parity. We observe that

@+ b =pt

Since b is odd, reading it modulo 4 yields that ¢ is even and that p is odd. If ¢ and
b admit a common prime divisor, then p? = ¢2 + b? guarantees that p also has the
prime, which contradicts for ged(p,q) = 1. Combining the results, we see that ¢
and b are relatively prime and that ¢ is even. In the view of ¢? + b = p?, we obtain

(¢, b, p) = (Zmn, m? —n?, m? + nz) )
for some positive integers m and n such that ged(m,n) = 1. Now, recall that

a? = 2pq. Since p and g are relatively prime and since ¢ is even, it guarantees the
existence of the pair (P, @) of positive integers such that

a=2PQ, p=P?, q¢=2Q? ged(P,Q) = 1.

It follows that 2Q? = 2¢ = 2mn so that Q = mn. Since ged(m,n) = 1, this
guarantees the existence of the pair (M, N) of positive integers such that

Q=MN, m=M? n=N? gcd(M,N)=1.

Combining the results, we find that P? = p = m?+n? = M*+N* so that (M, N, P)
is a bad triple. Recall the starting equation A* + B* = C?. Now, let’s summarize
up the results what we did. The bad triple (A4, B,C) produces a new bad triple
(M, N, P). However, we need to check that it is indeed new. We observe that
P < C. Indeed, we deduce

P§P2:p<p2+q2:c:%§0.
In words, from a solution of z* + y* = 22, we are able to find another solution
with smaller positive integer z. The key point is that this reducing process can be
repeated. Hence, it produces to an infinite sequence of strictly decreasing positive
integers. However, it is clearly impossible. We therefore conclude that there exists
no bad triple. (I

2

Corollary 1.1. The equation x* + y* = z* has no solution in positive integers.

2 2

Proof. Letting w = 22, we obtain z* + y* = w?. O

We now include a recent problem from IMO as another working example.

Example 2. [IMO 2007/5 IRN] Let a and b be positive integers. Show that if 4ab — 1
divides (4a2 — 1)2, then a = b.

First Solution. (by NZL at IMO 2007) When 4ab — 1 divides (4a® — 1)2 for two
distinct positive integers a and b, we say that (a,b) is a bad pair. We want to show
that there is no bad pair. Suppose that 4ab — 1 divides (4a2 — 1)2. Then, 4ab — 1
also divides

b(4a®> —1)° —a(dab—1) (4a®> — 1) = (a — b) (4a> = 1) .
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The converse also holds as ged(b,4ab — 1) = 1. Similarly, 4ab — 1 divides (a —
b) (4a® — 1)2 if and only if 4ab — 1 divides (a — b)®. So, the original condition is
equivalent to the condition
dab—11 (a—b)>.

This condition is symmetric in a and b, so (a,b) is a bad pair if and only if (b,a)
is a bad pair. Thus, we may assume without loss of generality that a > b and that
our bad pair of this type has been chosen with the smallest possible vales of its first
element. Write (a — b)2 = m(4ab — 1), where m is a positive integer, and treat this
as a quadratic in a:

a® + (=2b— 4ma)a + (b* + m) = 0.
Since this quadratic has an integer root, its discriminant
(20 + 4mb)® — 4 (b? + m) = 4 (4mb* + 4m>b* — m)
must be a perfect square, so 4mb? + 4m?b?> — m is a perfect square. Let his be the
square of 2mb + t and note that 0 < ¢t < b. Let s = b — t. Rearranging again gives:

Amb? + 4m?b> —m = (2mb + t)?
m (4b° — 4bt — 1) = t*

m (4b* — 4b(b— s) — 1) = (b— s)?
m(4bs — 1) = (b — s)2.

Therefore, (b, s) is a bad pair with a smaller first element, and we have a contra-
diction. O

Second Solution. (by UNK at IMO 2007) This solution is inspired by the solution of
NZL7 and Atanasov’s special prize solution at IMO 1988 in Canberra. We begin
by copying the argument of NZL7. A counter-example (a,b) is called a bad pair.
Consider a bad pair (a,b) so 4ab — 1| (4a® — 1)2. Notice that b (4a® — 1) — (4ab —
1)a = a — b so working modulo 4ab — 1 we have b? (4a® — 1) = (a —b)*. Now, b? an
4ab—1 are coprime so 4ab—1 divides (4a? — 1)2 if and only if 4ab—1 divides (a—b)2.
This condition is symmetric in a and b, so we learn that (a,b) is a bad pair if and
only if (b,a) is a bad pair. Thus, we may assume that a > b and we may as well
choose a to be minimal among all bad pairs where the first component is larger than
the second. Next, we deviate from NZL7’s solution. Write (a — b)? = m(4ab — 1)
and treat it as a quadratic so a is a root of

z® + (—2b— dmb)z + (b* + m) = 0.
The other root must be an integer c¢ since a + ¢ = 2b + 4mb is an integer. Also,
ac = b>+m > 0 so c is positive. We will show that ¢ < b, and then the pair (b, c)
will violate the minimality of (a,b). It suffices to show that 2b + 4mb < a + b, i.e.,
4mb < a — b. Now,
4b(a — b)?* = 4mb(4ab — 1)
so it suffices to show that 4b(a — b) < 4ab — 1 or rather 1 < 4b% which is true. O

Delta 4. [IMO 1988/6 FRG] Let a and b be positive integers such that ab+ 1 divides
a? +b%. Show that

a®+ b

ab+1

is the square of an integer.
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Delta 5. (Canada 1998) Let m be a positive integer. Define the sequence {ay }n>0
by
ao =0, a1 =m, ap41 = mgan — Qp—1-

Prove that an ordered pair (a,b) of non-negative integers, with a < b, gives a
solution to the equation

a2 +b>

ab+1
if and only if (a,b) is of the form (an,an+1) for some n > 0.

Delta 6. Let x and y be positive integers such that xy divides x> +y?> + 1. Show
that

J)Q +y2 + 1 _

xy N

Delta 7. Find all triple (z,y,z) of integers such that

3.

22+ y? + 2% = 2yz.
Delta 8. (APMO 1989) Prove that the equation
6 (6a® + 36> + ¢*) = 5n?

has no solutions in integers except a =b=c=n =0.



INFINITY 7

1.3. Monotone Multiplicative Functions. In this section, we study when multi-
plicative functions has the monotonicity.

Example 3. (Canada 1969) Let N = {1,2,3, - -} denote the set of positive integers.
Find all functions f : N — N such that for all m, n € N: f(2) = 2, f(mn) =
fm)f(n), f(n+1)> f(n).

First Solution. We first evaluate f(n) for small n. It follows from f(1-1) =
f(1)- f(1) that f(1) = 1. By the multiplicity, we get f(4) = f(2)? = 4. It follows
from the inequality 2 = f(2) < f(3) < f(4) = 4 that f(3) = 3. Also, we compute
f(6) = f(2)f(3) =6. Since 4 = f(4) < f(5) < f(6) = 6, we get f(5) = 5. We prove
by induction that f(n) = n for all n € N. It holds for n = 1,2,3. Now, let n > 2
and suppose that f(k) =k for all k € {1,--- ,n}. We show that f(n+1)=n+ 1.

Case 1. n 4+ 1 is composite. One may write n + 1 = ab for some positive inte-
gers a and b with 2 < a < b < n. By the inductive hypothesis, we have f(a) = a
and f(b) = b. It follows that f(n+1) = f(a)f(b) =ab=n+ 1.

Case 2. n + 1 is prime. In this case, n + 2 is even. Write n + 2 = 2k for

some positive integer k. Since n > 2, we get 2k = n+2 > 4 or k > 2. Since

k= ”7*2 < n, by the inductive hypothesis, we have f(k) = k. It follows that

fn+2) = f(2k) = f(2)f(k) = 2k = n + 2. From the inequality
n=f(n)<fin+1l)< f(n+2)=n+2

we conclude that f(n + 1) = n+ 1. By induction, f(n) = n holds for all positive

integers n. t

Second Solution. As in the previous solution, we get f(1) = 1. We find that
f(2n) = f(2)f(n) = 2f(n)
for all positive integers n. This implies that, for all positive integers k,
f (2k) — 9k
Let k € N. From the assumption, we obtain the inequality
=@M <@ 1) << F (M —1) < f (M) =28
In other words, the increasing sequence of 2% 4+ 1 positive integers

f(2k),f(2k+1),-~-,f(2k+1—1),f(2k+1)

lies in the set of 2¥ 4 1 consecutive integers {2%,2F +1,... 2k+1 1 2k+11 This
means that f(n) = n for all 2¥ < n < 281, Since this holds for all positive integers
k, we conclude that f(n) =n for all n > 2. O

The conditions in the problem are too restrictive. Let’s throw out the condition
f2)=2.

Epsilon 4. Let f: N — RT be a function satisfying the conditions:
(a) f(mn) = f(m)f(n) for all positive integers m and n, and
(b) f(n+1) > f(n) for all positive integers n.

Then, there is a constant o € R such that f(n) = n® for alln € N.

We can weaken the assumption that f is completely multiplicative, but we bring
back the condition f(2) = 2.
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Epsilon 5. (Putnam 1963/A2) Let f : N — N be a strictly increasing function
satisfying that f(2) = 2 and f(mn) = f(m)f(n) for all relatively prime m and n.
Then, f is the identity function on N.

In fact, we can completely drop the constraint f(2) = 2. In 1946, P. Erdés
proved the following result in [PE]:

Theorem 1.4. Let f: N — R be a function satisfying the conditions:
(a) f(mn) = f(m) + f(n) for all relatively prime m and n, and
(b) f(n+1) > f(n) for all positive integers n.
Then, there exists a constant o € R such that f(n) = alnn for alln € N.

This implies the following multiplicative result.

Theorem 1.5. Let f : N — R be a function satisfying the conditions:
(a) f(mn) = f(m)f(n) for all relatively prime m and n, and
(b) f(n+1) > f(n) for all positive integers n.

Then, there is a constant a € R such that f(n) =n® for alln € N.

Proof. 2 Tt is enough to show that the function f is completely multiplicative:
f(mn) = f(m)f(n) for all m and n. We split the proof in three steps.

Step 1. Let a > 2 be a positive integer and let Q, = {& € N | ged(z,a) = 1}.
Then, we find that

R At
TE€EQ, f(l')

and

for all positive integers k.

Proof of Step 1. Since f is monotone increasing, it is clear that L > 1. Now,
we notice that f(k + a) > Lf(k) whenever k € Q,. Let m be a positive integer.
We take a sufficiently large integer z¢ > ma with ged (zg,a) = ged (x0,2) = 1 to
obtain

f2)f (xo) = f (2x0) = f (xo + ma) = Lf (xo + (m —1)a) = -+ = L™ f (x0)
£(2) > L™,

Since m is arbitrary, this and L > 1 force to L = 1. Whenever z € ),, we obtain

f (ak+1> f(CL') f (ak"'lm) f (ak-i-lx + ak)

o R v R 17 R A A ST Gy
N (@) f(@)
S < @ +a)
fova) @)
@) = F@f @)

2We present a slightly modified proof in [EH]. For another short proof, see [MJ].
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It follows that

. fleta) _ f(a"T)
=TI D T@f @
so that
f () < £ (a*) f(a),
as desired.

Step 2. Similarly, we have

U := sup /(@)

M Feta)

and
£ (") > f(a*) f(a)

for all positive integers k.

Proof of Step 2. The first result immediately follows from Step 1.
1

v, f(z+a) infyeq, f(;(;r)a)

Whenever z € Q, and = > a, we have

f (ak+1) f(fl?) B f (akJrl.I’) - f (akJrlQ? _ ak)

= f(ax —1) > f (az — a?)

f@®) fl*) ~ f(a*)
or
f(a®) ()
sz(a)f(x—a)
It therefore follows that
3 fl@) fle—a) _ f(a"")
Lo et a e F@)  f@)f @)

as desired.

Step 3. From the two previous results, whenever a > 2, we have
(") = f (a®) f(a).
Then, the straightforward induction gives that
k
f(a*) = f(a)
for all positive integers a and k. Since f is multiplicative, whenever
n=p .. ph
gives the standard factorization of n, we obtain

f)=f (™) f @F) = )™ F ()"

We therefore conclude that f is completely multiplicative.
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1.4. There are Infinitely Many Primes. The purpose of this subsection is to offer
various proofs of Euclid’s Theorem.

Theorem 1.6. (Euclid's Theorem) The number of primes is infinite.

Proof. Assume to the contrary {p; = 2,ps = 3, -+ ,p,} is the set of all primes.
Consider the positive integer

Since P > 1, P must admit a prime divisor p; for some ¢ € {1,---,n}. Since both
P and p; - - - p, are divisible by p;, we find that 1 = P — p; - - - p,, is also divisible
by p;, which is a contradiction. (I

In fact, more is true. We now present four proofs of Euler’s Theorem that the
sum of the reciprocals of all prime numbers diverges.

Theorem 1.7. (Euler's Theorem, PEN E24) Let p,, denote the nth prime number.
The infinite series

diverges.

First Proof. [NZM, pp.21-23] We first prepare a lemma. Let o(n) denote the set of
prime divisors of n. Let S,,(IN) denote the set of positive integers ¢ < N satisfying

that o(¢) C {p1, - ,pn}
Lemma 1.3. We have |S,(N)| < 2"VN.

Proof of Lemma. It is because every positive integer ¢ € S,,(IN) has a unique
factorization i = st?, where s is a divisor of p1 - - - p, and t < v/N. In other words,
i +— (s,1) is an injective map from S, (N) to 7, (N) = { (s,t) | s|p1 - pn, t < VN},
which means that |S,,(N)| < |7,(N)| < 2"V N.

Now, assume to the contrary that the infinite series p% + p% + .-+ converges.
Then we can take a sufficiently large positive integer n satisfying that

1 1 1 1
- > Z - = + 4.
27 & Ppi Pnyl Png2

Take a sufficiently large positive integer N so that N > 4"*!. By its definition of
Sn(N), we see that each element ¢ in {1,--- | N} — S, (N) is divisible by at least
one prime p; for some j > n. Since the number of multiples of p; not exceeding N

is {EJ, we have
Pj

L N} =Su(N) < Y {NJ

ji>n Pj
or
N N N
S IES S L ED DL
j>n Pj j>npj
or N
5 SISa()]-
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It follows from this and from the lemma that % < 27/N so that N < 4n+1,

However, it is a contradiction for the choice of V. O
Second Proof. We employ an auxiliary inequality without a proof.
Lemma 1.4. The inequality 1 +t < e holds for all t € R.

Let n > 1. Since each positive integer i < n has a unique factorization i = st2,
where s is square free and ¢t < y/n, we obtain

vis 1 ()2 e

p:z;zzze, t</mn
Together with the estimation
= _— = = 2
S+ e (i)

we conclude that

or

p:prime
p<n

Since the divergence of the harmonic series 1 + % + % + -+ is well-known, by
COMPARISON TEST, the series diverges. O

Third Proof. [NZM, pp.21-23] We exploit an auxiliary inequality without a proof.
Lemma 1.5. The inequality ﬁ < et holds for all t < [0, %]

Let I € N. By The Fundamental Theorem of Arithmetic, each positive integer
i < p; has a unique factorization i = p;® ---p;“ for some ey, -, € Zxp. It
follows that

le l oo l 1 14
I L1 B R G
1= e, ] j

L €250 o1 \imo Pt
l 1 1 pL 1
Dot —)zm(> -]
=1 \Pi Pj im1
0o l l l
1 1 1 1 1
Sy s L o) - () -
]+1 G+ = \J j+1) n—ow n+1

Together with the estimation
= Jj=1 J

1 P
Dj ?

j=1

so that

we conclude that
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Since the harmonic series 1 + % + % + .-+ diverges, by The Comparison Test, we
get the result. O

Fourth Proof. [DB, p.334] It is a consequence of The Prime Number Theorem.
Let 7(x) denote the prime counting function. Since The Prime Number Theorem
says that m(z) — = as ¢ — 0o, we can find a constant A > 0 satisfying that
m(xz) > A= for all sufficiently large positive real numbers z. This means that
n > A2 when n is sufficiently large. Since A7z > /o for all sufficiently large

Inp
x > 0, we also have

I > /Pn

Inp,
or
n? > DPn
for all sufficiently large n. We conclude that, when n is sufficiently large,
Pn Pn
n >\ A

Inp, In (n2)’

or equivalently,
1 A

pn” 2nlnn’
= 00, The Comparison Test yields the desired result. O

e} 1

Since we have )~ ——

We close this subsection with a striking result establish by Viggo Brun.

Theorem 1.8. (Brun's Theorem) The sum of the reciprocals of the twin primes
converges:
1 1 1 1 1 1 1 1
B = - S i — 4 <
> (p+p+2> <3+5>+<5+7>+<11+13)+ >
P, p+2: prime
The constant B =1.90216 - - - is called Brun’s Constant.
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1.5. Towards $1 Million Prize Inequalities. In this section, we follow [JL]. We
consider two conjectures.

Open Problem 1.1. (J. C. Lagarias) Given a positive integer n, let H,, denote the
n-th harmonic number
1 1
H, = =144 =
and let o(n) denote the sum of positive divisors of n. Prove that that the inequality

o(n) <H,+ et lnH,
holds for all positive integers n.

Open Problem 1.2. Let 7 denote the prime counting function, that is, w(x) counts
the number of primes p with 1 < p < x. Let € > 0. Prove that that there exists a
positive constant C. such that the inequality

r 1 14e
— —dt| < C.z’
(@) /2 Int ‘ = bel

holds for all real numbers x > 2.

These two unseemingly problems are, in fact, equivalent. Furthermore, more
strikingly, they are equivalent to The Riemann Hypothesis from complex analysis.
In 2000, The Clay Mathematics Institute of Cambridge, Massachusetts (CMI) has
named seven prize problems. If you knock them down, you earn at least $1 Million.?
For more info, visit the CMI website at

http://www.claymath.org/millennium

Wir miissen wissen. Wir werden wissen.
- D. Hilbert

3Hovvever, in that case, be aware that Mafias can knock you down and take money from you :]
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2. SYMMETRIES

Each problem that | solved became a rule, which served after-
wards to solve other problems.
- R. Descartes

2.1. Exploiting Symmetry. We begin with the following example.

Example 4. Let a,b, c be positive real numbers. Prove the inequality
4, 34 4, 4 4 4
a®*+b b* + ¢ c+a 3 3 3
> b .
a+b + b+c + ct+a — @bt

First Solution. After brute-force computation, i.e, clearing denominators, we reach

a’b+a’c+bc+ba+cta+ b > a®b?c + a®bc® + b3cRa + b3eca® + a’b + Sab?.
Now, we deduce
a’b+d’c+ e+ bPa+cPa+ b
= a(b5+05) +b(c5+a5) +c(a5+b5)
> a (b302 + bzcs) +b (03a2 + CQbS) +c (cga2 + chB)
= a®b*c+ a®b? + b3 Pa + bPcd® + Pa’b + Pab’
Here, we used the the auxiliary inequality
2° + 45 > 1y + %P,
where x,y > 0. Indeed, we obtain the equality
2 +y® —ady? — ot = (x3 _ y3) (xQ _ y2) '
It is clear that the final term (a:3 - y3) (a:2 - y2) is always non-negative. O

Here goes a more economical solution without the brute-force computation.

Second Solution. The trick is to observe that the right hand side admits a nice decompo-
sition: 5 5 5 5 5 5
a’+b b
I +c I c’+a .
2 2 2
We then see that the inequality has the symmetric face:

4 4 34 4, 4 4 4 3, 313 3, 3 3 3
a+b+b+c+c+a2a+b+b+c+c+a’
a+b b+c c+a 2 2 2
Now, the symmetry of this expression gives the right approach. We check that, for z,y > 0,
ot 4yt N 3+
x+y — 2

40+ =

However, we obtain the identity
2(c" +y") - (@ + ) @ty =" +y' 2y —ay’ = (2" —¢°) (@ — ).
It is clear that the final term (ac3 — y3) (z — y) is always non-negative. ]
Delta 9. [LL 1967 POL] Prove that, for all a,b,c > 0,
8 18 4 8
a®+b°+c¢ 1 1
@ To Te 52,
adb3cd T a + b
Delta 10. [LL 1970 AUT] Prove that, for all a,b,c > 0,
a+b+c be ca ab
>
2 _b+c+c+a+a—|—b

1
+ =
C
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Delta 11. [SL 1995 UKR] Let n be an integer, n > 3. Let a1, - ,an be real numbers
such that 2 < a; <3 fori=1,---,n. If s=a1+ -+ an, prove that

2 2 2 2 2 2 2 2 2
a1” +az2” —asg az2” +az” —aq an” +a1” —a

oo T T2 <95 op,
a1 +az2+as a2 +az + aq an + a1 + a2
Delta 12. [SL 2006 ] Let a1, - ,an be positive real numbers. Prove the inequality
n a;a;
aia; > —
2(a1 +az + -+ an) 13%9 o 1g§gn ai +a;

Epsilon 6. Let a, b, c be positive real numbers. Prove the inequality
(14a®) (1+6°) (1+¢°) > (a+b)(b+c)(c+a).
Show that the equality holds if and only if (a,b,c) = (1,1,1).

Epsilon 7. (Poland 2006) Let a, b, ¢ be positive real numbers with ab+bc+ca = abe. Prove
that

a* +v* bt 4 ¢t ct+at > 1
ab(a® +b3)  be(b3+c3)  ca(ed+a3) T
Epsilon 8. (APMO 1996) Let a, b, ¢ be the lengths of the sides of a triangle. Prove that
Va+b—c+vb+c—a+vVeta—b< Va+Vb+e
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2.2. Breaking Symmetry. We now learn how to break the symmetry. Let’s attack the
following problem.

Example 5. Let a,b, c be non-negative real numbers. Show the inequality
at bt 4+t 43 (abc)% > 2 (a’b” +b*c® + Pa?).
There are many ways to prove this inequality. In fact, it can be proved either with

Schur’s Inequality or with Popoviciu’s Inequality. Here, we try to give another proof. One
natural starting point is to apply The AM-GM Inequality to obtain the estimations

A +3 (abc)% >4 (04 . (abc)% . (abc)% - (abc)%>% = dabc®
and
a* + bt > 2a%b%.
Adding these two inequalities, we obtain
at bt 4+t 43 (abc)% > 2a°b® 4 4abc®.
Hence, it now remains to show that
2a%b% + 4abc® >2 (CL252 + b2 + 02a2)
or equivalently
0> 2¢%(a —b)?,
which is clearly untrue in general. It is reversed! However, we can exploit the above

idea to finsh the proof.

Proof. Using the symmetry of the inequality, we break the symmetry. Since the inequality
is symmetric, we may consider the case a,b > c only. Since The AM-GM Inequality implies

the inequality ¢* 4 3 (abc)% > 4abc?, we obtain the estimation
a+b'+c+3 (abc)% -2 (a2b2 +b°c + 02a2)
> (a4 +bt = 2a2b2) + 4abc® — 2 (6202 + 02a2)
= (a2 — b2)2 —2¢% (a—b)?
= (a—10) ((a+ b)? — 202) .
Since we have a,b > ¢, the last term is clearly non-negative. O

Epsilon 9. Let a, b, ¢ be the lengths of a triangle. Show that
a + b + c <9
b+c c+a a+b '
Epsilon 10. (USA 1980) Prove that, for all real numbers a,b, ¢ € [0, 1],
a b c
1-— 1-b)(1—-¢)<1.
b+c+1+c+a+1+a+b+1+( a)( o) ¢) <
Epsilon 11. [AE, p. 186] Show that, for all a,b,c € [0, 1],
a b c
< 2.
1+bc+ 1+ca+ 1+ ab =2

Epsilon 12. [SL 2006 KOR] Let a, b, c be the lengths of the sides of a triangle. Prove the

inequality
Vvb+c—a n vet+a—b n va+b—c <3
Vb+ve—va  Jetva-vVb o Ja+vVb—ye T

Epsilon 13. Let f(a:,y):xy(:r3+y3) for x,y > 0 with x +y = 2. Prove the inequality

f(w7y)§f<1+%7l—%):f(l—%,ht%).




INFINITY 17

Epsilon 14. Let a,b > 0 with a + b = 1. Prove that

Va2 +b+Va+b2+v1+ab< 3.
Show that the equality holds if and only if (a,b) = (1,0) or (a,b) = (0,1).
Epsilon 15. (USA 1981) Let ABC be a triangle. Prove that

sin3A + sin3B + sin 3C' < 37\/5

The above examples say that, in general, symmetric problems does not admit
symmetric solutions. We now introduce an extremely useful inequality when we make
the ordering assmption.

Epsilon 16. (Chebyshev's Inequality) Let z1, - ,z» and y1,---yn be two monotone in-
creasing sequences of real numbers:

1 < ST, Y1 S0 S Yne

Then, we have the estimation

Corollary 2.1. (The AM-HM Inequality) Let z1,- -+ ,z, > 0. Then, we have

or

The equality holds if and only if x1 = -+ = xy,.

Proof. Since the inequality is symmetric, we may assume that 1 < --- < z,. We have
1
B
xTr1 T Xn

Chebyshev’s Inequality shows that
1 1 1 1 1
SV DU B O [ P
x1 T n T T1

Remark 2.1. In Chebyshev’s Inequality, we do not require that the variables are positive.
It also implies that if t1 < -+ < xp, and y1 > -+ > yn, then we have the reverse estimation

n 1 n n
=1 =1 =1
Epsilon 17. (United Kingdom 2002) For all a,b,c € (0,1), show that

a " b " c S 3 abe

l1—a 1-b 1—6_1—\3/abc.

Epsilon 18. [IMO 1995/2 RUS] Let a, b, c be positive numbers such that abc = 1. Prove
that

U S SR
a*(b+c) b¥(c+a) Ala+bd) T 2
Epsilon 19. (Iran 1996) Let z,y, z be positive real numbers. Prove that

1 1 1 9
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We now present three different proofs of Nesbitt’s Inequality:

Proposition 2.1. (Nesbitt) For all positive real numbers a, b, ¢, we have
a b c 3
> —.
b+c+c+a+a+b -2
Proof 1. We denote L the left hand side. Since the inequality is symmetric in the three
variables, we may assume that a > b > c. Since 17417 > c«!l»a, > a%rb, Chebyshev’s Inequality
yields that

(a+b+c)( Ly 1 )
b+c c+a a+b
a+b+c a+b+c a+b+c
< b+c c+a a+b )

W= Wl

a b c
= 3|1+ —+1+—+1
( Jrb—&—cJr Jrc—i—aJr Jra—i—b)

3+ L),

W =

so that L > %, as desired.

Proof 2. We now break the symmetry by a suitable normalization. Since the inequality is
symmetric in the three variables, we may assume that a > b > c. After the substitution
T=2y= %, we have x >y > 1. It becomes
a
(&

+ 2

—+

N w

b
c 1
+1 +

ole

ol

b1

ale

or 5 .
e s
y+1 4172 z+4+vy

We first apply The AM-GM Inequality to deduce

x+1+y+1>

>2
y+1 z+1
or
z Y o 1 1
y+1 rx+1~— y+1 x+1
It is now enough to show that
.t ot 3 1
y+1 x+4+1 72 x4y
o 1 1 1 1
:_ > _
2 y+1 - z+1 x4y
or

y—1 o y—1
20+y) ~ (z+1)(z+y)’
However, the last inequality clearly holds for x >y > 1.

Proof 3. As in the previous proof, we may assume a > b > 1= c. We present a proof of
a b 1 3
> —.
b+1+a+1+a+b -2
Let A=a+b and B = ab. What we want to prove is
a>+bv*+a+b Lt
(a+1)(b+1)  a+bd

vV
N o

or 5
A —2B+ A 1
+

el N
A+B+1 A~

N w
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. 24° —A? —A+2> B(TA-2).

Since TA—2>2(a+b—1) >0 and A% = (a + b)? > 4ab = 4B, it’s enough to show that
4(2A4° — A7 —A42) > A*(TA-2) & A®—24> —4A+8>0.

However, it’s easy to check that A* —2A% —4A+8 = (A—2)?(A+2) > 0.
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2.3. Symmetrizations. We now attack non-symmetrical inequalities by transforming them
into symmetric ones.

Example 6. Let x,y, z be positive real numbers. Show the cyclic inequality
2 2 2

T z T z
T+l + 5248, 2
y z x y oz
First Solution. We break the homogeneity. After the substitution a = i, b=%c=Z it
becomes

a? +b% + 2 >a+b+ec.
‘We now obtain

a4+ +E> (a—l—b—ﬁ—c)22(a—+—b—|—c)(abc)é =a+b+ec

Wl =

O

Epsilon 20. (APMO 1991) Let a1, ,Gn, b1, - ,bn be positive real numbers such that
a1 +--+an=0by +---+b,. Show that

2 2
a an a s tan
1 Lo > @ + -+ '
ai + bl an + bn 2
Epsilon 21. Let z,y, z be positive real numbers. Show the cyclic inequality

T y z
<l1.
20 +y + 29+ 2 + 22 4+ax —
Epsilon 22. Let x,y,z be positive real numbers with v + y + z = 3. Show the cyclic
inequality

333 y3 ZS

>1
2 4+ xy + y? + y2 4+ yz + 22 + 2242+ a2
Epsilon 23. [SL 1985 CAN] Let z,y, z be positive real numbers. Show the cyclic inequality

2 2 2
m Y z <2

x2+yz+y2+zx+22+xy*

Epsilon 24. [SL 1990 THA] Let a,b,c,d > 0 with ab+ bc + ¢d + da = 1. show that
a® n b3 n e " d? >1
b+c+d c+d+a d+a+b a+b+c ™ 3

Delta 13. [SL 1998 MNG] Let a1, - - - , an be positive real numbers such that a1+ -+an <
1. Prove that

ar-an(l—ai—-—ay) < 1
(a1 4+ +an) 1 —a1) - (1 —an) =~ notl’

Don't just read it; fight it! Ask your own questions, look for your own examples, discover
your own proofs. Is the hypothesis necessary? Is the converse true? What happens in the
classical special case? What about the degenerate cases? Where does the proof use the
hypothesis?

- P. Halmos, | Want to be a Mathematician
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3. GEOMETRIC INEQUALITIES

Geometry is the science of correct reasoning on incorrect figures.
- G. Pélya

3.1. Triangle Inequalities. Many inequalities are simplified by some suitable substitutions.
We begin with a classical inequality in triangle geometry. What is the first* nontrivial
geometric inequality?

Theorem 3.1. (Chapple 1746, Euler 1765) Let R and r denote the radii of the circumcircle
and incircle of the triangle ABC. Then, we have R > 2r and the equality holds if and
only if ABC is equilateral.

Proof. Let BC = a, CA=b, AB = ¢, s = “t*¢ and S = [ABC].> We now recall the
well-known identities:

_abc _ 2 B B B
S = 1R S=rs, ST=s(s—a)(s—b)(s—c).
Hence, the inequality R > 2r is equivalent to
abe S
45 — s
or
2
abc > 85—
S
or
abc > 8(s —a)(s — b)(s — ¢).
We need to prove the following. O

Theorem 3.2. (A. Padoa) Let a, b, ¢ be the lengths of a triangle. Then, we have
abc > 8(s — a)(s — b)(s — ¢)
or
abc> (b+c—a)(c+a—b)(a+b—2c)
Here, the equality holds if and only if a = b =c.
Proof. We exploit The Ravi Substitution. Since a, b, ¢ are the lengths of a triangle, there

are positive reals z, y, z such that a =y + 2, b =2+, c = z +y. (Why?) Then, the
inequality is (y + 2)(z + z)(z + y) > 8zyz for z, y, z > 0. However, we get

(y+2)(z+2)(@+y) —8ryz =2y —2)* +y(z —2)° + 2(z —y)* > 0.
O

Does the above inequality hold for arbitrary positive reals a, b, ¢? Yes ! It’s possible
to prove the inequality without the additional condition that a, b, ¢ are the lengths of a
triangle :

Theorem 3.3. Whenever x, y, z > 0, we have
zyz 2 (y+z—z)(z+z—y)(z+y—2).
Here, the equality holds if and only if x =y = z.

4The first geometric inequality is the Triangle Inequality: AB + BC > AC
5In this book, [P] stands for the area of the polygon P.
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Proof. Since the inequality is symmetric in the variables, without loss of generality, we
may assume that x > y > z. Then, we have x +y > zand z+x > y. If y+ 2 > «x,
then z, y, z are the lengths of the sides of a triangle. In this case, by the previous
theorem, we get the result. Now, we may assume that y + z < x. Then, it is clear that
2yz>0> (y+z—z)(z+z—y)(z+y—2). d

The above inequality holds when some of x, y, z are zeros:

Theorem 3.4. Let z, y, z > 0. Then, we have zyz > (y+z —z)(z+z —y)(z +y — 2).

Proof. Since z,y,z > 0, we can find strictly positive sequences {z,}, {yn}, {zn} for which
nan;O Tn =X, nlin;o Yn =Y, nan;o Zn = Z.
The above theorem says that
TnYnzn 2 (Yn + 20 = 20) (20 + Tn = Ya) (@0 + Yn = 20).
Now, taking the limits to both sides, we get the result.
O

We now notice that, when z, y, z > 0, the equality zyz = (y+2z—z)(z+z—y)(x+y—2)
does not guarantee that © = y = z. In fact, for z,y,z > 0, the equality zyz = (y + z —
z)(z+x —y)(x + y — z) implies that

r=y=zor x=y,z=0o0r y=z,2=0 or z=2x2,y=0.
(Verify this!) It’s straightforward to verify the equality
ayz—(y+2— )tz —y)(@+y—2) = alz—y)@—2)+yly - )y —2) + 2(z —2)(z — ).
Hence, it is a particular case of Schur’s Inequality.

Epsilon 25. [IMO 2000/2 USA] Let a,b, c be positive numbers such that abc = 1. Prove

that
(a—l—i—l) <b—1+1) (c—l-i—l) <1
b c a

Delta 14. Let R and r denote the radii of the circumcircle and incircle of the right triangle
ABC, resepectively. Show that

R> (1+V2)r.
When does the equality hold ?

Delta 15. [LL 1988 ESP] Let ABC be a triangle with inradius v and circumradius R.

Show that
5 r

sin—sinE—&—sinEsing—l—singsin— < -4+ —.
2 2 2 2 2 2 — 8 4R
In 1965, W. J. Blundon|WJB] found the best possible inequalities of the form
A(R,r) < s> < B(R,T),
where A(z,y) and B(z,y) are real quadratic forms ax? + Bzy + vy°.

Delta 16. Let R and r denote the radii of the circumcircle and incircle of the triangle
ABC'. Let s be the semiperimeter of ABC. Show that

16Rr — 5r° < s < 4R? 4+ 4Rr + 3r°.

Delta 17. [WJB2, RS] Let R and r denote the radii of the circumcircle and incircle of the
triangle ABC'. Let s be the semiperimeter of ABC. Show that

s> 2R+ (3vV3 — 4)r.
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Delta 18. With the usual notation for a triangle, show the inequality®
4R+ r > V3s.

The Ravi Substitution is useful for inequalities for the lengths a, b, ¢ of a triangle.
After The Ravi Substitution, we can remove the condition that they are the lengths of
the sides of a triangle.

Epsilon 26. [IMO 1983/6 USA] Let a, b, ¢ be the lengths of the sides of a triangle. Prove
that
a’b(a — b) + b*c(b — ¢) + *a(c — a) > 0.

Delta 19. (Darij Grinberg) Let a, b, ¢ be the lengths of a triangle. Show the inequalities
a® +b® + ¢ + 3abe — 2b%a — 2¢°b — 2a*c > 0,
and
3a%b + 3b%c + 3c%a — 3abc — 2b%a — 2¢%b — 2a°c > 0.
Delta 20. [LL 1983 UNK] Show that if the sides a,b,c of a triangle satisfy the equation
2 (ab2 + b + ca2) =a’b + b’c+ a + 3abe

then the triangle is equilateral. Show also that the equation can be satisfied by positive real
numbers that are not the sides of a triangle.
Delta 21. [IMO 1991/1 USS] Prove for each triangle ABC the inequality
1 < IA-IB-IC é
4 la-lg-lc =27’
where I is the incenter and la,lB,lc are the lengths of the angle bisectors of ABC.

We now discuss Weitzenbock’s Inequality and related theorems.

Epsilon 27. [IMO 1961/2 POL] (Weitzenbock's Inequality) Let a, b, ¢ be the lengths of a
triangle with area S. Show that

a® +b% + % > 4/38.

Epsilon 28. (The Hadwiger-Finsler Inequality) For any triangle ABC with sides a, b, ¢ and
area F', the following inequality holds:

4+ +E>ABF+(a—b)*+ (b—c)* + (c—a)?

or
2ab 4 2bc + 2ca — (a® + b* + ¢*) > 4V/3F.

Here is a simultaneous generalization of Weitzenbock’s Inequality and Nesbitt’s In-
equality.

Epsilon 29. (Tsintsifas) Let p, q,r be positive real numbers and let a, b, ¢ denote the sides
of a triangle with area F. Then, we have
P 2 q ;2

T 2
a” + b” + 2 > 2V3F.
q+r r+p p+q

Epsilon 30. (The Neuberg-Pedoe Inequality) Let a1,b1,c1 denote the sides of the triangle
A1 B1C:1 with area Fi. Let as, bz, c2 denote the sides of the triangle As BoCy with area Fb.
Then, we have

a12(b22 +e? — a22) + 512(622 +ap® — 522) + c12(a22 +by? — 022) > 16F1 F>.

Notice that it’s a generalization of Weitzenbock’s Inequality. Carlitz observed that The
Neuberg-Pedoe Inequality can be deduced from Aczél’s Inequality.

6Tt is equivalent to The Hadwiger-Finsler Inequality.
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Epsilon 31. (Aczél's Inequality) If a1, -+ ,an, b1, -+ ,bn > 0 satisfies the inequality
ar’>> a2’ + - 4an’ and b? 2b22+"'+bn27
then the following inequality holds.

aiby — (agbz + -+ + anbn) > \/(a12 — (a2 4 - +an?) (0 = (02° + - +0.%))
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3.2. Conway Substitution. As we saw earlier, transforming geometric inequalities to alge-
braic ones (and vice-versa), in order to solve them, may prove to be very useful. Besides
the Ravi Substitution, we remind another technique, known to the authors as the Conway
Substitution Theorem.

Theorem 3.5. (Conway) Let u, v, w be three reals such that the numbers v + w, w + u,
u 4+ v and vw + wu + uwv are all nonnegative. Then, there exists a triangle XY Z with
sidelengths t = YZ = Vv+w, y = ZX = Vyw+u, 2z = XY = y/u+v. This triangle
satisfies y? + 22 — 22 = 2u, 22 + 22 — y? = 20, 22 + y? — 22 = 2w. The area T of this
triangle equals T' = %\/vw +wutuwv. f X =2ZXY,Y =/LXYZ,Z = /Y ZX are the

angles of this triangle, then cot X = 5%, cotY = 57

— w
5T 57 and cot Z = 5.

Proof. Since the numbers v+ w, w + u, u+ v are nonnegative, their square roots /v + w,
vw + u, v/u + v exist, and, of course, are nonnegative as well. A straightforward compu-
tation shows that vw +u + vu +v > v +w. Similarly, vVu+v++Vv+w > Vw+u
and /v + w + v/w + u > v/u + v. Thus, there exists a triangle XYZ with sidelengths

c=YZ=vvtw, y=2ZX =Vw+u, z=XY =+u-+v.

It follows that
y2 +2°—2” = (\/w+u)2 + (\/u—|—v)2 — (\/v—&-w)2 = 2u.

Similarly, 2% + 2® — y? = 2v and z® + y*® — 2% = 2w. According now to the fact that

2 2 2
¢+ Yyt —z
t ) = ————————
co AT ,
we deduce that so that cot Z = 5%, and similarly cot X = 5% and cotY = 5%. The

well-known trigonometric identity
cotY -cot Z+cot Z-cot X +cot X -cotY =1,

now becomes
voow w U u v

or ar or ar Tar ar T
or

vw + wu + wv = 477,
or
T = JVATE = S \ow T wu T .
]

Note that the positive real numbers m, n, p satisfy the above conditions, and therefore,

there exists a triangle with sidelengths m = v/n +p, n = /p + m, p = v/m + n. However,
we will further see that there are such cases when we need the version in which the numbers
m, n, p are not all necessarily nonnegative.

Delta 22. (Turkey 2006) If z, y, z are positive numbers with zy + yz + zz = 1, show that

2747(1:+y)(y+z)(z+a:)2(\/x+y+\/y+z+\/z+m)226\/§.

We continue with an interesting inequality discussed on the MathLinks Forum.

Proposition 3.1. If x, y, z are three reals such that the numbers y + z, z+ x, x +y and
yz + zx + xy are all nonnegative, then

Zs/(z+m)(x+y)2x+y+z+\/§-\/m.
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Proof. (Darij Grinberg) Applying the Conway substitution theorem to the reals z, y, z,
we see that, since the numbers y + 2z, z + x, x + y and yz + zx + xy are all nonnegative,
we can conclude that there exists a triangle ABC with sidelengths a = BC = /y + z,

b=CA=+/z+2,c=AB =/t +yand area S = %\/szrszrxy. Now, we have
Z\/(z+x)(x+y):Z\/z—&—m-\/x—i— :Zb-c:bc+ca+ab,

x+y+z:%((\/y+z)2+(\/z+x)2+(m)2) :%(a2+b2+02),

and
VBVt et ey =23 sVt ke =2v3- 8.
Hence, the inequality in question becomes
be + ca + ab > % (a2+b2+02) +2v3. 8,
which is equivalent with

A+ +E>4V3- S+ (b—0)+(c—a)’ + (a—b)>.

But this is the well-known refinement of the Weintzenbock Inequality, discovered by Finsler
and Hadwiger in 1937. See [FiHa). g

Five years later, Pedoe [DP2] proved a magnificent generalization of the same Weitzenbock
Inequality. In Mitrinovic, Pecaric, and Volenecs’ classic Recent Advances in Geometric
Inequalities, this generalization is referred to as the Neuberg-Pedoe Inequality. See also
[DP1], [DP2], [DP3], [DP5] and [JN].

Proposition 3.2. (Neuberg-Pedoe) Let a, b, ¢, and z, y, z be the side lengths of two given
triangles ABC, XY Z with areas S, and T, respectively. Then,

a’ (y2 +22— x2) + b2 (z2 +z? - y2) + ¢ (:c2 +y?— z2) > 16ST,
with equality if and only if the triangles ABC and XY Z are similar.

Proof. (Darij Grinberg) First note that the inequality is homogeneous in the sidelengths
x, y, z of the triangle XY Z (in fact, these sidelengths occur in the power 2 on the left
hand side, and on the right hand side they occur in the power 2 as well, since the area
of a triangle is quadratically dependant from its sidelengths). Hence, this inequality is
invariant under any similitude transformation executed on triangle XY Z. In other words,
we can move, reflect, rotate and stretch the triangle XY Z as we wish, but the inequality
remains equivalent. But, of course, by applying similitude transformations to triangle
XY Z, we can always achieve a situation when Y = B and Z = C and the point X lies in
the same half-plane with respect to the line BC as the point A. Hence, in order to prove
the Neuberg-Pedoe Inequality for any two triangles ABC and XY Z, it is enough to prove
it for two triangles ABC and XY Z in this special situation.

So, assume that the triangles ABC and XY Z are in this special situation, i. e. that
we have Y = B and Z = C and the point X lies in the same half-plane with respect to
the line BC as the point A. We, thus, have to prove the inequality
a’ (y2—|—z2 —x2) + b (z2+x2 —y2) +c (:c2+y2 —z2) > 16ST.
Well, by the cosine law in triangle ABX, we have
AX?=AB*+ XB®-2-AB-XB-cos ZABX.

Let’s figure out now what this equation means. At first, AB = ¢. Then, since B =
Y, we have XB = XY = z. Finally, we have either LZABX = LZABC — ZXBC or
ZABX = /XBC — ZABC (depending on the arrangement of the points), but in both
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cases cos ZABX = cos(LABC — ZXBC'). Since B =Y and C = Z, we can rewrite the
angle ZXBC as ZXY Z. Thus,

cos LZABX = cos (LABC — £XY Z) = cos LZABC cos XY Z + sin ZABC'sin ZXY Z.
By the Cosine Law in triangles ABC and XY Z, we have

2 2 _ 12 2 2 _ 2
cos JABC = S X =V d cossXYz = T DU

2ca 2zx

Also, since

sin ZABC = ﬁ, and sinZXYZ = E,
ca zT

we have that

cos LZABX
cos LZABC cos LXY Z +sin LZABC'sin XY Z
E+a®-b P4az?—y* 25 T

2ca 2zx ca zx

This makes the equation
AX? = AB*+ XB*—-2.-AB- XB -cos ZABX

transform into

2. 2 32 2 2 _ 2
AX2:CQ+Z2*2-C‘Z'(C RN o +§‘E),

2ca 2zx ca zx

which immediately simplifies to

AX2202+z2—2<(C2+a2_b2) N +48T>,

4dazx ax

and since YZ = BC,

(a2 (y2 + 2% — x2) + 2 (22 + 22— yz) + 2 (:c2 +9% — z2)) —16ST
2ax

Thus, according to the (obvious) fact that AX? >0, we conclude that

@ (2 —a) £ (o =) (P - 2) 2 168,

AX? =

which proves the Neuberg-Pedoe Inequality. The equality holds if and only if the points
A and X coincide, i. e. if the triangles ABC and XY Z are congruent. Now, of course,
since the triangle XY Z we are dealing with is not the initial triangle XY Z, but just
its image under a similitude transformation, the general equality condition is that the
triangles ABC and XY Z are similar (not necessarily being congruent). ]

Delta 23. (Bottema [BK]) Let a, b, ¢, and z, y, z be the side lengths of two given triangles
ABC, XY Z with areas S, and T, respectively. If P is an arbitrary point in the plane of
triangle ABC, then we have the inequality

az(y2+z2—x2)—|—bz(z2+x2—y2)+c2(x2+y2—z2)
2

- AP+y-BP+z-CP > \/ + 85T.

Epsilon 32. If A, B, C, X, Y, Z denote the magnitudes of the corresponding angles of
triangles ABC, and XY Z, respectively, then

cot AcotY + cot Acot Z + cot Bcot Z + cot Bcot X + cot C'cot X + cot C'cotY > 2.
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Epsilon 33. (Vasile Cartoaje) Let a, b, ¢, z, y, z be nonnegative reals. Prove the inequality
(ay + az + bz + bz + cx + cy)® > 4 (be + ca + ab) (yz + zz + zy),
with equality if and only if a: z=b:y =c: 2.

Delta 24. (The Extended Tsintsifas Inequality) Let p,q,r be positive real numbers such
that the terms q+r, r+p, p+q are all positive, and let a,b, c denote the sides of a triangle
with area F'. Then, we have

p 2 q ;2 r 2
a” + b” + > 2V3F.
q+r r+p p+q

Epsilon 34. (Walter Janous, Crux Mathematicorum) If w, v, w, z, y, z are six reals such
that the terms y+ 2z, z+x, x+vy, v+w, w+u, u+v, and vw+wu -+ uv are all nonnegative,
then

(v w) + Y (w+u) + (u+v) > /3 (vw+ wu + uw).

Y+ z z+x r+vy

Note that the Neuberg-Pedoe Inequality is a generalization (actually the better word is
parametrization) of the Weitzenbock Inequality. How about deducing Hadwiger-Finsler’s
Inequality from it? Apparently this is not possible. However, the Conway Substitution
Theorem will change our mind.

Lemma 3.1. Let ABC be a triangle with side lengths a, b, ¢, and area S, and let u, v,
w be three reals such that the numbers v + w, w + u, u + v and vw + wu + wv are all

nonnegative. Then,
ua? + vb? + we? > 4v/vw + wu + uv - S.

Proof. According to the Conway Substitution Theorem, we can construct a triangle with
sidelenghts © = v + w, y = Vw + u, z = Vu+ v and area T' = Vow + wu + uv/2. Let
this triangle be XY Z. In this case, by the Neuberg-Pedoe Inequality, applied for the
triangles ABC and XY Z, we get that

a® (v + 22 —2%) +0* (2° + 2% — %) + & (2% + ¢ — 2°) > 16ST.
By the formulas given in the Conway Substitution Theorem, this becomes equivalent with

a2~2u+b2-2v+02-2w216Sv%\/vw+wu+uv

which simplifies to ua® + vb? + we? > 4y/ow + wu + v - S. O

Proposition 3.3. (Cosmin Pohoatd) Let ABC be a triangle with side lengths a, b, ¢, and
area S and let x, y, z be three positive real numbers. Then,
2 <x2—yz. 2+y2—zx.b2+zz—xy.cg).

a
rT+y+z x Yy z

a® + b+ >4V35 +

Proof. Let m = zyz(x +y + 2) — 2yz(x? — yz), n = xyz(x + y + 2) — 222(y® — 2x), and
p = xyz(z +y + 2) — 2xy(2® — zy). The three terms n + p, p + m, and m + n are all
positive, and since

mn 4+ np+pm = 32°y° 2 (x +y+2)> > 0,

by Lemma 3.1, we get that
Z [zyz(z +y + 2) — 2yz(2® — y2)]a® > dzyz(z +y + 2)V/38S.

cyc
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This rewrites as
2

Z[(x+y+z)—2-%] a* > 4(z +y + 2)V3S,
cyc

and, thus,

2 _ 2 2 _
T - - <x Y2 24+ Y zx-b2+ﬂ-c2).
r+y+z x Yy z

Obviously, for z = a, y = b, z = ¢, and following the fact that
a® 4+ + —Sabc:%(a—i—b—l—c) [(a—b)2+(b—c)2+(c—a)2],

Proposition 3.3 becomes equivalent with the Hadwiger-Finsler Inequality. Note also that
for t = y = z, Proposition 3.3 turns out to be the Weintzenbock Inequality. Therefore,
by using only Conway’s Substitution Theorem, we’ve transformed a result which strictly
generalizes the Weintzebock Inequality (the Neuberg-Pedoe Inequality) into one which
generalizes both the Weintzenbock Inequality and, surprisingly or not, the Hadwiger-
Finsler Inequality.
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3.3. Hadwiger-Finsler Revisited. The Hadwiger-Finsler inequality is known in literature
as a refinement of Weitzenbock’s Inequality. Due to its great importance and beautiful
aspect, many proofs for this inequality are now known. For example, in [AE] one can find
eleven proofs. Is the Hadwiger-Inequality the best we can do? The answer is indeed no.
Here, we shall enlighten a few of its sharpening.

We begin with an interesting ”phenomenon”. Most of you might know that according
to the formulas ab + bc 4 ca = s* + r? + 4Rr, and a® + b + ¢ = 2(s*> — 2 — 4Rr), the
Hadwiger-Finsler Inequality rewrites as

4R+r25\/§,

where s is the semiperimeter of the triangle. However, by using this last equivalent form
in a trickier way, we may obtain a slightly sharper result:

Proposition 3.4. (Cezar Lupu, Cosmin Pohoat3) In any triangle ABC with sidelengths a,
b, ¢, circumradius R, inradius r, and area S, we have that

a®+0*+>25V3+2r(AR+ 1) + (a — b)° + (b—¢)* 4 (¢ — a)*.
Proof. As announced, we start with
AR +r > sV/3.
By multiplying with 2 and adding 2r(4R + r) to both terms, we obtain that
16Rr + 47> > 25V3 + 2r(4R + 7).

According now to the fact that ab+bct-ca = s> +r24+4Rr, and a®+b* 4% = 2(s*—r? —4Rr),
this rewrites as

2(ab + be + ca) — (a* +b* + ¢*) > 25V3 + 2r(4R + r).
Therefore, we obtain
a®+0*+>25V3+2r(AR+7) + (a — b)° + (b—¢)* 4 (c — a)*.
0

This might seem strange, but wait until you see how does the geometric version of
Schur’s Inequality look like (of course, since we expect to run through another refinement
of the Hadwiger-Finsler Inequality, we obviously refer to the third degree case of Schur’s
Inequality).

Proposition 3.5. (Cezar Lupu, Cosmin Pohoatsd [LuPo]) In any triangle ABC' with side-
lengths a, b, ¢, circumradius R, inradius r, and area S, we have that

[, . 4(R—2r)
252, 2 N2 N2 — a2
a”+b" +c >454/3+ R+r +(@=b)"4+0b—-0c) "+ (c—a)

Proof. The third degree case of Schur’s Inequality says that for any three nonnegative real
numbers m, n, p, we have that

m® +n° +p* 4 3mnp > m*(n+ p) + n’(p+ m) +p’(m +n).

Note that this can be rewritten as

Imnp
2(np + pm + mn) — (m*> +n* +p° < ———,
(np+p )= ( p)_m+n+p
and by plugging in the substitutions x = %, y = %, and z = %, we obtain that
Yz zx | xy 9xyz
LA R R .
x+y+z Yz +zxr +xy (@+y+2)
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So far so good, but let’s take this now geometrically. Using the Ravi Substitution (i. e.
x = %(b+cfa), y= %(chafb), and p = %(aerfc)7

where a, b, ¢ are the sidelengths of triangle ABC'), we get that the above inequality
rewrites as
Z (b+c—a)(c+a—0) n 9b+c—a)(c+a—Db)(a+b—rc)
(a+b—2c) S(b+c—a)(c+a—0b)

>2(a+b+c).

cyc
Since ab + bc + ca = s> + 72 + 4Rr and a® 4 b* + ¢* = 2(s* — 72 — 4Ryr), it follows that
Z(bJrcfa)(chaf b) = 4r(4R+r).
cyc

Thus, according to Heron’s area formula that

S =+/s(s—a)(s—b)(s —c),

we obtain

(b+c—a)(c+a—0) 18sr
> 4s.
Z (a+b—c¢) +4R+r_ §
This is now equivalent to

(s—a)(s—10) 9sr
>2
; (s—c¢) +4R+7‘_ *
and so )
2 2 9s°r 2 2
- - > .
Z(s a)“(s—1b) +4R+r72sr

cyc

By the identity

Z (s —a)’*(s —b)° = <Z (s—a)(s— b)) —25°r?,

cyc cyc

we have

2
2 2 9s°r" 2 2
_ — — >
(Czy;(s a)(s b)> 2s°r +4R+7‘*25T7
and since

Z(s—a)(s—b) =r(4R+r),

cyc

we deduce that

2 3
9s°r
S 4422

2 2
r*(4R +r) +4R+r >

<

This finally rewrites as

AR +71)\? 9r
> 4.
( s > +4R+r*4

According again to ab+ bc+ ca = s> + 12 + 4Rr and a®> + b2 + 2 = 2(82 —r?— 4Rr), we
have

(Z(ab—l—bc—l—ca)—(a2+b2+02)>2>4 9r

45 4R+
Therefore,
4(R — 2r)
2,42, 2 N2 N2 — a2
a”+b"+c >4S 3+74R+r +(@a—-b)"4+0b—-—0c) "+ (c—a)
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Epsilon 35. (Tran Quang Hung) In any triangle ABC' with sidelengths a, b, ¢, circumradius
R, inradius r, and area S, we have

A B C
2,42, 25 N2 N2 N2 2 A B¢\
A’ 4+b*+¢ > 4SV3+(a—b)°+(b—c)’ +(c—a) —|—16Rr(§ cos” 3 E cos 5 cos 2)

Delta 25. Let a, b, ¢ be the lengths of a triangle with area S.
(a) (Cosmin Pohoatd) Prove that

1
a2—|—b2+02245\/§+§(|a—b|+|b—c\—|—|c—a\)2.

(b) Show that, for all positive integers n,

a2n + b2n + ch Z 3 (%) + (G, _ b)2n + (b _ C)Qn + (C _ a)2n.
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3.4. Trigonometry Rocks! Trigonometry is an extremely powerful tool in geometry. We
begin with Fagnano’s theorem that among all inscribed triangles in a given acute-angled
triangle, the feet of its altitudes are the vertices of the one with the least perimeter. Despite
of its apparent simplicity, the problem proved itself really challenging and attractive to
many mathematicians of the twentieth century. Several proofs are presented at [Fag].

Theorem 3.6. (Fagnano's Theorem) Let ABC be any triangle, with sidelengths a, b, ¢,
and area S. If XY Z is inscribed in ABC, then

85°
XY+YZ+ZX > —.
abc
Equality holds if and only if ABC is acute-angled, and then only if XY Z is its orthic

triangle.

Proof. (Finbarr Holland [FH]) Let XY Z be a triangle inscribed in ABC. Let x = BX,
y=CY,and z = AZ. Then0 <z <a,0<y <b, 0<z<c By applying the Cosine
Law in the triangle ZBX, we have

ZX? = (c—2)°+2° —2z(c—z)cos B
(c—2)° 4+ 2 + 2zc — 2) cos (A + C)
(xcos A+ (c— z)cos C)° + (zsin A — (¢ — z)sin C)°.

Hence, we have
ZX > |rcos A+ (c—z)cosCl,

with equality if and only if xsin A = (¢ — 2) sin C or ax + cz = ¢?, Similarly, we obtain
XY > |ycos B+ (a — x)cos A,

with equality if and only if az + by = . And
YZ > |zcosC + (b—y) cos B|,

with equality if and only if by + cz = b%. Thus, we get

XY+YZ+ZX

> |ycos B+ (a—z)cos Al + |zcosC + (b —y) cos B| + |z cos A + (¢ — z) cos C|
> |ycosB+ (a—x)cos A+ zcosC + (b—y)cos B+ xzcosA+ (c— z)cosC|
> |acos A+ bcos B+ ccosC|
a2(b% 4+ 2 — a?) + b2(2 + a® — b2) + E(a® + 1P — 2)
2abc
s
abc’

Note that we have equality here if and only if
az + cz = ¢, ax+by:a2, and by—i—cz:b27
and moreover the expressions
u=zcos A+ (c—z)cosC, v=ycosB+ (a—xz)cosA, w=zcosC+ (b—y)cosB,

are either all negative or all nonnegative. Now it is easy to very that the system of

equations

am+cz:02, ax+by:a2, bercz:b2

has an unique solution given by
r=ccosB, y=acosC, and z =bcos A,

in which case
u=bcosC, v=ccosC, and w = acos A.
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Thus, in this case, at most one of u, v, w can be negative. But, if one of u, v, w is zero,
then one of z, y, z must be zero, which is not possible. It follows that

2
XY +YZ+2X > 2

abe
unless ABC is acute-angled, and XY Z is its orthic triangle. If ABC'is acute-angled, then
isbj is the perimeter of its orthic triangle, in which case we recover Fagnano’s theorem. [J

We continue with Morley’s miracle. We first prepare two well-known trigonometric
identities.

Epsilon 36. For all § € R, we have
sin (30) = 4sin Osin (g + 9) sin <2§ + 0) .
Epsilon 37. For all A, B,C € R with A+ B+ C = 27, we have

cos®> A+ cos®> B + cos® C + 2cos Acos BeosC = 1.

Theorem 3.7. (Morley's Theorem) The three points of intersections of the adjacent internal
angle trisectors of a triangle forms an equilateral triangle.

Proof. We want to show that the triangle F1 E>FE3 is equilateral.
Let R denote the circumradius of A1 A2As. Setting ZA; = 360; for i = 1,2,3, we get
01 + 02 + 03 = 7. We now apply The Sine Law twice to deduce

sin 62 sin 02 . . . . (T
AlB3 = —— = A Ay = ———= .2 = - .
1B = — =6 —63) 14s = — (%W n 93) R sin (303) = 8R sin 62 sin 05 sin (3 + 93)

By symmetry, we also have
A1 E> = 8R sin 03 sin 03 sin (% + 92) .
Now, we present two different ways to complete the proof. The first method is more direct
and the second one gives more information.
First Method. One of the most natural approaches to crack this is to compute the lengths
of E1E>Es. We apply The Cosine Law to obtain
EiEy’
AE32 + AE22 — 2cos (ZE3A1E2) -AFEs5 - AEy
= 64R?sin’ 0o sin? 05 [sin2 (% + 03) + sin? (% + 92) — 2cos f sin (% + 03) sin (g + 92)]

To avoid long computation, here, we employ a trick. In the view of the equality
T T
(r=00)+ (G —0:) + (5 —)=m
we have
cos? (m— 91)—1—0052 (% — 02)+cos2 (% — 93)—1—2 cos (m — 01) cos (g — 02) cos (% — 03) =1
or
cos? 6, + sin? (g + 92) + sin? (g + 93) — 2cos 04 (g + 92) cos (g + 93) =1
or

sin? (g + 92) + sin? (g + 03) — 2cosf; sin (g + 92) sin (% + 03) — sin® 0.
We therefore find that

E1E>? = 64R? sin” 0, sin® 0, sin” 03



INFINITY 35

so that

ElEQ = 8R sin 91 sin 92 sin 03
Remarkably, the length of E1FE> is symmetric in the angles! By symmetry, we therefore
conclude that F1 F2Fs is an equilateral triangle with the length 8 R sin 0, sin 02 sin 0.

Second Method. We find the angles in the picture explicitly. Look at the triangle E3A; Es.
The equality
m m
01 + (§+92) + (5‘1'93) =TT
allows us to invite a ghost triangle ABC having the angles

A=01,B=5+0: C=7 +0s
Observe that two triangles BAC and E3A;FEs are similar. Indeed, we have ZBAC =
LE3A1E2 and

A E;  8Rsinf:sinfssin (5 +03) sin(5+63) sinC  AB

W

A1E; — 8Rsinfssinfzsin (T +06;) sin(Z +6,) sinB  AC
It therefore follows that
™ ™
(LAVE3Ey, ZA1E2Es) = (5 +02, T+ 03) .
Similarly, we also have

(LAsE B3, ZAsEsEy) = (g + 05, %+ 91) .

and
(LASESEr, ZAsE Ey) = (g +01, T+ 92) .

An angle computation yields

LE1EsEys = 21— (4A1E2E3 + /FE1E>A3 + ZA3E2A1)
™ ™
= o= [(G+0s)+ (5+0) +(m—6s-0)]
R
= 3

Similarly, we also have ZE>E3E; = g = /FEsFE1 Es. 1t follows that Fy1 EsFs is equilateral.
Furthermore, we apply The Sine Law to reach
sin 01

E>FE —_—
2 sin(%+03)

A1 E3

= 81:791 - 8R sin 02 sin 03 sin (E + 93)
sin (§ + 93) 3
= 8RR sin b sin b sin O3.

Hence, we find that the triangle F1 E2FE3 has the length 8R sin 6; sin 05 sin 0s. O

We pass now to another 'miracle’: the Steiner-Lehmus theorem.

Theorem 3.8. (The Steiner-Lehmus Theorem) If the internal angle-bisectors of two angles
of a triangle are congruent, then the triangle is isosceles.

Proof. [MH] Let BB’ and CC’ be the respective internal angle bisectors of angles B and
C in triangle ABC, and let a, b, and ¢ denote the sidelengths of the triangle. We set
/B =28, LC=2y,u=AB,U=B'C,v=AC',V =C'B.

We shall see that the assumptions BB’ = CC” and C' > B (and hence ¢ > b) lead to the
contradiction that

2

SHEe
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Geometrically, this means that the line B’C’ intersects both rays BC and CB. On the
one hand, we have
a

a
- <0
b<

L
u

<
+
-
S
Jr
<
s|g
e <

SHNe
IS
S

or
b c
- < -
u v
On the other hand, we use the identity sin 2w = 2sin w cosw to obtain

9 v sin B v

c u sinC  u

2cosfBsinf w
QCOS’ysin'y'E
cosﬂ.sinﬁ. v

cos 7y U sin 7y
cos@ sind CC’
cos 7y BB’ sind
cos 3
cosy’

It thus follows that % > 2. We meet a contradiction. O

The next inequality is probably the most beautiful ‘'modern’ geometric inequality in
triangle geometry.

Theorem 3.9. (The Erdés-Mordell Theorem) If from a point P inside a given triangle ABC
perpendiculars PH;, PHy, PHj3 are drawn to its sides, then

PA+ PB+ PC > 2(PH, + PH, + PHj).

This was conjectured by Paul Erdés in 1935, and first proved by Mordell in the same
year. Several proofs of this inequality have been given, using Ptolemy’s Theorem by André
Avez, angular computations with similar triangles by Leon Bankoff, area inequality by V.
Komornik, or using trigonometry by Mordell and Barrow.

Proof. [MB] We transform it to a trigonometric inequality. Let hy = PH1, ha = PH, and
hs = PHs.
Apply the Since Law and the Cosine Law to obtain

PAsin A= HyH; = \/h22+h32 —2h2h3COS(ﬂ'—A)7
PBsinB = HsH, = \/h32 -+ h12 — 2hsh1 COS(ﬂ' - 13)7
PCsinC = H{Hy, = \/h12+h22—2h1h2(208(7'(—0).

So, we need to prove that

1
Z S A \/h22 + h32 — 2hohs COS(7T — A) > 2(h1 + ho + h3)

cyclic

The main trouble is that the left hand side has too heavy terms with square root expres-
sions. Our strategy is to find a lower bound without square roots. To this end, we express
the terms inside the square root as the sum of two squares.

H2Hs®> = ho® + hs® — 2hohg cos(m — A)
= ho® + hs® — 2hahs cos(B + O)
ho? + h3? — 2hahs(cos B cosC — sin Bsin C).
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Using cos? B 4 sin? B = 1 and cos® C + sin? C' = 1, one finds that
HyH3? = (hgsin C + hs sin B)? 4 (ha cos C' — hs cos B)?.

Since (hz cos C' — hg cos B)2 is clearly nonnegative, we get HoHs > hasinC' + hssin B.
Hence,

3 Vh2? + h3? — 2hahs cos(m — A) > Y hasinC + hssin B

; sin A - ; sin A
cyclic cyclic
sinB  sinC
= Z - + = h1
<« \sinC  sinB
cyclic
sinB sinC

- sinC sinB
cyclic
= 2h1 + 2ho + 2h3.
|
Epsilon 38. [SL 2005 KOR] In an acute triangle ABC, let D, E, F, P, Q, R be the feet
of perpendiculars from A, B, C, A, B, C to BC, CA, AB, EF, FD, DE, respectively.
Prove that
P(ABC)p(PQR) > p(DEF)’,

where p(T) denotes the perimeter of triangle T .

Epsilon 39. [IMO 2001/1 KOR] Let ABC be an acute-angled triangle with O as its
circumcenter. Let P on line BC be the foot of the altitude from A. Assume that ZBC A >
/ABC + 30°. Prove that ZCAB + ZCOP < 90°.

Epsilon 40. [IMO 1961/2 POL] (Weitzenbéck's Inequality) Let a, b, ¢ be the lengths of a
triangle with area S. Show that

a® +b% + 2 > 4/38.

Epsilon 41. (The Neuberg-Pedoe Inequality) Let a1,b1,c1 denote the sides of the triangle
A1B1C1 with area Fi. Let a2, ba, co denote the sides of the triangle A2 BoCa with area Fb.
Then, we have

6112(1922 +e® — a22) + 1712(622 +a2® — b22) + 012(CL22 o 022) > 16F1 Fs.
We close this subsection with Barrows’ Inequality stronger than The Erdés-Mordell

Theorem. We need the following trigonometric inequality:

Proposition 3.6. (Wolstenholme's Inequality) Let z,y, 2,01, 62,65 be real numbers with
01 + 02 + 03 = w. Then, the following inequality holds:

z2 + y2 +22> 2(yz cos 01 + zx cos U2 + xy cos O3).
Proof. Using 63 = m — (01 + 62), we have the identity
22+ y2 22 2(yz cos 01 + zx cos Oz + xy cos O3)
= [z—(xcosfz+ycosbr) ]+ [zsinbhs —ysinb; |*.
|

Corollary 3.1. Let p, q, and r be positive real numbers. Let 01, 02, and 03 be real numbers
satisfying 61 4+ 02 + 03 = w. Then, the following inequality holds.

1
pcosfi + qcosfz + rcosfs < = (ﬂ L P +@) .
2\ p q r

Proof. Take (z,y,2) = (1 /%, \ /%, \ /qu) and apply the above proposition. |
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Delta 26. (Cosmin Pohoatd) Let a, b, ¢ be the sidelengths of a given triangle ABC with
circumradius R, and let x, y, z be three arbitrary real numbers. Then, we have that

< /yz /z;r: /xy) :mz—l—yb?—l—ch

Epsilon 42. (Barrow's Inequality) Let P be an interior point of a triangle ABC and let
U, V, W be the points where the bisectors of angles BPC, CPA, APB cut the sides
BC,C A,AB respectively. Then, we have

PA+ PB+ PC > 2(PU + PV + PW).

Epsilon 43. [AK] Let x1,--- ,z4 be positive real numbers. Let 1, -- , 04 be real numbers
such that 01 4+ - -+ + 084 = . Then, we have

123 + T2x4) (X124 + T2X3)
X1T2X3T4 '

1 cos 61 +x2 cos Oz +x3 cos 03 + x4 cos Oy < \/(mx? + 2524)(

Delta 27. [RS] Let R,r,s > 0. Show that a necessary and sufficient condition for the
existence of a triangle with circumradius R, inradius r, and semiperimeter s is

2(2R® + 10Rr — r*)s*> + r(4R+1)* < 0.
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3.5. Erdos, Brocard, and Weitzenbock. In this section, we touch Brocard geometry. We
begin with a consequence of The Erdés-Mordell Theorem.

Epsilon 44. [IMO 1991/5 FRA] Let ABC be a triangle and P an interior point in ABC.
Show that at least one of the angles ZPAB, Z/PBC, ZPCA is less than or equal to 30°.

As an immediate consequence, one may consider the following symmetric situation:
Proposition 3.7. Let ABC be a triangle. If there exists an interior point P in ABC
satisfying that

/PAB = /PBC =/PCA=w
for some positive real number w. Then, we have the inequality w < %.

We omit the geometrical proof of the existence and the uniqueness of such point in an
arbitrary triangle.(Prove it!)

Delta 28. Let ABC be a triangle. There exists a unique interior point 21, which bear the
name the first Brocard point of ABC, such that

éQlAB = 4Q1BC = ZQch = W1
for some w1, the first Brocard angle.
By symmetry, we also include

Delta 29. Let ABC be a triangle. There ezists a unique interior point Qo with
éQzBA = 49203 = ZQQAC = W2

for some wa, the second Brocard angle. The point Q2 is called the second Brocard point of
ABC.

Delta 30. If a triangle ABC has an interior point P such that /PAB = /ZPBC =
/PCA = 30°, then it is equilateral.

Epsilon 45. Any triangle has the same Brocard angles.

As a historical remark, we state that H. Brocard (1845-1922) was not the first one who
discovered the Brocard points. They were also known to A. Crelle (1780-1855), C. Jacobi
(1804-1851), and others some 60 years earlier. However, their results in this area were
soon forgotten [RH]. Our next job is to evaluate the Brocard angle quite explicitly.

Epsilon 46. The Brocard angle w of the triangle ABC' satisfies
cotw = cot A 4 cot B + cot C.

Proposition 3.8. The Brocard angle w of the triangle with sides a,b,c and area S satisfies
a®> + >+ ¢

t =
cot w 45

Proof. We have

2bccos A 2cacos B 2abcosC
2bcsin A + 2ca sin B + 2absin C
2, 2 2 2 2 2 2, 12 2
b+c—a+c+a—b+a+b—c
48 45 48
a?+b% +¢?
45 '

cot A+ cot B+cotC =

O

We revisit Weitzenbock’s Inequality. It is a corollary of The Erd6és-Mordell Theorem!
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Proposition 3.9. [IMO 1961/2 POL] (Weitzenbdck's Inequality) Let a, b, ¢ be the lengths
of a triangle with area S. Show that

a? + b + % > 4V38.

Third Proof. Letting w denote its Brocard angle, by combining results we proved, we
obtain

a?+ b2+ 2 T
1S cotw_cot(G) V3

We present interesting theorems from Brocard geometry.

Delta 31. [RH] Let 21 and Q2 denote the Brocard points of a triangle ABC with the
circumcenter O. Let the circumcircle of O, called the Brocard circle of ABC, meet
the line AQq, BQ1, CQ1 at R, P, @Q, respectively, again. The triangle PQR bears the
name the first Brocard triangle of ABC.

(a) Oy = O0,.
(b) Two triangles PQR and ABC are similar.
(c) Two triangles PQR and ABC have the same centroid.

(d) Let U, V, W denote the midpoints of QR, RP, PQ, respectively. Let U, V,,, W,
denote the feet of the perpendiculars from U, V, W respectively. Then, the three lines
UvU,, VU,,, WW, meet at the nine point circle of triangle ABC'.

The story is not over. We establish an inequality which implies the problem [IMO
1991/5 FRA].

Epsilon 47. (The Trigonometric Versions of Ceva’'s Theorem) For an interior point P of a
triangle A; A3 As, we write
LA3A1A2 =1, ZPA1A2 = 791, APA1A3 = 917
ZA1A2A3 = 2, LPAQA;; = 192, éPA2A1 = 92,
LA2A3A1 = 3, ZPA3A1 = 1937 LPA3A2 = 93.
Then, we find a hidden symmetry:
sin 91 . sin 9s _ sin J3
sinf; sinfs sinfs

=1,

or equivalently,
1
sin o sin ao sin arg
Epsilon 48. Let P be an interior point of a triangle ABC. Show that
cot (LPAB) + cot ({PBC) + cot (/PCA) > 3V3.

Proposition 3.10. [IMO 1991/5 FRA] Let ABC be a triangle and P an interior point in
ABC. Show that at least one of the angles /PAB, /PBC, ZPCA is less than or equal
to 30°.

= [cot ¥1 — cot a1] [cot J2 — cot az] [cot ¥3 — cot as] .

Second Solution. The above inequality implies
maz{ cot (LPAB), cot (LPBC), cot (/PCA) } > /3 = cot 30°.

Since the cotangent function is strictly decreasing on (0, ), we get the result. O
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3.6. From Incenter to Centroid. We begin with an inequality regarding the incenter. In
fact, the geometric inequality is equivalent to an algebraic one, Schur’s Inequality!
Example 7. (Korea 1998) Let I be the incenter of a triangle ABC. Prove that
BC? + CA? + AB?
3 .
Proof. Let BC =a, CA=b, AB =c¢, and s = ‘”S*C. Letting r denote the inradius of
NABC, we have
22— (s—a)(s—b)(s—c)
S
By The Pythagoras Theorem, the inequality is equivalent to

IA? +IB*+1C? >

(s—a)2+r2+(s—b)2+r2+(s—c)2+r22%(az—l—bz—&—cz)‘
or
(s =) (s =0+ (s -0 4 207 DEZDEZD 5 L ey 2y

After The Ravi Substitution x = s —a, y = s — b, z = s — ¢, it becomes
Bryz (@49’ + W +2)°+ (2 +2)°

2 2, 2

Pyt m e 3
or

3(a® +9" +2°) (e +y+2) +9ayz > (x+y+2) (@ +9) + (y +2)° + (2 +2)°)
or
Izyz > (x +y+ 2) (2xy+2yz+22:v7m2 fy2fz2)
or
Yryz > xgy + 2%z + y2z + ny + 2%+ 22y + 6xyz — x> — y3 -2

or

2 4y + 2% 4 3uyz > 2P (y + 2) + P (2 4 2) + 2Pz + y).
This is a particular case of Schur’s Inequality. O

Now, one may ask more questions. Can we replace the incenter by other classical points
in triangle geometry? The answer is yes. We first take the centroid.

Example 8. Let G denote the centroid of the triangle ABC'. Then, we have the geometric
identity

BC? + CA? + AB?
3 .
Proof. Let M denote the midpoint of BC. The Pappus Theorem implies that

GB*+aGc? . (BC\® [(GA\? [(BC\?
“7‘*—GM+(3ﬂ —C?)+<30
~GA® +2GB® + 2GC* = BC?

Similarly, 2GA% — GB? 4+ 2GC? = CA? and 2GA% +2GB? — 2GC? = AB?. Adding these
three equalities, we get the identity. O

GA?’ + GB*+ GC? =

or

Before we take other classical points, we need to rethink this unexpected situation. We
have an equality, instead of an inequality. According to this equality, we find that the
previous inequality can be rewritten as

IA? + IB* +1C* > GA® + GB® + GC*.
Now, it is quite reasonable to make a conjecture which states that, given a triangle ABC),

the minimum value of PA? + PB? + PC? is attained when P is the centroid of AABC.
This guess is true!
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Theorem 3.10. Let A1A2As be a triangle with the centroid G. For any point P, we have
PA® + PAS® + PA3* > GA® + GB® + GC*.

Proof. Just toss the picture on the real plane R? so that
T1+ T2+ +y2 +
P(p,q), Ai(w1,y1), Az(x2,y2), As(ws,y3), G( St LY S 2 y3>.

3 ’ 3
What we need to do is to compute
(PA12 + PAy® + PAs?) — (BC? + CA® + AB?)

3 2 2
- 32 — )%+ (g — ) _Z(Wﬁi) +(W‘“)

=1

3 3 3
32(})—1} Z($1+$2+$3_xi)2+32(q_yz Z(y1+y2+y3_yi)2.
i=1

i=1 i=1 i=1

A moment’s thought shows that the quadratic polynomials are squares.
3

0 - (P ) e (- )’

=1 1=1

i=1 i=1
Hence, the quantity 3 (PA12 + PA? + PA32) — (BC’2 +CA% + AB2) is clearly non-
negative. Furthermore, we notice that the above proof of the geometric inequality dis-
covers a geometric identity:

(PA® + PB® + PC?) — (GA® + GB® + GC®) = 9GP”.
It is clear that the equality in the above inequality holds only when GP =0or P =G. [

After removing the special condition that P is the incenter, we get a more general
inequality, even without using a heavy machine, like Schur’s Inequality. Sometimes, gen-
eralizations are more easy! Taking the point P as the circumcenter, we have

Proposition 3.11. Let ABC be a triangle with circumradius R. Then, we have
AB® + BC® + CA® < 9R”.
Proof. Let O and G denote its circumcenter and centroid, respectively. It reads
9GO? + (AB? + BC? + CA?) =3 (0A® + OB® + 0OC?) = 9R?.
|

The readers can rediscover many geometric inequalities by taking other classical points
from triangle geometry.(Do it!) Here goes another inequality regarding the incenter.

Example 9. Let I be the incenter of the triangle ABC with BC = a, CA=b and AB = c.
Prove that, for all points X,

aXA? +bXB? + ¢XC? > abe.
First Solution. It turns out that the non-negative quantity
aX A®> 4+ bXB? 4+ ¢XC? — abe

has a geometric meaning. This geometric inequality follows from the following geometric
identity:
aXA? +bXB* +¢XC? = (a+b+c¢)XI? 4 abe. 7

7 [SL 1988 SGP]
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There are many ways to establish this identity. To euler® it, we toss the picture on the
real plane R? with the coordinates

A(ccos B,csin B), B(0,0), C(a,0).
Let 7 denote the inradius of AABC. Setting s = 2F2+< we get I(s—b, 7). It is well-known
that
s (s—a)(s—b)(s—0)

rt = .
s

Set X(p,q). On the one hand, we obtain
aXA? +bXB? + cXC?
= a [(p — ccosB)2 + (g — csinB)Q] +b (p2 + q2) +c [(p — a)2 + q2]
= (a+b+c)p® —2acp(l+ cos B) + (a+ b+ ¢)g° — 2acqsin B + ac® + a’c

2 2 32
= 23p2 — 2acp (1 4 w) + 2$q2 _ 2acq[A.14730] +ac® +d’c
2ac 5ac

= 2sp”> —pla+c+b)(a+c—Db)+2s¢° — 4g[AABC] + ac® + a’c
= 2sp° — p(2s) (25 — 2b) + 2s¢° — 4qsr + ac® + a’c
= 2sp® —4s (s=b)p+ 2sq® — 4rsq + ac® + a’c.
On the other hand, we obtain
(a+b+c)XI? 4 abe
= 2s[(p—(s=)*+ (g — )]
2s [p2 —2(s—b)p+ (s —b)> +¢° —2qr + r2]
= 2sp® —4s(s —b)p+ 2s(s — b)* + 2s¢> — 4rsq + 2sr> + abe.
It thus follows that
aXA? +bXB? +¢XC? — (a+ b+ c)XI? — abe
= ac® +a’c—2s(s — b)> — 2sr> — abe
= acla+c)—2s(s —b)> —2(s —a)(s — b)(s — ¢) — abe
= acla+c—b) —2s(s —b)*> —2(s—a)(s —b)(s —c)
= 2ac(s —b) —2s(s — b)> —2(s — a)(s — b)(s — ¢)
= 2(s—b)lac—s(s—b) —2(s—a)(s—c)].
However, we compute ac — s(s —b) —2(s —a)(s — ¢) = =25 4+ (a + b+ ¢)s = 0. O
Now, throw out the special condition that I is the incenter! Then, the essence appears:
Delta 32. (The Leibniz Theorem) Let w1, w2, w3 be real numbers such that wi +wa+ws # 0.

We characterize the generalized centroid Gu = Gy ws,ws) bY

3
el SR o

w1 + w2 +ws
Then G, is well-defined in the sense that it doesn’t depend on the choice of X. For all
points P, we have

3 3

ZwiPAi2 = (w1 + w2 +w3) PG> + Z
i=1

i=1

WilWi41

L A AR
w1 + w2 +ws 1

We show that the geometric identity aX A% +bXB? + c¢XC? = (a + b+ ¢)XI? 4 abc is

a straightforward consequence of The Leibniz Theorem.

8euler v. (in Mathematics) transform the geometric identity in triangle geometry to trigono-
metric or algebraic identity.
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Second Solution. Let BC = a,CA = b,AB = c¢. With the weights (a,b,c), we have
I = Gap,c)- Hence,

be 9 ca 2 ab 2
_— b
atbt+c” +Jra+b+c + atbtc’
(a+b+c)XI? + abe.

aXA* +bXB* +c¢XC? = (a+b+o)XI*+

O

Epsilon 49. [IMO 1961/2 POL] (Weitzenbdck's Inequality) Let a, b, ¢ be the lengths of a
triangle with area S. Show that

a® +b% + % > 4/38.
Epsilon 50. (The Neuberg-Pedoe Inequality) Let a1,b1,c1 denote the sides of the triangle

A1B1C1 with area Fi. Let a2, bz, co denote the sides of the triangle Az BoC> with area Fb.
Then, we have

a12(b22 + % — a22) + 1)12(022 +ax? — b22) + 012(a22 + bo® — 022) > 16F1 F>.
Delta 33. [SL 1988 UNK] The triangle ABC is acute-angled. Let L be any line in

the plane of the triangle and let u,v,w be lengths of the perpendiculars from A,B,C
respectively to L. Prove that

u’tan A + v2tan B + w’tan C > 2A,
where A is the area of the triangle, and determine the lines L for which equality holds.

Delta 34. [KWL] Let G and I be the centroid and incenter of the triangle ABC with
inradius r, semiperimeter s, circumradius R. Show that

IG? = % (52 +5r% — 16Rr) .

Inspiration is needed in geometry, just as much as in poetry. - A. Pushkin
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4. GEOMETRY REVISITED

It gives me the same pleasure when someone else proves a good
theorem as when | do it myself.
- E. Landau

4.1. Areal Co-ordinates. In this section we aim to briefly introduce develop the theory of
areal (or 'barycentric’) co-ordinate methods with a view to making them accessible to a
reader as a means for solving problems in plane geometry. Areal co-ordinate methods are
particularly useful and important for solving problems based upon a triangle, because,
unlike Cartesian co-ordinates, they exploit the natural symmetries of the triangle and
many of its key points in a very beautiful and useful way.

4.1.1. Setting up the co-ordinate system. If we are going to solve a problem using areal co-
ordinates, the first thing we must do is choose a triangle ABC, which we call the triangle
of reference, and which plays a similar role to the axes in a cartesian co-ordinate system.
Once this triangle is chosen, we can assign to each point P in the plane a unique triple
(z,y, z) fixed such that z + y + z = 1, which we call the areal co-ordinates of P. The
way these numbers are assigned can be thought of in three different ways, all of which
are useful in different circumstances. We leave the proofs that these three conditions are
equivalent, along with a proof of the uniqueness of areal co-ordinate representation, for
the reader. The first definition we shall see is probably the most intuitive and most useful
for working with. It also explains why they are known as ‘areal’ co-ordinates.

1st Definition: A point P internal to the triangle ABC has areal co-ordinates

[PBC] [PCA] [PAB]
<[ABC] " TABC]’ [ABC]) '

If a sign convention is adopted, such that a triangle whose vertices are labelled clockwise
has negative area, this definition applies for all P in the plane.

2nd Definition: If z,y, z are the masses we must place at the vertices A, B, C respec-
tively such that the resulting system has centre of mass P, then (z,y,z) are the areal
co-ordinates of P (hence the alternative name ‘barycentric’)

3rd Definition: If we take a system of vectors with arbitrary origin (not on the sides of
triangle ABC') and let a, b, ¢, p be the position vectors of A, B, C, P respectively, then
p = za + yb + zc for some triple (z,y, z) such that x + y + z = 1. We define this triple
as the areal co-ordinates of P.

There are some remarks immediately worth making:

e The vertices A, B, C of the triangle of reference have co-ordinates (1,0, 0), (0,1, 0),
(0,0, 1) respectively.

e All the co-ordinates of a point are positive if and only if the point lies within the
triangle of reference, and if any of the co-ordinates are zero, the point lies on one
of the sides (or extensions of the sides) of ABC.
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4.1.2. The Equation of a Line. A line is a geometrical object such that any pair of non-
parallel lines meet at one and only one point. We would therefore expect the equation of
a line to be linear, such that any pair of simultaneous line equations, together with the
condition z + y + z = 1, can be solved for a unique triple (z,y, z) corresponding to the
areal co-ordinates of the point of intersection of the two lines. Indeed, it follows (using
the equation = + y + z = 1 to eliminate any constant terms) that the general equation of
a line is of the form

lr+my+nz=0

where [, m,n are constants and not all zero. Clearly there exists a unique line (up to
multiplication by a constant) containing any two given points P(xp, Yp, 2p), Q(Zq, Yq, 2q)-
This line can be written explicitly as

(Ypza — Yqzp)T + (2pTq — 2¢Tp)Y + (TpYq — TqYp)z = 0
This equation is perhaps more neatly expressed in the determinant® form:

T Tp g
Det{ v yp yqa |=0.
Z Zp Zq

While the above form is useful, it is often quicker to just spot the line automatically.
For example try to spot the equation of the line BC, containing the points B(0,1,0) and
C(0,0,1), without using the above equation.

Of particular interest (and simplicity) are Cevian lines, which pass through the vertices
of the triangle of reference. We define a Cevian through A as a line whose equation is
of the form my = nz. Clearly any line containing A must have this form, because setting
y =2z =0,z =1 any equation with a nonzero x coefficient would not vanish. It is easy to
see that any point on this line therefore has form (z,y, z) = (1 —mt —nt, nt, mt) where t is
a parameter. In particular, it will intersect the side BC' with equation = 0 at the point
U0, % ). Note that from definition 1 (or 3) of areal co-ordinates, this implies that

' m+n’ m+n

. BU __ [ABU] _ m
the ratio 5 = ATc] = n

4.1.3. Example: Ceva’s Theorem. We are now in a position to start using areal co-
ordinates to prove useful theorems. In this section we shall state and prove (one direction
of) an important result of Euclidean geometry known as Ceva’s Theorem. The author
recommends a keen reader only reads the statement of Ceva’s theorem initially and tries
to prove it for themselves using the ideas introduced above, before reading the proof given.

9The Determinant of a 3 x 3 Matrix. Matrix determinants play an important role in areal
co-ordinate methods. We define the determinant of a 3 by 3 square matrix A as

ar by cz
Det(A) =Det | ay by ¢y | =ax(bycz —bzey) + ay(bzce — bxez) + az(becy — bycs).
a, by cs

This can be thought of as (as the above equation suggests) multiplying each element of the first
column by the determinants of 2x2 matrices formed in the 2nd and 3rd columns and the rows not
containing the element of the first column. Alternatively, if you think of the matrix as wrapping
around (so b is in some sense directly beneath b, in the above matrix) you can simply take the
sum of the products of diagonals running from top-left to bottom-right and subtract from it the
sum of the products of diagonals running from bottom-left to top-right (so think of the above
RHS as (azbyc: +aybzce +azbrcy) — (azbycy +azbzcy +aybzc:)). In any case, it is worth making
sure you are able to quickly evaluate these determinants if you are to be successful with areal
co-ordinates.



INFINITY 47

Theorem 4.1. (Ceva's Theorem) Let ABC be a triangle and let L, M, N be points on
the sides BC', CA, AB respectively. Then the cevians AL, BM, CN are concurrent at a
point P if and only if

BL CM AN _

LC MA NB ™~
Proof. Suppose first that the cevians are concurrent at a point P, and let P have areal
co-ordinates (p,q,7). Then AL has equation gz = ry (following the discussion of Cevian

. . . . . C A

lines above), so L (07 q%w qﬁ), which implies % = 2. Similarly, W]Z = %,N—Jg = %.
Taking their product we get % . ffj . % = 1, proving one direction of the theorem. We
leave the converse to the reader. O

The above proof was very typical of many areal co-ordinate proofs. We only had to
go through the details for one of the three cevians, and then could say ‘similarly’ and
obtain ratios for the other two by symmetry. This is one of the great advantages of the
areal co-ordinate system in solving problems where such symmetries do exist (particularly
problems symmetric in a triangle ABC'" such that relabelling the triangle vertices would
result in the same problem).

4.1.4. Areas and Parallel Lines. One might expect there to be an elegant formula for the
area of a triangle in areal co-ordinates, given they are a system constructed on areas. In-
deed, there is. If PQR is an arbitrary triangle with P (2p, Yp, 2p) , Q (Zq, Yq, 2¢) s R (Tr, Yr, 2r)
then

[PQR]
[ABC]

= Det Y Yq Yr
Zp  Zq Zr

An astute reader might notice that this seems like a plausible formula, because if P,Q, R
are collinear, it tells us that the triangle PQR has area zero, by the line formula already
mentioned. It should be noted that the area comes out as negative if the vertices PQR
are labelled in the opposite direction to ABC'.

It is now fairly obvious what the general equation for a line parallel to a given line pass-
ing through two points (z1,y1, 21), (z2, Y2, 22) should be, because the area of the triangle
formed by any point on such a line and these two points must be constant, having a
constant base and constant height. Therefore this line has equation

Det | v y1 2 =k=k(z+y+2),
z Z1 zZ92

where k € R is a constant.

Delta 35. (United Kingdom 2007) Given a triangle ABC and an arbitrary point P internal
to it, let the line through P parallel to BC meet AC at M, and similarly let the lines
through P parallel to CA,AB meet AB,BC at N,L respectively. Show that

BL CM AN < 1
LC MA NB — 8
Delta 36. (Nikolaos Dergiades) Let DEF be the medial triangle of ABC, and P a point

with cevian triangle XY Z (with respect to ABC'). Find P such that the lines DX, EY,
FZ are parallel to the internal bisectors of angles A, B, C, respectively.
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4.1.5. To infinity and beyond. Before we start looking at some more definite specific useful
tools (like the positions of various interesting points in the triangle), we round off the
general theory with a device that, with practice, greatly simplifies areal manipulations.
Until now we have been acting subject to the constraint that z+y+ 2z = 1. In reality, if we
are just intersecting lines with lines or lines with conics, and not trying to calculate any
ratios, it is legitimate to ignore this constraint and to just consider the points (z,y, z) and
(kx, ky, kz) as being the same point for all k£ # 0. This is because areal co-ordinates are a
special case of a more general class of co-ordinates called projective homogeneous co-
ordinates!®, where here the projective line at infinity is taken to be the line z +y+2 = 0.
This system only works if one makes all equations homogeneous (of the same degree in
z,y, ), so, for example, z+y = 1 and 224y = z are not homogeneous, whereas t+y—z = 0
and a’yz + b’zx + 2y = 0 are homogeneous. We can therefore, once all our line and
conic equations are happily in this form, no longer insist on  +y + z = 1, meaning points
like the incentre (a+(;)+c7 a+2+c7 a+2+c) can just be written (a,b,c). Such represenataions
are called unnormalised areal co-ordinates and usually provide a significant advantage for
the practical purposes of doing manipulations. However, if any ratios or areas are to be
calculated, it is imperative that the co-ordinates are normalised again to make x+y+z = 1.
This process is easy: just apply the map

(x7y7z)’_) a ) y ) :
rt+y+z z+yt+z xt+y+z

4.1.6. Significant areal points and formulae in the triangle. We have seen that the vertices
are given by A(1,0,0), B(0,1,0), C(0,0,1), and the sides by = 0,y = 0, = 0. In the
section on the equation of a line we examined the equation of a cevian, and this theory
can, together with other knowledge of the triangle, be used to give areal expressions for
familiar points in Euclidean triangle geometry. We invite the reader to prove some of the
facts below as exercises.

e Triangle centroid: G(1,1,1).!

o Centre of the inscribed circle: I(a,b,c).*?

e Centres of escribed circles: I,(—a,b,c), Iy(a,—b,c), I.(a,b,—c).
e Symmedian point: K(a?,b?,c?).

e Circumcentre: O(sin 24, sin 2B, sin2C).

e Orthocentre: H(tan A,tan B,tan C').

e The isogonal conjugate of P(x,y, z): P* (%, %, é)

e The isotomic conjugate of P(z,y,2): P (i, i, i)

It should be noted that the rather nasty trigonometric forms of O and H mean that
they should be approached using areals with caution, preferably only if the calculations
will be relatively simple.

Delta 37. Let D,E be the feet of the altitudes from A and B respectively, and P,(Q
the meets of the angle bisectors AI,BI with BC,C A respectively. Show that D,I,E are
collinear if and only if P,O,Q are.

10The author regrets that, in the interests of concision, he is unable to deal with these co-
ordinates in this document, but strongly recommends Christopher Bradley’s The Algebra of Ge-
ometry, published by Highperception, as a good modern reference also with a more detailed ac-
count of areals and a plethora of applications of the methods touched on in this document. Even
better, though only for projectives and lacking in the wealth of fascinating modern examples, is
E.A.Maxwell’s The methods of plane projective geometry based on the use of general homogeneous
coordinates, recommended to the present author by the author of the first book.

1 The midpoints of the sides BC, CA, AB are given by (0,1,1),(1,0,1) and (1, 1, 0) respectively.

12Hint: use the angle bisector theorem.
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4.1.7. Distances and circles. We finally quickly outline some slightly more advanced the-
ory, which is occasionally quite useful in some problems, We show how to manipulate
conics (with an emphasis on circles) in areal co-ordinates, and how to find the distance
between two points in areal co-ordinates. These are placed in the same section because the
formulae look quite similar and the underlying theory is quite closely related. Derivations
can be found in [Bral].

Firstly, the general equation of a conic in areal co-ordinates is, since a conic is a gen-
eral equation of the second degree, and areals are a homogeneous system, given by

pa? + qy? + r2? + 2dyz + 2ezx + 2fay = 0

Since multiplication by a nonzero constant gives the same equation, we have five indepen-
dent degrees of freedom, and so may choose the coefficients uniquely (up to multiplication
by a constant) in such a way as to ensure five given points lie on such a conic.

In Euclidean geometry, the conic we most often have to work with is the circle. The
most important circle in areal co-ordinates is the circumcircle of the reference triangle,
which has the equation (with a,b, ¢ equal to BC, C A, AB respectively)

a*yz + bzz + Py =0

In fact, sharing two infinite points'® with the above, a general circle is just a variation on
this theme, being of the form

a’yz +b2zx + Cay + (x4 y + 2)(uz + vy + wz) =0

We can, given three points, solve the above equation for u, v, w substituting in the three
desired points to obtain the equation for the unique circle passing through them.

Now, the areal distance formula looks very similar to the circumcircle equation. If we
have a pair of points P(z1,y1,21) and Q(x2,y2, 22), which must be normalised, we may
define the displacement PQ : (z2 — z1,y2 — y1, 22 — 21) = (u,v,w), and it is this we shall
measure the distance of. So the distance of a displacement PQ(u,v,w),u + v+ w = 0 is
given by

PQ2 = —d*ow — b*wu — Fuw
Since u+v+w = 0 this is, despite the negative signs, always positive unless u = v = w = 0.

Delta 38. Use the vector definition of areal co-ordinates to prove the areal distance formula
and the circumcircle formula.

4.1.8. Miscellaneous Exercises. Here we attach a selection of problems compiled by Tim
Hennock, largely from UK IMO activities in 2007 and 2008. None of them are trivial, and
some are quite difficult. Good luck!

Delta 39. (UK Pre-IMO training 2007) Let ABC be a triangle. Let D, E, F be the reflec-
tions of A, B,C in BC, AC, AB respectively. Show that D, E, F are collinear if and only
if OH = 2R.

Delta 40. (Balkan MO 2005) Let ABC be an acute-angled triangle whose inscribed circle
touches AB and AC at D and FE respectively. Let X and Y be the points of intersection of
the bisectors of the angles ZACB and ZABC with the line DE and let Z be the midpoint
of BC. Prove that the triangle XY Z is equilateral if and only if ZA = 60°

I3All circles have two (imaginary) points in common on the line at infinity. It follows that if
a conic is a circle, its behaviour at the line at infinity 4+ y + 2 = 0 must be the same as that of
the circumcircle, hence the equation given.
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Delta 41. (United Kingdom 2007) Triangle ABC' has circumcentre O and centroid M.
The lines OM and AM are perpendicular. Let AM meet the circumcircle of ABC' again
at A’. Lines CA’ and AB intersect at D and BA’ and AC intersect at E. Prove that the
circumcentre of triangle ADF lies on the circumcircle of ABC.

Delta 42. [IMO 2007/4] In triangle ABC the bisector of ZBCA intersects the circum-
circle again at R, the perpendicular bisector of BC at P, and the perpendicular bisector
of AC at Q. The midpoint of BC is K and the midpoint of AC is L. Prove that the
triangles RPK and RQL have the same area.

Delta 43. (RMM 2008) Let ABC be an equilateral triangle. P is a variable point internal
to the triangle, and its perpendicular distances to the sides are denoted by a?,b* and ¢?
for positive real numbers a,b and c. Find the locus of points P such that a,b and ¢ can
be the side lengths of a non-degenerate triangle.

Delta 44. [SL 2006] Let ABC' be a triangle such that £C < LA < %. Let D be on AC
such that BD = BA. The incircle of ABC touches AB at K and AC at L. Let J be the
incentre of triangle BCD. Prove that KL bisects AJ.

Delta 45. (United Kingdom 2007) The excircle of a triangle ABC' touches the side AB
and the extensions of the sides BC and C'A at points M, N and P, respectively, and the
other excircle touches the side AC' and the extensions of the sides AB and BC' at points
S,Q and R, respectively. If X is the intersection point of the lines PN and RQ@, and Y
the intersection point of RS and M N, prove that the points X, A and Y are collinear.

Delta 46. (Sharygin GMO 2008) Let ABC' be a triangle and let the excircle opposite A
be tangent to the side BC at A;. N is the Nagel point of ABC, and P is the point on
AA; such that AP = NA;. Prove that P lies on the incircle of ABC.

Delta 47. (United Kingdom 2007) Let ABC be a triangle with ZB # ZC. The incircle I of
ABC touches the sides BC,C A, AB at the points D, E, F, respectively. Let AD intersect
I at D and P. Let @ be the intersection of the lines EF and the line passing through
P and perpendicular to AD, and let X,Y be intersections of the line AQ and DFE,DF,
respectively. Show that the point A is the midpoint of XY

Delta 48. (Sharygin GMO 2008) Given a triangle ABC. Point A; is chosen on the ray
BA so that the segments BA; and BC' are equal. Point Ay is chosen on the ray C'A so
that the segments C' Ay and BC' are equal. Points Bi, B2 and C1,C> are chosen similarly.
Prove that the lines A1 A2, B1B2 and C1C3 are parallel.

4.2. Concurrencies around Ceva’s Theorem. In this section, we shall present some corol-
laries and applications of Ceva’s theorem.

Theorem 4.2. Let ANABC be a given triangle and let A1, By, C1 be three points on lying
on its sides BC', CA and AB, respectively. Then, the three lines AA1 ,BB1, CCy concur
if and only if

A'B B'C C'A

A'C B'A C'B
Proof. We shall resume to proving only the direct implication. After reading the following
proof, you will understand why. Denote by P the intersection of the lines AA;, BB1, CC1.
The parallel to BC' through P meets C A at B, and AB at C,. The parallel to C A through
P meets AB at C, and BC at Ap. The parallel to AB through P meets BC at A. and
CA at B.. As segments on parallels, we get gig = PB:  On the other hand, we get

= PA."
B.P PB PA. PA
= and = .
AB BB AB AA
It follows that
B.P PA. PB1 PA

AB = AB = BB B AA



INFINITY 51

so that

B.P PB; PA
PA. BBy AA:’
Consequently, we obtain

CiA _PB, PA,
CiB ~ BB\ AA;

s A1B _ PC; . PB; BiC _ PA; . PCy
Similarly, we deduce that 1 = Gor | B and BAd = A4y GGy

AB B'C C'A_ (PCi PB\ (PAi PCi\ (PBi PA\_,
A'C B'A C'B \CC. BB:) \AA; CC.) \BB:, AA;) 7

which proves Ceva’s theorem. O

. Now

Corollary 4.1. (The Trigonometric Version of Ceva's Theorem) In the configuration de-
scribed above, the lines AA1, BB1, CC; are concurrent if and only if
sinAlAB SinC1CA SiIlBlBC _
sin A1 AC sinC1CB sin BiBA
Proof. By the Sine Law, applied in the triangles A1 AB and A1 AC, we have

AB AB and AC AC
sin A1AB ~ sin AA1B’ sin A1AC ~ sin AA.C”

1.

Hence,
A1B AB sin AlAB
A1C AC sin A1 ACT
s BiC __ BC _sinB;1BC C1A _ AC  sinCiCA
Similarly, BA = AB  smB.BA and GiB = B0 smo, 0B Thus, we conclude that

smAlAB SIHC1CA smBlBC
sin A1AC sinCiCB sin BiBA

_ (AB ACY (G4 BCY (BiC AB
- AC AB CiB AC B1A BC

1.

We begin now with a result, which most of you might know it as Jacobi’s theorem.

Proposition 4.1. (Jacobi’'s Theorem) Let ABC be a triangle, and let X, Y, Z be three
points in its plane such that /Y AC = L/BAZ, /ZBA = ZCBX and ZXCB = ZACY.
Then, the lines AX, BY, CZ are concurrent.

Proof. We use directed angles taken modulo 180°. Denote by A, B, C, z, y, z the mag-
nitudes of the angles /CAB, /ABC, /BCA, /YAC, Z/ZBA, and Z/XC B, respectively.
Since the lines AX, BX, CX are (obviously) concurrent (at X), the trigonometric version
of Ceva’s theorem yields

sinCAX sinABX sinBCX

SmXAB smXBC smXCA -

We now notice that
/ABX = /ABC+ /CBX =B+y, /XBC=—-/CBX = —y,
/BCX = —/XCB=—2, ZXCA=/XCB+ /BCA=z+C.

Hence, we get
sinCAX sin(B+y) sin(-2) _ 1
sin XAB  sin(—y) sin(C+2)

Similarly, we can find
sin ABY  sin(C' +2) sin(—z) _
sinYBC  sin(—z) sin(A+z)
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sin BCZ sin(A+z) sin(—y)
sin ZCA  sin(—z) sin(B+y)
Multiplying all these three equations and canceling the same terms, we get
sinCAX sin ABY sinBCZ _
sinXAB sinYBC sinZCA
According to the trigonometric version of Ceva’s theorem, the lines AX, BY, CZ are
concurrent. 0

1.

We will see that Jacobi’s theorem has many interesting applications. We start with the
well-known Karyia theorem.

Theorem 4.3. (Kariya's Theorem) Let I be the incenter of a given triangle ABC, and let
D, E, F be the points where the incircle of ABC touches the sides BC', CA, AB. Now,
let X, Y, Z be three points on the lines I D, I E, I F such that the directed segments I.X,
1Y, IZ are congruent. Then, the lines AX, BY, C'Z are concurrent.

Proof. (Darij Grinberg) Being the points of tangency of the incircle of triangle ABC with
the sides AB and BC, the points F' and D are symmetric to each other with respect to
the angle bisector of the angle ABC, i. e. with respect to the line BI. Thus, the triangles
BFI and BDI are inversely congruent. Now, the points Z and X are corresponding points
in these two inversely congruent triangles, since they lie on the (corresponding) sides IF
and ID of these two triangles and satisfy IZ = IX. Corresponding points in inversely
congruent triangles form oppositely equal angles, i.e. LZBF = —ZXBD. In other words,
/ZBA = /CBX. Similarly, we have that /XCB = ZACY and /Y AC = /BAZ. Note
that the points X, Y, Z satisfy the condition from Jacobi’s theorem, and therefore, we
conclude that the lines AX, BY, CZ are concurrent. O

Another such corollary is the Kiepert theorem, which generalizes the existence of the
Fermat points.

Delta 49. (Kiepert's Theorem) Let ABC be a triangle, and let BXC, CY A, AZB be
three directly similar isosceles triangles erected on its sides BC, C'A, and AB, respectively.
Then, the lines AX, BY, CZ concur at one point.

Delta 50. (Floor van Lamoen) Let A’, B’, C’' be three points in the plane of a triangle
ABC such that Z/ZB'AC = Z/BAC', ZC'BA = ZCBA' and ZA'CB = ZACB'. Let X, Y,
Z be the feet of the perpendiculars from the points A’, B’, C’ to the lines BC, CA, AB.
Then, the lines AX, BY, CZ are concurrent.

Delta 51. (Cosmin Pohoatd) Let ABC be a given triangle in plane. From each of its
vertices we draw two arbitrary isogonals. Then, these six isogonals determine a hexagon
with concurrent diagonals.

Epsilon 51. (USA 2003) Let ABC be a triangle. A circle passing through A and B
intersects the segments AC and BC at D and F, respectively. Lines AB and DF intersect
at F', while lines BD and CF intersect at M. Prove that MF = MC if and only if
MB-MD = MC”.

Delta 52. (Romanian jBMO 2007 Team Selection Test) Let ABC be a right triangle with
/A =90°, and let D be a point lying on the side AC. Denote by E reflection of A into
the line BD, and by F the intersection point of C'E' with the perpendicular in D to the
line BC. Prove that AF, DE and BC' are concurrent.

Delta 53. Denote by AA1, BB1, CC; the altitudes of an acute triangle ABC, where A1,
B4, C1 lie on the sides BC, C A, and AB, respectively. A circle passing through A; and
B1 touches the arc AB of its circumcircle at Cy. The points Aa, B2 are defined similarly.
1. (Tuymaada Olympiad 2007) Prove that the lines AA;, BB,, CC5 are concurrent.
2. (Cosmin Pohoatd, MathLinks Contest 2008, Round 1) Prove that the lines A;As,
B1 B3, C1C3 are concurrent on the Euler line of ABC.
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4.3. Tossing onto Complex Plane. Here, we discuss some applications of complex numbers
to geometric inequality. Every complex number corresponds to a unique point in the
complex plane. The standard symbol for the set of all complex numbers is C, and we
also refer to the complex plane as C. We can identify the points in the real plane R? as
numbers in C. The main tool is the following fundamental inequality.

Theorem 4.4. (Triangle Inequality) If z1,- -+ , 2z, € C, then |z1|+- - +|zn| > |21+ -+ 2n].
Proof. Induction on n. (]

Theorem 4.5. (Ptolemy’s Inequality) For any points A, B, C, D in the plane, we have
AB-CD+ BC-DA> AC - BD.
Proof. Let a, b, c and 0 be complex numbers that correspond to A, B, C, D in the complex
plane C. It then becomes
la —bf - [c| +[b—cl|-|a] > ]a—c|-[b].
Applying the Triangle Inequality to the identity (a — b)c+ (b — ¢)a = (a — ¢)b, we get the
result. O

Remark 4.1. Investigate the equality case in Ptolemy’s Inequality.

Delta 54. [SL 1997 RUS] Let ABCDEF be a convex hexagon such that AB = BC),
CD = DE, EF = FA. Prove that

When does the equality occur?

Epsilon 52. [TD] Let P be an arbitrary point in the plane of a triangle ABC with the
centroid GG. Show the following inequalities

(1) BC-PB-PC+ AB-PA-PB+CA-PC-PA>BC-CA- AB,

(2) PA®-BC + PB®-CA+ PC?®- AB > 3PG - BC -CA - AB.

Delta 55. Let H denote the orthocenter of an acute triangle ABC. Prove the geometric
identity
BC-HB-HC+ AB-HA-HB+CA-HC-HA=BC-CA-AB.
Epsilon 53. (The Neuberg-Pedoe Inequality) Let a1,b1,c1 denote the sides of the triangle
A1 B1C1 with area Fi. Let asz, b2, co denote the sides of the triangle Az BoC> with area Fs.
Then, we have
a12(b22 + % — CL22) + b12(C22 +ax? — b22) + 012(a22 +by? — 022) > 16F1 F>.

Epsilon 54. [SL 2002 KOR] Let ABC be a triangle for which there exists an interior point
F such that ZAFB = /BFC = LZCFA. Let the lines BF and CF meet the sides AC
and AB at D and E, respectively. Prove that AB + AC > 4DE.
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4.4. Generalize Ptolemy’s Theorem! The story begins with three trigonometric proofs of
Ptolemy’s Theorem.

Theorem 4.6. (Ptolemy’s Theorem) Let ABCD be a convex quadrilateral. If ABCD is
cyclic, then we have
AB-CD+ BC-DA = AC - BD.

First Proof. Set AB =a, BC =b, CD = ¢, DA = d. One natural approach is to compute
BD = x and AC = y in terms of a, b, ¢ and d. We apply the Cosine Law to obtain
2?2 =a® +d* — 2adcos A
and
22 =b% + ¢ — 2bccos D = b® + ¢® + 2bccos A.
Equating two equations, we meet
a® +d* — 2adcos A = b® + ¢* + 2bccos A

or
s A==
N 2(ad + be)

It follows that

2 2 12 2
$2:a2+d2—2adcosA=a2+d2—2ad<a td b c>:(ac+bd)(ab—|—cd).

2(ad + be) ad + be

Similarly, we also obtain
2 (ac+ bd)(ad + be)

ab+ cd
Multiplying these two, we obtain x2y? = (ac + bd)? or zy = ac + bd, as desired. O
Second Proof. (Hojoo Lee) As in the classical proof via the inversion, we rewrite it as
AB BC AC
+

DA DB DB-DC DA DC’
We now trigonometrize each term. Letting R denote the circumradius of ABCD and
noticing that sin(ZADB) = sin (/DBA + ZDAB) in triangle DAB, we obtain

AB _ 2R sin(LADB)
DA-DB  2Rsin(Z/DBA)-2Rsin(/DAB)
_ sinZDBAcos LDAB + cos ZDBAsin ZDAB
N 2R sin(£DBA)sin(£DAB)

= — (cot + cot .
2;% ZDAB ZDBA

Likewise, we have

BC 1
and AC )

Hence, the geometric identity in Ptolemy’s Theorem is equivalent to the cotangent identity
(cot LDAB + cot ZDBA) + (cot ZDBC + cot ZDCB) = (cot ZDAC + cot LDCA) .
However, since the convex quadrilateral ABC'D admits a circumcircle, it is clear that
/DAB+ £4DCB =7, Z/ZDBA = /ZDCA, /DBC = ZDAC
so that
cot LZDAB + cot ZDCB =0, cot LZDBA = cot LDCA, cot LZDBC = cot LDAC.
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Third Proof. We exploit the Sine Law to convert the geometric identity to the trigono-
metric identity. Let R denote the circumradius of ABC'D. We set

ZAOB = 201, Z/BOC = 205, ZCOD = 205, ZDOA = 20,4,

where O is the center of the circumcircle of ABCD. It’s clear that 61 + 02 + 03 + 04 = 7.
It follows that AB = 2Rsin#;, BC = 2Rsinfy, CD = 2Rsinfs, DA = 2R sinby,
AC = 2R sin (01 + 02), AB = 2R sin (02 + 03). Our job is to establish

AB-CD+ BC-DA=AC-BD
or
(2R sin 1) (2R sin03) + (2R sinb2) (2R sinf4) = (2R sin (61 + 62)) (2R sin (02 + 03))
or equivalently

sin 01 sin 03 + sin 02 sin 04 = sin (61 + 62) sin (62 + 63) .

We use the well-known identity sin asin 3 = 3 [cos(a — 3) — cos(a + )] to rewrite it as
cos(01 — 03) — cos(61 + 03) + cos(02 — 04) — cos(02 + 04)
2 2
_ cos(f1 — 03) — cos(01 + 202 + 03)
a 2

or equivalently
—cos(01 + 03) + cos(f2 — 04) — cos(02 + 04) = — cos(01 + 202 + 03).
Since 01 + 02 + 03 + 04 = 7 or since cos(f1 + 03) + cos(f2 + 04) = 0, it is equivalent to
cos(f2 — 04) = —cos(01 + 202 + 03).
However, we employ 61 + 02 + 03 = m — 04 to deduce
cos(01 + 202 + 03) = cos(f2 + ™ — 04) = — cos(f2 — 04).
O

When the second author of this weblication was a high school student, one day, he
was trying to device a coordinate proof of Ptolemy’s Theorem. However, we immediately
realize that the direct approach using only the distance formula is hopeless. The geometric
identity reads, in coordinates,

\/{(ml —22)? 4+ (1 — v2)°} {(x3 — 24)® + (y3s — ya)°}

+\/{($2 —23)? 4+ (y2 — y3)*} {(xa — 21)* + (ya — 11)°}

= \/{(1‘1 —x3)” + (g1 —y)*} {(22 — 24)* + (42 — 9a)°}-
What he realized was that the key point is to find a natural coordinate condition. First,

forget about the destination AB-CD + BC - DA = AC - BD and, instead, find out what
the initial condition that ABCD is cyclic says in coordinates.

Lemma 4.1. Let ABCD be a convex quadrilateral. We toss ABCD on the real plane R?
with the coordinates A (a1,az2), B (b1,b2), C(c1,c2), D (d1,d2). Then, the necessary and
sufficient condition that ABCD is cyclic is that the following equality holds.

a1? + a2® — (a1by + agbs + a1c1 + asce — bici — baca)
biraz + aica + c1ba — a1ba — c1az2 — bica

di? + d2? — (dib1 + dabs + diay + deaz — biay — beaz)
bida + dias + a1bs — diba — a1da — bias
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Proof. The quadrilateral ABCD is cyclic if and only if ZBAC = ZBDC, or equivalently
cot (LBAC) = cot (£BDC). It is equivalent to

cos (LBAC)  cos(£BDC)

sin (/BAC) ~ sin (£/BDCO)

or
BA%24+AC?-cB? BD?+DC?-CcB?
2BA-AC _ 2BD-DC
2[ABC] - 2[DBC]|
BA-AC BD-DC
or
BA®? + AC* - CB®>  BD?+ DC? - CB?
2[ABC) B 2[DBC]

or in coordinates,
a1’ + a2® — (a1by + a2bs + arcy + azez — bicy — bacz)
biaz +aica 4+ c1bs — a1bs — ciaz — bica
di? +do? — (dib1 + d2b2 + dia1 + d2az — biar — b2a2)
bids +diaz + a1bs — dib2 — ai1dz — bias

O

The coordinate condition and its proof is natural. However, something weird happens
here. It does not look like being cyclic in the coordinates . Indeed, when ABCD is a
cyclic quadrilateral, we notice that the same quadrilateral BCDA, CDAB, DABC' are
also trivially cyclic. It turns out that the coordinate condition indeed admits a certain
symmetry. Now, it is time to consider the destination

AB-CD+ BC-DA=AC - BD.

As we see above, the direct application of the distance formula gives us a monster identity
with square roots. What we need is a reformulation without square roots. We recall
that Ptolemy’s Theorem is trivialized by the inversive geometry. As in the proof via the
inversion, we rewrite it in the symmetric form

AB_ . BC __ AC
DA-DB ' DB-DC  DA-DC’

Now, we reach the key step. Let R denote the circumcircle of ABCD. The formulas

AB-DA-DB BC-DB-DC CA-DC-DA
[DAB] = —— &—— [DBC] = —— &——, [DCA] = —— &——
allows us to realize that it is equivalent to the geometric identity.
[DAB] [DBC] [DAC]

DA2.DB?2  DB2?.DC?  DA?-DC?
or
DC?[DAB] 4+ DA’[DBC] = DB*[DAC].

Summarizing up the result, we have

Lemma 4.2. Let ABCD be a conver and cyclic quadrilateral. Then the following two
geometric identities are equivalent.

(1) AB-CD+ BC-DA=AC-BD.
(2) DC?[DAB]+ DA’[DBC] = DB*[DAC).
It is awesome. Why? It is because we can express the second condition in the coordi-
nates without the horrible square root! After a long, very long computation by hand, we

can check that

1112 + a22 — (a1b1 + asbs + aic1 + asco — bicy — b2(32)

biaz + aice + ciba — a1ba — cr1az — bice
di? 4 do”® — (d1b1 + daba + diay + daaz — biay — baaz)

bids 4+ diaz + a1bs — diba — a1d2 — biaz
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indeed implies the coordinate condition of the reformulation (2). The brute-force com-
putation will be simplified if we take D (d1,d2) = (0,0). However, it is not the end of
the story. Actually, he found a symmetry in the coordinate computation. It leads him to
rediscover The Feuerbach-Luchterhand Theorem, which generalize Ptolemy’s Theorem.

Theorem 4.7. (The Feuerbach-Luchterhand Theorem) Let ABC'D be a convex and cyclic
quadrilateral. For any point O in the plane, we have

0OA%.BC-CD-DB—0OB?-CD-DA-AB+0OC?-DA-AB-BD—-0D?-AB-BC-CD = 0.

Proof. We toss the picture on the real plane R? with the coordinates
0(07 0)7 A (a17 aQ) , B (bla b2) ) C (Ch CQ) , D (d17 dQ) )
Letting R denote the circumcircle of ABCD, it can be rewritten as

[BOD] e [CDA] o [DAB] o [DBC]

2
oA 4R 4R 4R 4R

=0

or
OA*.[BCD] — OB* - [CDA] +OC” - [DAB] — OD* - [ABC] = 0.
We can rewrite this in the coordinates without square roots. Now, after long computation,

we can check, by hand, that it is equivalent to the coordinate condition that ABCD is
cyclic:

a1 + ax? — (a1by + azbs + arc1 + azca — bicr — baca)
biaz + aica + c1b2 — aib2 — ciaz — bice

d1? + d2? — (dib1 + daba + diar + deaz — brar — baasg)
bids 4+ diaz + a1ba — diba — a1d2 — biaz

O

The end? Not yet. It turns out that after throwing out the essential condition that the
quadrilateral is cyclic, we can extend the theorem to arbitrary quadrilaterals!

Theorem 4.8. (Hojoo Lee) For an arbitrary point P in the plane of the convex quadrilateral
A1A2A3A4, we obtain

PA?[AA2A3AL) — PAS®[AA3ALAL] + PA3®[AAL AL As] — PAL[AAL Az A5
_— > _— >
= A1Ay - A1 A3 [ANAsA3AL — AyAy - AsAs [AAL A As).

After removing the convexity of A; AsA3A4, we get the same result regarding the signed
area of triangle.

Outline of Proof. We toss the figure on the real plane R? and write P(0,0) and A; =
(zi, i), where 1 <7 < 4. Our task is to check that two matrices

PA;?2 PA2 PA3? PA,2

I = Tl T2 T3 L4
Y1 Y2 Y3 Ya
1 1 1 1

and s —
AlAQ 'A1A3 0 0 A4A2 'A4A3

R = x1 T2 I3 X4
Y1 Y2 Y3 Ya
1 1 1 1

have the same determinant. We now invite the readers to find a neat proof, of course
without the brute force expansion of the determinants! O
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Is it a re-discovery again? Is this the end of the story? No. There is no end of
generalizations in Mathematics. The lesson we want to deliver here is simple: Even the
brute-force coordinate proofs offer good motivations. There is no bad proof. We now
present some applications of the The Feuerbach-Luchterhand Theorem.

Corollary 4.2. Let ABCD be a rectangle. For any point P, we have
PA? - PB* + PC® — PD* = 0.

Now, let’s see what happens if we apply The Feuerbach-Luchterhand Theorem to a
geometric situation from the triangle geometry. Let ABC be a triangle with the incenter
I and the circumcenter O. Let BC =a, CA=b, AB=c¢, s = %IH'C. Let R and r denote
the circumradius and inradius, respectively. Let P and @ denote the feet of perpendiculars
from I to the sides CA and CB, respectively. Since ZIPC = 90° = ZIQC, we find that
IQCP is cyclic.

We then apply The Feuerbach-Luchterhand Theorem to the pair (O, IQCP) to deduce
the geometric identity

0=0I’QC-CP-PQ —O0Q*CP-PI-IC+OC?PI-IQ-QP —OP%IQ-QC-ClI.
What does it mean? We observe that, in the isosceles triangles COA and BOC,

OP?> =R*—~ AP -PC =R’ — (s —a)(s — c),

0Q*=R>—BQ-QC =R>—(s—b)(s —c).

Now, it becomes

0 = OI*(s—¢)? (CI%) - [R2 —(s=b)(s—¢)] (s—o)r-IC
+ R*? (C’Iﬁ) —[R*—(s—a)(s—¢)]r(s—c)-CI
0 = 012(3—6)2~%—[R2—(s—b)(s—c)] (s —o)r
+ R é — [RZ —(s—a)(s—c)]r(s—c).
Or*(s—¢)*- ﬁ =— R; ‘4 [2R2 —c(s—c)](s—o)r
0712:7 Rr? 4R?r Cop 4Rr(s —c) —rc o
R (s—c)2+c(s—c) 2r=1H (s —c)2¢ 2

Now, we apply Ptolemy’s Theorem and The Pythagoras Theorem to deduce
zr(s—c):CP-1Q+P[.1Q:PQ~CJ:CJQ§ =[(s—0)?+7%] =

2R
or
4Rr(s—c)=c((s — ¢)? + T2)
or
4Rr(s —c) —r’c= (s — ¢)’c
or

4Rr(s —c) —rc
(s —c)%c
It therefore follows that
OI’ = R* - 2rR.
It is the theorem proved first by L. Euler. There are lots of way to establish this. Device
your own proofs! Find other corollaries of The Feuerbach-Luchterhand Theorem. Another
possible generalization of Ptolemy’s relation is Casey’s theorem:
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Theorem 4.9. (Casey's Theorem) Given four circles C;, i = 1, 2, 3, 4, let ¢;; be the length
of a common tangent between C; and C;. The four circles are tangent to a fifth circle (or
line) if and only if for an appropriate choice of signs, we have that

t12t34 £ t13ta2 £ t1atez = 0.

The most common proof for this result is by making use of inversion. See [RJ]. We
shall omit it here. We now work on the Feuerbach’s celebrated theorem (actually its first
version).

Theorem 4.10. (Feuerbach’s Theorem) The incircle and nine-point circle of a triangle are
tangent to one another.

Why first version? Of course, most of you might know that the nine-point circle is also
tangent to the three excircles of the triangle. Most of the geometry textbooks include this
last remark in the theorem’s statement as well, but this is mostly for sake of completeness,
since the proof is similar with the incenter case.

Proof. Let the sides BC, CA, AB of triangle ABC have midpoints D, E, F respectively,
and let I' be the incircle of the triangle. Let a, b, ¢ be the sidelengths of ABC', and let s
be its semiperimeter. We now consider the 4-tuple of circles (D, E, F, I'). Here is what
we find:

tDE:g, tDF:§, tEF:§7
tor =[5 -6 -0] = /5]
=[5 - -0 =4
tFr:‘gf(sfa)’:‘b;a .

We need to check whether, for some combination of +, — signs, we have

+(c(b—a)talb—c)£bla—c)=0.

But this is immediate! According to Casey’s theorem there exists a circle what touches
each of D, F, F and I'. Since the circle passing through D, E, F' is the ninepoint circle
of the triangle, it follows that I" and the nine-point circle are tangent to each other. [

We shall see now an interesting particular case of Thebault’s theorem.

Proposition 4.2. (IMO Longlist 1991, proposed by India) Circles I'; and I's are externally
tangent at a point I, and both are enclosed by and tangent to a third circle I'.  One
common tangent to I'1 and I's meets I' in B and C, while the common tangent at I meets
I"in A on the same side of BC' as I. Then, we have that [ is the incenter of triangle ABC.

Proof. Let X, Y be the tangency points of BC' with the circles I'1, and I'2, respectively,
and let x, y be the lengths of the tangents from B and C' to I'1 and I'2. Denote by D
the intersection of AI with the line BC, and let z = AI, uw = ID. According to Casey’s
theorem, applied for the two 4-tuples of circles (A, I'1, B, C) and (A, I'2, C, B), we
obtain az + bz = ¢(2u+y) and az + cy = b(2u+ x). Subtracting the second equation from
the first, we obtain that bz — cy = u(c — b), and therefore ”*Z = 7, that is BD _ AB

v+ » DC AC»
which implies that AI bisects ZBAC, and that BD = b‘_‘fc. Adding the two equations
mentioned before, we finally obtain that az = u(b+ ¢), which rewrites as fé = g—g. This
implies that BI bisects ZABC'. Thus, I is the incenter of triangle ABC. O

But can we prove Thebault’s theorem using Casey? S. Gueron [SG] says yes!
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Delta 56. (Thebault [VT]) Through the vertex A of a triangle ABC, a straight line AD
is drawn, cutting the side BC at D. [ is the incenter of triangle ABC, and let P be the
center of the circle which touches DC, DA, and (internally) the circumcircle of ABC, and
let @ be the center of the circle which touches DB, DA, and (internally) the circumcircle
of ABC. Then, the points P, I, Q are collinear.

Delta 57. (Jean-Pierre Ehrmann and Cosmin Pohoatd, MathLinks Contest 2008) Let P be
an arbitrary point on the side BC of a given triangle ABC with circumcircle I'. Let 72
be the circle tangent to AP, PB, and internally to ', and let 74 be the circle tangent to
AP, PC, and internally to . Then, the circles 72 and 7§ are congruent if and only if
AP passes through the Nagel point of triangle ABC.

Delta 58. (Lev Emelyanov [LE]) Let P be a point in the interior of a given triangle ABC.
Denote by Aq, By, C the intersections of AP, BP, CP with the sidelines BC, C' A, and
AB, respectively (in other words, the triangle A1 B;C, is the cevian triangle of P with
respect to ABC). Construct the three circles (O1), (O2) and (O3) outside the triangle
which are tangent to the sides of ABC at A1, B1, C1, and also tangent to the circumcircle
of ABC'. Then, the circle tangent externally to these three circles is also tangent to teh
incircle of triangle ABC.

It is impossible to be a mathematician without being a poet in soul. - S. Kovalevskaya
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5. THREE TERRIFIC TECHNIQUES (EAT)

A long time ago an older and well-known number theorist made
some disparaging remarks about Paul Erdés’s work. You admire
Erd6s’s contributions to mathematics as much as | do, and |
felt annoyed when the older mathematician flatly and definitively
stated that all of Erdés’s work could be " reduced” to a few tricks
which Erdds repeatedly relied on in his proofs. What the num-
ber theorist did not realize is that other mathematicians, even
the very best, also rely on a few tricks which they use over and
over. Take Hilbert. The second volume of Hilbert's collected
papers contains Hilbert's papers in invariant theory. | have made
a point of reading some of these papers with care. It is sad
to note that some of Hilbert’s beautiful results have been com-
pletely forgotten. But on reading the proofs of Hilbert's striking
and deep theorems in invariant theory, it was surprising to verify
that Hilbert's proofs relied on the same few tricks. Even Hilbert
had only a few tricks!

- G-C Rota, Ten Lessons | Wish | Had Been Taught

5.1. "T'rigonometric Substitutions. If you are faced with an integral that contains square
root expressions such as

/\/1—m2 dz, /\/1+y2 dy, /\/22—1d2
then trigonometric substitutions such as x = sint, y = tant, z = sect are very useful. We
will learn that making a suitable trigonometric substitution simplifies the given inequality.
Epsilon 55. (APMO 2004/5) Prove that, for all positive real numbers a, b, c,
(a® 4+ 2)(b° 4+ 2)(¢® +2) > 9(ab + be + ca).

Epsilon 56. (Latvia 2002) Let a, b, ¢, d be the positive real numbers such that

1 N 1 N 1 N 1 _
1+a* 1464 14t 14d4 7

Prove that abed > 3.

Epsilon 57. (Korea 1998) Let z, y, z be the positive reals with  + y + z = zyz. Show
that

S SN SRR
Vita? J1+y2 VI+22 7 2
Since the function f(t) = L_ is not concave on R, we cannot apply Jensen’s

V142
Inequality directly. However, the function f(tan @) is concave on (0, g) !
Proposition 5.1. In any acute triangle ABC, we have cos A + cos B 4 cos C' < %

™

Proof. Since cos x is concave on (0, 5), it’s a direct consequence of Jensen’s Inequality. [

We note that the function cos z is not concave on (0, 7). In fact, it’s convex on (g, ﬂ').
One may think that the inequality cos A4 cos B+cosC < % doesn’t hold for any triangles.
However, it’s known that it holds for all triangles.

Proposition 5.2. In any triangle ABC, we have

cos A+ cosB+cosC <

N w
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First Proof. It follows from m — C' = A + B that
cosC' = —cos(A + B) = —cos Acos B + sin Asin B
or
3 —2(cos A + cos B 4 cos C') = (sin A — sin B)? + (cos A + cos B — 1)> > 0.
O

Second Proof. Let BC = a, CA =b, AB = c¢. Use The Cosine Law to rewrite the given
inequality in the terms of a, b, ¢ :
b2 42— g2 2 2 _ g2 22 _ 2 3
+c a n ¢ +a n a” + C <2
2bc 2ca 2ab 2
Clearing denominators, this becomes
3abc > a(b” + & — a®) + b(® + a® = b°) + ¢(a® + b — &),

which is equivalent to abc > (b+c¢—a)(c+a—b)(a+b—c). O

We remind that the geometric inequality R > 2r is equivalent to the algebraic inequality
abc > (b+c—a)(c+a—b)(a+b—c). We now find that, in the proof of the above theorem,
abc > (b+c—a)(c+ a—Db)(a+ b— c) is equivalent to the trigonometric inequality
cos A+ cos B+ cosC < % One may ask that

in any triangles ABC, is there a natural relation between cos A+ cos B+
cos C and %, where R and r are the radii of the circumcircle and incircle
of ABC?

Theorem 5.1. Let R and r denote the radii of the circumcircle and incircle of the triangle
ABC. Then, we have

cosA+cosB+cosC =1+ %

Proof. Use the algebraic identity
a(b® 4+ —a®) + b +a® = b%) + c(a® +b* — ¢®) = 2abe + (b+c—a)(c+a—b)(a+b—c).
We leave the details for the readers. (]

Delta 59. (China 2004) Let ABC be a triangle with BC' = a,CA = b, AB = ¢. Prove
that, for all z > 0,

1
a”cos A+ b"cos B+ c” cosC < i(am—i—bx—i—cx).

Delta 60. (a) Let p,q,r be the positive real numbers such that p? + ¢+ r2 4 2pgr = 1.
Show that there exists an acute triangle ABC such that p = cos A, g = cos B, r = cos C.
(b) Let p,q,7 > 0 with p> + ¢> + 1% + 2pgr = 1. Show that there are A, B,C € [O, g} with
p=cosA, q=cosB,r=cosC, and A+ B+ C = .

Epsilon 58. (USA 2001) Let a,b, and ¢ be nonnegative real numbers such that a® 4 b* +
c? + abe = 4. Prove that 0 < ab + be + ca — abe < 2.

Life is good for only two things, discovering mathematics and teaching mathematics.
- S. Poisson
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5.2. 'A’lgebraic Substitutions. We know that some inequalities in triangle geometry can
be treated by the Ravi substitution and trigonometric substitutions. We can also transform
the given inequalities into easier ones through some clever algebraic substitutions.
Epsilon 59. [IMO 2001/2 KOR] Let a, b, ¢ be positive real numbers. Prove that
a n b n c 51

Va2 +8bc Vb2 +8ca 2+ 8ab
Epsilon 60. [IMO 1995/2 RUS] Let a, b, c be positive numbers such that abc = 1. Prove
that

RS SR
at(b+c) b (c+a) ca+b) — 2

Epsilon 61. (Korea 1998) Let z, y, z be the positive reals with  + y + z = zyz. Show
that

1 1 1
+ +
Vita?  J1+y2 V1+22

We now prove a classical theorem in various ways.

<32
-2

Proposition 5.3. (Nesbitt) For all positive real numbers a, b, ¢, we have
a b c 3
> —.
b+c+c+a+a+b -2
Proof 4. After the substitution t =b+c, y=c+a, z =a+ b, it becomes
y+z—x _ 3 Y+ z
Z 2z 2 2 Z x 26,
cyclic cyclic

which follows from The AM-GM Inequality as following:

1
[
Z&:£+E+E+£+£+yz6<g,z.z.f e y) _6
< r T Yy oy z =z T x Yy Yy z z
cyclic
Proof 5. We make the substitution
v a b L c
_b—Q—c’y_c—i-a7 T a+b’

It follows that
a
= — =1
D @)= =
cyclic cyclic

where f(t) = l%_t Since f is concave on (0,00), Jensen’s Inequality shows that

1 1 1 T+y+ z)
)l === < _—
f(2) 373 Zf(x)—f( 3
cyclic
Since f is monotone increasing, it implies that
1 <z +y+z
2~ 3
or

N W

a
Z m =r+y+=z >
cyclic

Proof 6. As in the previous proof, it suffices to show that

T+y+z 1

>7a
3 -2

T
Z 1+x:1

cyclic

T :=

where we have
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or equivalently,
1 =2zyz + 2y +yz + zz.
We apply The AM-GM Inequality to deduce
1=2zyz+zy+yz+z2z< 273 + 372
It follows that )
27° +37% -1>0
so that
T —1)(T+1)>>0
or

T

A%
w.\ =

Epsilon 62. [IMO 2000/2 USA] Let a,b, c be positive numbers such that abc = 1. Prove

that
<af1+1) (b—1+l) <cf1+1) <1
b c a

Epsilon 63. Let a, b, ¢ be positive real numbers satisfying a + b+ c = 1. Show that

a " b Vv abe 33

<1+ —-.

a+bc b+ca cH+ab~ 4
Epsilon 64. (Latvia 2002) Let a, b, ¢, d be the positive real numbers such that
1 1 1 1

=1
1+a4+1+b4+1+c4+1+d4

Prove that abed > 3.
Delta 61. [SL 1993 USA] Prove that
a b c d 2
+ + + >3
b+2c+3d c+2d+3a d+2a+3b a+2b+3c 3

for all positive real numbers a, b, c, d.

Epsilon 65. [LL 1992 UNK] (Iran 1998) Prove that, for all z,y, z > 1 such that %—i—%—i—% =
2,

Vity+z>2Ve—14+y—1+vVz—1
Epsilon 66. (Belarus 1998) Prove that, for all a,b,c > 0,
a b ¢ a+b b+c
o248
b+c+a_b+c+c—|—a

Delta 62. [IMO 1969 USS] Under the conditions x1,z2 > 0, z1y1 > 212, and xay2 > 222,
prove the inequality

+ 1.

8 < 1 1
(214 22) (1 +42) — (21 + 22)° ~ 1y — 212 Tay2 — 227
Epsilon 67. [SL 2001 ] Let x1,- - ,xn be arbitrary real numbers. Prove the inequality.
X1 i) In
oo < .
1-‘rw12Jrl—|—£1812—|—3322+ +1+3312+"'+33n2 vn

Delta 63. [LL 1987 FRA] Given n real numbers 0 < t; <to <--- <t, <1, prove that

(177:2)( I & +~»+L)<1
N -02)’ Q-3 (1 —ta" 1)’ '
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5.3. 'E'stablishing New Bounds. The following examples give a nice description of the
title of this subsection.

Example 10. Let x,y, z be positive real numbers. Show the cyclic inequality

2 2 2
T z
+L 4>

g2 -

+

SEES

8
< |8
ISR

Second Solution. We first use the auxiliary inequality t*> > 2t — 1 to deduce
2 2 2

T4V L E 50T 149¥ 14097

3?2 2 y z T

22
It now remains to check that

90 149Y 1492 1T Y2
Yy z z y 2z oz

or equivalently
L X
y z oz
However, The AM-GM Inequality shows that

1

3
£+g+323(£.y.3) _3
Yy z T

Proposition 5.4. (Nesbitt) For all positive real numbers a, b, ¢, we have

a + b + c >§
b+c c4+a a+b 2

Proof 7. From ( a

2
1
e 5) > 0, we deduce that

a 1 bic 1 8a—b—c
b+c ™= 4 b+c+1 4da+b+c)

It follows that

8a—b—c 3
C§C Zl a+b+c) X

Proof 8. We claim that

The AM-GM inequality gives a? +b3 +b2 > 3a2b and a3 +c? +c3 > 3azc . Adding
these two inequalities yields 2 (a% + b3 + c%) > 3a2 (b+ ¢), as desired. Therefore, we
have

cyclic cyclic
Epsilon 68. Let a, b, ¢ be the lengths of a triangle. Show that

a b c

2.
b+c+c+a+a+b<
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Some cyclic inequalities can be established by finding some clever bounds. Suppose
that we want to establish that

Z F(z,y,z) > C

cyclic
for some given constant C € R. Whenever we have a function G such that, for all
z,y,z >0,
F(z,y,2) 2 G(z,y,2)
and

S Gla,y,2) = C,

cyclic
we then deduce that

Z F(z,y,z) > Z G(z,y,z) =C.

cyclic cyclic

For instance, if a function F satisfies the inequality

xr
F"L‘7,Z27
(z,y,2) P

for all z,y,z > 0, then F' obeys the inequality
Z F(z,y,z) > 1.
cyclic
Epsilon 69. [IMO 2001/2 KOR] Let a, b, ¢ be positive real numbers. Prove that
a b c
+ + >1
Va2 +8bc Vb2 +8ca 2+ 8ab

Epsilon 70. [IMO 2005/3 KOR] Let z, y, and z be positive numbers such that xyz > 1.
Prove that

25— 2 ¥ —y? S5 2
+ + >
$5+y2+2’2 y5+22+$2 Z5+$2+y2
Epsilon 71. (KMO Weekend Program 2007) Prove that, for all a,b, ¢, z,y,z > 0,
az_ by 4 <(a+b+c)(m+y+z)
a+zx b+y ct+z" atbtctaxty+z’

Epsilon 72. (USAMO Summer Program 2002) Let a, b, ¢ be positive real numbers. Prove

that
2 \3 2% \3 2 \ 3
> 3.
(b—l—c) +(c+a) +<a+b> 23

Epsilon 73. (APMO 2005) Let a, b, ¢ be positive real numbers with abc = 8. Prove that
a’ + b2 + ? 4
VA+a®)(1+03)  JI+3)1+c3) A+ (1 +a?) 3

Delta 64. [SL 1996 SVN] Let a, b, and c be positive real numbers such that abc = 1. Prove
that

ab n be " ca <1
a>+b+ab b5 +cS+be P4 ad+ca
Delta 65. [SL 1971 YUG] Prove the inequality
a1+a3  ax+as  az+ap a4+a2>4
a1+a2 az+a3 az+as  as+ar

where a1, az,as,as > 0.

There is a simple way to find new bounds for given differentiable functions. We begin
to show that every supporting lines are tangent lines in the following sense.
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Proposition 5.5. (The Characterization of Supporting Lines) Let f be a real valued function.
Let m,n € R. Suppose that
(1) f(a) = ma + n for some a € R,
(2) f(x) > mz +n for all x in some interval (€1, €2) including o, and
(3) f is differentiable at .
s

Then, the supporting line y = max + n of f is the tangent line of f at x = a.

Proof. Let us define a function F : (e1,e2) — R by F(z) = f(z) — ma — n for all
x € (e1,€2). Then, F is differentiable at o and we obtain F'(a) = f'(«) — m. By the
assumption (1) and (2), we see that F' has a local minimum at «. So, the first derivative
theorem for local extreme values implies that 0 = F'(a) = f’'(a)—m so that m = f'(«) and
that n = f(a)—ma = f(a)— f'(a)a. It follows that y = mz+n = f'(a)(z—a)+ f(a). O

Proposition 5.6. (Nesbitt) For all positive real numbers a, b, ¢, we have
a " b c S §
b+c c+a a+b T 2

Proof 9. We may normalize to a + b+ ¢ = 1. Note that 0 < a,b,c < 1. The problem is
now to prove

3
Z fla) > 3
cyclic
or
fl@)+ £6)+ 1) | (1)
3 - 3
where where f(x) = 1%=. The equation of the tangent line of f at x = % is given by
Yy = 9”4—_1. We claim that the inequality
9r — 1
>
fa) = 2

holds for all x € (0,1). However, it immediately follows from the equality

9z —1  (3z—1)?
1@ === =Ja =

Now, we conclude that

a 9a — 1 9 3 3
P et D e DL L

cyclic cyclic cyclic

The above argument can be generalized. If a function f has a supporting line at some
point on the graph of f, then f satisfies Jensen’s Inequality in the following sense.

Theorem 5.2. (Supporting Line Inequality) Let f : [a,b] — R be a function. Suppose that
a € [a,b] and m € R satisfy

f(@) 2 m(z —a) + f(a)

for all z € [a,b]. Let w1, -+ ,wn > 0 with wi+---+w, = 1. Then, the following inequality
holds
wlf(ifl) + -+ wnf(xn) > f(a)
for all 1, ,zn € [a,b] such that @ = w1z1 + -+ + wnzy. In particular, we obtain
f@) +-- + f(zn) 2f(5)7
n n

where z1,- -,z € [a,b] with 1 + -+ + z, = s for some s € [na, nb].
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Proof.

wif(@1) 4+ wnf(zn)

wilm(z1 — o) + f(a)] + - +wi[m(zn — a) + f(a)]
= f(a).

Y]

O

We can apply the supporting line inequality to deduce Jensen’s inequality for differen-
tiable functions.

Lemma 5.1. Let f : (a,b) — R be a convex function which is differentiable twice on (a,b).
Let y = lo(z) be the tangent line at o € (a,b). Then, f(x) > lo(z) for all x € (a,b). So,
the conver function f admits the supporting lines.

Proof. Let « € (a,b). We want to show that the tangent line y = lo(z) = f'(a)(z —
o) + f(a) is the supporting line of f at £ = « such that f(z) > lo(z) for all z € (a,b).
However, by Taylor’s Theorem, we can find a real number 6, between o and x such that

11 ex ,
£(@) = @) + (@) — ) + T @ 0 > fa) + f(a)(w ).
O
Theorem 5.3. (The Weighted Jensen's Inequality) Let f : [a,b] — R be a continuous
convex function which is differentiable twice on (a,b). Let w1, ,wn > 0 with wy +--- +
wn = 1. For all 1, ,z, € [a,b],

wif(z1) + - Fwnf(zn) > flwr 214+ + wn xn).

First Proof. By the continuity of f, we may assume that x1, -+ ,z, € (a,b). Now, let
U =wi 21+ 4+ wn xn. Then, u € (a,b). By the above lemma, f has the tangent line
y=1,(z) = f(u)(x—p) + f(u) at * = u satisfying f(x) > l,.(x) for all z € (a,b). Hence,
the supporting line inequality shows that

wif(x1) + -+ wnf(mn) > wif(p) +- - +wnf(p) = f(u) = flwr z1 + -+ + wn Tn).
O

Non-convex functions can be convex locally and have supporting lines at some points.
This means that the supporting line inequality is a powerful tool because we can also
produce Jensen-type inequalities for non-convex functions.

Epsilon 74. (Titu Andreescu, Gabriel Dospinescu) Let z, y, and z be real numbers such
that z,y,2 <1 and £+ y + z = 1. Prove that

R DR ()
1+22  1+4+9y2  1+22 10

Epsilon 75. (Japan 1997) Let a, b, and ¢ be positive real numbers. Prove that
(b+c—a)? (c+a—b)? (a+b—c)? >§
(b+c)2+a?  (c+a)2+b  (a+b)2+c2~ 5

Any good idea can be stated in fifty words or less. - S. Ulam
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6. HOMOGENIZATIONS AND NORMALIZATIONS

Mathematicians do not study objects, but relations between ob-
jects.
- H. Poincaré

6.1. Homogenizations. Many inequality problems come with constraints such as ab = 1,
zyz =1, z+y+ z = 1. A non-homogeneous symmetric inequality can be transformed
into a homogeneous one. Then we apply two powerful theorems: Schur’s Inequality and
Muirhead’s Theorem. We begin with a simple example.

Example 11. (Hungary, 1996) Let a and b be positive real numbers with a +b = 1. Prove
that
a? b? 1
a+1 b+17—3

Solution. Using the condition a+b = 1, we can reduce the given inequality to homogeneous
one:
2 b2

RRCEDICEICED)

a+b)(a+ (a+D)

1
<
37 (
or
a’b+ab® < a® + b,
which follows from
(a® +b*) — (a®b + ab®) = (a — b)*(a + b) > 0.

The equality holds if and only if a = b = O

1
E.
Theorem 6.1. Let a1, az,b1,bs be positive real numbers such that a1 + az = b1 + b2 and
mazxz(a1,az2) > max(bi,b2). Let x and y be nonnegative real numbers. Then, we have
xalyag + xagyal > l'bl yb2 + :L,beZn.
Proof. Without loss of generality, we can assume that a1 > a2,b1 > ba,a1 > b1. If z or
y is zero, then it clearly holds. So, we assume that both x and y are nonzero. It follows
from a1 + a2 = b1 + ba that a1 — a2 = (b1 — az) + (b2 — (12). It’s easy to check
2% yﬂ2 + xazyﬂl _ :Ebl ybz _ mbz yb1

_ xazy@ (xalﬂl’z + yalfaz _ wblfazyb’z*a’z _ wbzfazyblfaz)
by — by — bo— bo—
_ nyGQ(CL‘l a2 _ gyt az) (Iz a2 _ b az)
1

= P (xbl — ybl) (xb2 — yb2) > 0.
T2y

Remark 6.1. When does the equality hold in the above theorem?

We now introduce two summation notations. Let P(x,y, z) be a three variables function
of x, y, z. Let us define

> P(z,y,2) = P(x,y,2) + Py, 2,2) + P(z,2,y)
cyclic
and

sym
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Here, we have some examples:
Z 2y = 2y + 3z + 2P, ng =20z +9° + 2%),
cyclic sym
Zny = m2y + 2 + y2z + y2x + 2 + z2y, Z zyz = 6zyz
sym sym

Example 12. Let x,y, z be positive real numbers. Show the cyclic inequality

2 2 2

T Y z r Yy oz
L2 >2474 2
FlatEz, oty

Third Solution. We break the homogeneity. After the substitution a =
becomes

T _y __z
g,b—;,c—*,lt

a? +b% + 2 >a+b+ec.
Using the constraint abc = 1, we now impose the homogeneity to this as follows:
A 4+b+E> (abc)% (a+b+c).
After setting a = z3,b = y>, c = 2% with z,y, z > 0, it then becomes
2% + y6 +2° > m4yz + xy4z + xyz4.
We now deduce

Z 26— Z xG;yG > Z x4y2;x2y4 _ Z 24 (yQ;er) > Z x4yz.

cyclic cyclic cyclic cyclic cyclic

O

Epsilon 76. [IMO 1984/1 FRG] Let z, vy, z be nonnegative real numbers such that z+y+z =
1. Prove that

0§my+yz+zm—2myz§2—77.

Epsilon 77. [LL 1992 UNK] (Iran 1998) Prove that, for all z,y, z > 1 such that %—f—i-k% =
2,

Vity+tz>2vVo—14+y—1+vz-1
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6.2. Schur and Muirhead.
Theorem 6.2. (Schur's Inequality) Let z,y, z be nonnegative real numbers. For any r > 0,
we have

Z ' (x—y)(z—2)>0.

cyclic

Proof. Since the inequality is symmetric in the three variables, we may assume without
loss of generality that x > y > z. Then the given inequality may be rewritten as

-yl (r—2) -y (y—2)]+2 (z-2)(y—2) 20,
and every term on the left-hand side is clearly nonnegative. O
Remark 6.2. When does the equality hold in Schur’s Inequality?
Delta 66. Disprove the following proposition: for all a,b,c,d > 0 and r > 0, we have
a"(a—b)(a—c)(a—d)+b" (b—c)(b—d)(b—a)+c" (c—a)(c—c)(a—d)+d" (d—a)(d—b)(d—c) > 0.
Delta 67. [LL 1971 HUN] Let a,b, c,d, e be real numbers. Prove the expression
(a=b)(a—c)(a—d)(a—e)+(b—a)(b—c)(b—d)(b—e)
+ (c—=a)(c=b)(c=d)(c—e)+(d—a)(d—=b)(d—c)(a—c¢e)
+ (e—a)(e=b)(e—c)(e—d)
is monnegative.

The following special case of Schur’s Inequality is useful:

Z z(x—y)(r—2) >0 & 3zyz+ Z x322x2y = Zmyz+2x3 222m2y.

cyelic cyclic sym sym sym sym
Epsilon 78. Let x,y, z be nonnegative real numbers. Then, we have
Szyz 4+ +9° + 2% > 2 ((my)% + (yz)% + (zac)%> .
Epsilon 79. Lett € (0,3]. For all a,b,c > 0, we have
B—t)+tlabe)t + > a®>2 Y ab.
cyclic cyclic
Epsilon 80. (APMO 2004/5) Prove that, for all positive real numbers a, b, c,
(a® 4+ 2)(b° 4+ 2)(¢® +2) > 9(ab + be + ca).
Epsilon 81. [IMO 2000/2 USA] Let a,b, ¢ be positive numbers such that abc = 1. Prove

that
CERTE YT YA P
b c a

Epsilon 82. (Tournament of Towns 1997) Let a, b, ¢ be positive numbers such that abc = 1.

Prove that 1 1 1
<1.
a+b+1+b+c+1+c+a+1 -

Delta 68. [TZ, p.142] Prove that for any acute triangle ABC),
cot® A + cot® B + cot® C + 6 cot A cot B cot C' > cot A + cot B + cot C.

Delta 69. [IN, p.103] Let a, b, ¢ be the lengths of a triangle. Prove that
a’b+ad’c+bc+bla+ Ca+ b > a® +b° + ¢ + 2abe.
Delta 70. (Surdnyi's Inequality) Show that, for all z1,--+ ,z, >0,
(n—1)(z1" 4 z,")+nxy - xp > (21 + -+ Tn) (Ilnfl +...mnn*1)‘
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Epsilon 83. (Muirhead's Theorem) Let a1, as,as, b1, b2, bs be non-negative real numbers
such that

a1 > az > as, by > b2 > b3, a1 > b1, a1 +a2 > b1 + b2, a1 + a2 + a3 = b1 + ba + bs3.

(In this case, we say that the vector a = (a1, a2, as) majorizes the vector b = (b1, ba, b3)
and write a > b.) For all positive real numbers z, y, z, we have

E : z : by, b2 b
xalya22a3 2 T ly 2Z 3.
sym sym

Remark 6.3. The equality holds if and only if © = y = z. However, if we allow x = 0
ory =0 or z =0, then one may easily check that the equality holds (after assuming
ai,a2,a3 >0 and bi,ba, b3 > 0) if and only if

r=y=zor x=y,z2=0o0or y=2z, =0 or z=z, y=0.
We can apply Muirhead’s Theorem to establish Nesbitt’s Inequality.

Proposition 6.1. (Nesbitt) For all positive real numbers a, b, ¢, we have
a n b c o §
b+c c+a a+b~ 2

Proof 10. Clearing the denominators of the inequality, it becomes
2> ala+b)a+c)>3(a+b)(b+c)(cta)
cyclic
or

Za3 > Zazb.

sym sym

Epsilon 84. [IMO 1995/2 RUS] Let a, b, c be positive numbers such that abc = 1. Prove

that
1 1 1

a3(b+c) * b3(c+ a) + c3(a+b)
Epsilon 85. (Iran 1996) Let x,y, z be positive real numbers. Prove that
(zy + yz + zx) ( ! + ! + ! > >
oy @+y? " W27 Gta?) W
Epsilon 86. Let x,y, z be nonnegative real numbers with xy + yz + zx = 1. Prove that
1 1 1 5
z+y y+z z4+x 2

>3
-2

Epsilon 87. [SC] If mq,mp,m. are medians and rq,ry,r. the exradii of a triangle, prove

that
TaTb + TvTe + Tcla Z 3.
MaMp MmpMe MM

We now offer a criterion for the homogeneous symmetric polynomial inequalities with
degree 3. It is a direct consequence of Schur’s Inequality and Muirhead’s Theorem.

Epsilon 88. Let P(u,v,w) € Rlu, v, w] be a homogeneous symmetric polynomial with degree
3. Then the following two statements are equivalent.

(a) P(17 17 1)7 P(17170)7 7)(1707 0) 2 O'
(b) P(xz,y,z) >0 for all x,y,z > 0.

Example 13. [IMO 1984/1 FRG] Let z,y,z be nonnegative real numbers such that x +
y+ z = 1. Prove that

Oga:y+yz+za:—2xyz§2—77.
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Solution. Using x + y + z = 1, we convert the given inequality to the equivalent form:

7
0< (zy+yz+z2z)(x+y+2)—2ayz < —(z+y+2)>

27(
Let us define £(u,v,w), R(u,v,w) € Rlu, v, w] by
L(u,v,w) = (uv + vw + wu)(u + v + w) — 2uvw,

R(u,v,w) = 2—77(u + v +w)? — (uwv + vw + wu)(u + v + w) + 2uvw.
However, one may easily check that
£(1,1,1) =7, £(1,1,0) = 2, £(1,0,0) =0,
7

2
R(L,1,1) =0, R(1,1,0) = -, R(1,0,0) = .

O

In other words, we don’t need to employ Schur’s Inequality and Muirhead’s Theorem
to get a straightforward result.

Delta 71. (M. S. Klamkin) Determine the maximum and minimum values of
z2 + y2 +224 Axyz
where x +y+ 2 =1, 2,y,2 > 0, and A is a given constant.

Delta 72. (W. Janous) Let z,y,z > 0 with z +y 4+ z = 1. For fixed real numbers a > 0
and b, determine the maximum ¢ = ¢(a, b) such that

a+ bxyz > c(zy + yz + zx).

As a corollary of the above criterion, we obtain the following proposition for homoge-
neous symmetric polynomial inequalities for the triangles :

Theorem 6.3. (K. B. Stolarsky) Let P(u,v,w) be a real symmetric form of degree 3. If
we have

P(1,1,1), P(1,1,0), P(2,1,1) >0,
then P(a,b,c) > 0, where a,b, ¢ are the lengths of the sides of a triangle.

Proof. Employ The Ravi Substitution together with the above crieterion. We leave the
details for the readers. For an alternative proof, see [KS]. O

Delta 73. (China 2007) Let a, b, ¢ be the lengths of a triangle with a+b+c¢ = 3. Determine

the minimum value of
4abc

3

As noted in [KS], applying Stolarsky’s Crieterion, we obtain various cubic inequalities
in triangle geometry.

A+ + 7+

Example 14. Let a, b, c be the lengths of the sides of a triangle. Let s be the semiperimeter
of the triangle. Then, the following inequalities holds.

(a) 4(ab+ be 4 ca) > (a + b+ c)* > 3(ab + be + ca)

(b) [DM] a® +b° + c* > 32 (s* + %)

(c) [AP] abc > 8(s —a)(s — b)(s —¢)

(d) [EC] 8abc>( +0b)(b+c)(c+a)

(e) [AP] 8(a +b5+c3) > 3(a+b)(b—|—c)(c+a)

(f) [MC] 2(a +b+c)(a +b% +¢c?) > 3(a® + b® + ¢ + 3abe)
(g) 2abc > a’(s —a) + b°(s — b) + *(s — ¢) > abc

(h) be (b—|—c) +ca(c—|—a) + ab(a +b) > 48(s — a)(s — b)(s — ¢)
(1) s— s— b+ 2%

(J)[ ’MP]2>b+c+c+a+acb2%
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9 sta s+b s+c 15
(k) 2>b+c+c+a+a+bZ 4

(1) [SR1] 5[ab(a + b) + be(b 4+ ¢) + calc + a)] — 3abe > (a + b+ ¢)?

Proof. We only check the left hand side inequality in (j). One may easily check that it is
equivalent to the cubic inequality 7 (a,b,c) > 0, where

T(a,b,c) =2(a+b)(b+c)(ct+a)—(a+Db)(b+c)(c+a) (bichc—iaJra—T—b)'

Since 7(1,1,1) =4, 7(1,1,0) = 0, and 7(2,1,1) = 6, the result follows from Stolarsky’s
Criterion. For alternative proofs, see [BDJMV]. O
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6.3. Normalizations. In the previous subsections, we transformed non-homogeneous in-
equalities into homogeneous ones. On the other hand, homogeneous inequalities also can
be normalized in various ways. We offer two alternative solutions of the problem 8 by
normalizations :
Epsilon 89. [IMO 2001/2 KOR] Let a, b, ¢ be positive real numbers. Prove that
a n b n c >

VaZz +8bc Vb2 +8ca 2+ 8ab
Epsilon 90. [IMO 1983/6 USA] Let a, b, ¢ be the lengths of the sides of a triangle. Prove
that

a’b(a — b) + b*c(b — ¢) + c*a(c — a) > 0.
Epsilon 91. (KMO Winter Program Test 2001) Prove that, for all a,b,c > 0,
V(a2b+ b2c + 2a) (ab? + be2 + ca?) > abe + /(a3 + abe) (b3 + abe) (¢3 + abe)

Epsilon 92. [IMO 1999/2 POL] Let n be an integer with n > 2. (a) Determine the least
constant C' such that the inequality

4
2, .2
g zizj(x; +25) <C E T;
1<i<j<n 1<i<n

holds for all real numbers x1,--- ,x, > 0.
(b) For this constant C, determine when equality holds.

Delta 74. [SL 1991 POL] Let n be a given integer with n > 2. Find the mazimum value

of
> (i +ay),
1<i<j<n
where r1, -+ ,xn >0 and x1 + - -+ x5, = 1.

We close this subsection with another proofs of Nesbitt’s Inequality.
Proposition 6.2. (Nesbitt) For all positive real numbers a, b, ¢, we have
a b c 3
> —.
b+c+c+a+a+b -2
Proof 11. We may normalize to a4+ b+ c = 1. Note that 0 < a,b,c < 1. The problem is

now to prove
a
= >
Yo=Y faz

cyclic cyclic

Since f is convex on (0,1), Jensen’s Inequality shows that

%Zf(a)2f<%b+c)=f<§)=% or Y fla)> 3.

cyclic cyclic

N

, where f(z)= T

Proof 12. (Cao Minh Quang) Assume that a + b+ ¢ = 1. Note that ab + bc + ca <
%(a +b+4c)? = % More strongly, we establish that

a b c
>3- =
b+c+c+a+a—|—b_ 2

a 9a(b+ c) b 9b(c + a) c 9c(a + b)
> 3.
(b+c+ 4 )+<c+a+ 4 * a—|—b+ 4 23

The AM-GM inequality shows that

a 9a(b + ¢) a 9a(b+c)
> e 7 = = o.
D e D DL

cyclic cyclic cyclic

©

(ab + bc + ca)

or
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6.4. Cauchy-Schwarz and Holder. We begin with the following famous theorem:

Theorem 6.4. (The Cauchy-Schwarz Inequality) Whenever a1, - ,an, b1, ,b, € R, we
have

(ar® 4 +an?) (b + -+ ba”) > (arbs + -+ + anbn)’.
First Proof. Let A = Vai2+ -+ an? and B = /b2 +---+b,2. In the case when
A =0, we get ag =+ = an, = 0. Thus, the given inequality clearly holds. From now on,

we assume that A, B > 0. Since the inequality is homogeneous, we may normalize to
l=a’+ - Fa2=b>+ -+ b2
We now need to to show that
la1b1 + -+ - + anbn| < 1.

Indeed, we deduce

2 2 2 2
b n bn
@b+ anbal < farb| o+ fanb] < PP o B EI
O
Second Proof. It immediately follows from The Lagrange Identity:
n n n 2
(Z aﬁ) (Z big) - (Zaibi> = > (aibj—a;b)’.
i=1 i=1 i=1 1<i<j<n
|

Delta 75. [IMO 2003/5 IRL] Let n be a positive integer and let x1 < --- < m, be real
numbers. Prove that

> ewl] <2070 S Gy

1<i,5<n 1<i,j<n
Show that the equality holds if and only if 1, -+ , T, is an arithmetic progression.

Delta 76. (Darij Grinberg) Suppose that 0 < a1 < -- < a, and 0 < by < --- < by, be real
numbers. Show that

) () () ) ()

Delta 77. [LL 1971 AUT] Let a, b, c be positive real numbers, 0 < a < b < c¢. Prove that
for any z,y,z > 0 the following inequality holds:

(a+c)? 2 (a: Yy z)
~ 7 > — Z =.
Toc (z4+y+2)° > (az+ by + c2) a+b+c
Delta 78. [LL 1987 AUS] Let a1, a2, as, b1, bz, bs be positive real numbers. Prove that

(a1b2 + a1bs + az2b1 + azbs + asbs + a3b2)2 > 4 (a1a2 + azas + asai) (biba + babs + bsb1)

as

and show that the two sides of the inequality are equal if and only if Z—i =

ap
123 b3
Delta 79. [PF] Let a1, ,an,b1, - ,b, € R. Suppose that = € [0,1]. Show that
2

(iaﬁ—i—ZmZaiaj) <zn: b¢2+2IZb¢bj> > Zn:aibi—i—mz:aibj
=1 =1 =1

1<j i<j 1<j



INFINITY 7

Delta 80. Let a1, ,an,b1, -+, by be positive real numbers. Show that
1) \/(a1+ an)(by by) > Vabs + - + Vanbn,
(2) %5+ “;; > 7(“;; toa) ]
(3) %*"‘*zﬁf’%? e ()
(4§ g2 > e

Delta 81. [SL 1993 USA] Prove that
a b c d 2
+ + + >
b+2c+3d c+2d+3a d+2a+3b a+2b+3c 3

for all positive real numbers a, b, c, d.

Epsilon 93. (APMO 1991) Let a1, - ,an, b1, - ,bn be positive real numbers such that
a+--+an =0y +---+b,. Show that

2 2
ai Qn ar + -+ an
> .
a1+b1+ +an+bn_ 2
Epsilon 94. Let a,b > 0 with a + b = 1. Prove that
vVa2z+b++va+b2++vV1+ab<3.

Show that the equality holds if and only if (a,b) = (1,0) or (a,b) = (0,1).

Epsilon 95. [LL 1992 UNK] (Iran 1998) Prove that, for all z,y, z > 1 such that %—f—i-k% =
2,

Vity+z>2Ve—1+y—1+vVz—1
We now apply The Cauchy-Schwarz Inequality to prove Nesbitt’s Inequality.
Proposition 6.3. (Nesbitt) For all positive real numbers a, b, ¢, we have
a b c 3
> —.
b+c+c+a+a+b -2
Proof 13. Applying The Cauchy-Schwarz Inequality, we have

((b+c)+(c+a)+(a+b))(bic+cia+aib) > 32,

It follows that

a+b+c a+b+c a+b+c>9
b+c ct+a a+b T2

or

3+Z +c_2

cyclic

Proof 14. The Cauchy-Schwarz Inequality yields

Z Z (b+¢c) > Z a
cyclic

cycllc cycllc

Z a—|—b+c)2 §
b+c = 2(ab+bc+ca) — 27

cyclic

or

Vv

Epsilon 96. (Gazeta Matematicd) Prove that, for all a,b,c > 0,
\/@4 + a2b? + b4+\/b4 + b2¢2 + c4—|—\/c4 + c2a? 4+ a* > a\/2a2 + bc—i—b\/2b2 + ca+0\/202 + ab.
Epsilon 97. (KMO Winter Program Test 2001) Prove that, for all a,b,c > 0,

V/(a2b + b2c + c2a) (ab? + be? + ca?) > abe + ¥/ (a® + abe) (b3 + abe) (¢3 + abe)
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Epsilon 98. (Andrei Ciupan) Let a, b, ¢ be positive real numbers such that
1 1 1
>1.
a+b+1 + b+c+1 + ct+a+17
Show that a + b+ ¢ > ab + bc + ca.

We now illustrate normalization techniques to establish classical theorems. Using the
same idea in the proof of The Cauchy-Schwarz Inequality, we find a natural generalization

Theorem 6.5. Let a;;(i,5 =1,---,n) be positive real numbers. Then, we have

(a1 + - -+ an™) (@™ + -+ ann") > (@11a21 - An1 + -+ A1nG2n - Gnn) "

Proof. The inequality is homogeneous. We make the normalizations:

3=

(@ +--+am")" =1

or
an” + - tain” =1,
for all i = 1,--- ,n. Then, the inequality takes the form

a11G21 - An1 + -+ A1pG2n - Gnn <1

or
Zaﬂ'“am <1
i=1

Hence, it suffices to show that, for all i =1,--- ,n,

Qi1 O < —
n

where ai1™ + -+ + a;n"™ = 1. To finish the proof, it remains to show the following homo-

geneous inequality. O
Theorem 6.6. (The AM-GM Inequality) Let ai,- - ,an be positive real numbers. Then,
we have
Gmt e S e
n
Proof. Since it’s homogeneous, we may rescale ai,---,a, so that ai---a, = 1. 4 We

want to show that
ar---an =1 = a1+ ---+a, >n.

The proof is by induction on n. If n = 1, it’s trivial. If n = 2, then we get a14+a2—2 = a1+
az —2y/artaz = (/a1 — 1/ag)2 > 0. Now, we assume that it holds for some positive integer
n > 2. And let a1, -+, an+1 be positive numbers such that a1 ---anan+1=1. We may
assume that a1 > 1> az. (Why?) It follows that aiaz+1—a1 —a2 = (a1 —1)(a2—1) <0
so that aiaz + 1 < a1 + a2. Since (a1a2)as---a, = 1, by the induction hypothesis, we
have

aiaz2 +az +---+any1 > N.

It follows that a1 + a2 —1+as+ -+ ant1 > n. O

MSet x; = —*— (i=1,---,n). Then, we get 1 - - -z, = 1 and it becomes z1+- - -+z5 >
(ﬂ‘1~<~a,n’)’7L
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We now make simple observation. Let a,b > 0 and m,n € N. Takez1 =--- =zm =a
and Ty41 = -+ = Tg,,,,, = b. Applying the AM-GM inequality to 1, -, Tm+n > 0, we
obtain

MZ(amb")ﬁ or a+ —"b>aminhmin,
m+n m-+n

m-+n
Hence, for all positive rational numbers wi and we with wi + w2 = 1, we get

w1 a4+ web>a“th?2.
We now immediately have

Theorem 6.7. Let w1, wa > 0 with w1 +w2 = 1. For all x, y > 0, we have

w1 TH+wey>x iy “?
Proof. We can choose a sequence ai, az,as,--- € (0,1) of rational numbers such that
lim a, = w1.
n—oo
Set b; = 1 — a;, where i € N. Then, b1, bs, b3, -+ € (0,1) is a sequence of rational numbers

with
lim bn = Ww2.

From the previous observation, we have an x + b, y > z%y’". By taking the limits to
both sides, we get the result. O

We can extend the above arguments to the n-variables.

Theorem 6.8. (The Weighted AM-GM Inequality) Let w1, - -+ ,wpn > 0 with wi+- - -+wy, = 1.
For all 1, -+ ,z, > 0, we have

wixr+ e wn Ty >, O

Since we now get the weighted version of The AM-GM Inequality, we establish weighted
version of The Cauchy-Schwarz Inequality.

Epsilon 99. (Hdlder’s Inequality) Let z;; (i = 1,--- ,m,j = 1,---n) be positive real num-
bers. Suppose that wi,- - ,w, are positive real numbers satisfying w1 + -+ + w, = 1.
Then, we have
n m wj m n
[(3) =5 (11 )
j=1 \i=1 i=1 \j=1

My brain is open. - P. Erdés
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7. CONVEXITY AND ITS APPLICATIONS

The art of doing mathematics consists in finding that special case
which contains all the germs of generality.
- D. Hilbert

7.1. Jensen’s Inequality. In the previous section, we deduced the weighted AM-GM in-
equality from The AM-GM Inequality. We use the same idea to study the following
functional inequalities.

Epsilon 100. Let f : [a,b] — R be a continuous function. Then, the followings are
equivalent.

(1) For all n € N, the following inequality holds.
wif(x) + - Fwnf(zn) > flwr 214+ +wn Tn)
forall xi,-+- ,xn € [a,b] and w1, ,wp >0 with wy + -+ + wy, = 1.
(2) For all n € N, the following inequality holds.
rif(z) + -+ raf(@n) > frizr+ -+ 7n xn)
for all x1,--- @, € [a,b] and r1,--- ,7n € QT with vy + -+ + 7, = 1.
(8) For all N € N, the following inequality holds.
fy) +---+ Flyn) Zf(y1+~~-+ Z/N)
N N
for all y1,--+ ,yn € [a,b].
(4) For all k € {0,1,2,---}, the following inequality holds.
) + -4 fyar) Yo+t Yok
g 2 (M)
for allyi, -+ ,ysr € [a,b].
(5) We have & f(z) + L f(y) > f(Z52) for all z,y € [a,b].

(6) We have A\f(z) + (1 —XN)f(y) > f Az + (1 = N)y) for all x,y € [a, b]
and X € (0,1).

Definition 7.1. A real valued function f : [a,b] — R is said to be convex if the inequality
AM@)+ 1A= fy) = f Az + (1= Ny)
holds for all x,y € [a,b] and A € (0,1).
The above proposition says that

Corollary 7.1. (Jensen’s Inequality) If f : [a,b] — R is a continuous convex function, then
for all 1, ,xn € [a,b], we have

fl@1) +---+ f(an) R
n Zf( n )

Delta 82. [SL 1998 AUS] Let r1,--- ,rn be real numbers greater than or equal to 1. Prove
that
1 1 n

+t > .

r1+1 rat+ 1T ¥+ 1
Corollary 7.2. (The Weighted Jensen's Inequality) Let f : [a,b] — R be a continuous
convex function. Let w1, -+ ,wn > 0 with w1 + -+ +wy, = 1. For all z1, -+ , 2, € [a,)],
we have

Wlf($1)+"'+wnf($n)2f(w1 r1+ -+ wn a:n)
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In fact, we can almost drop the continuity of f. As an exercise, show that every convex
function on [a, b] is continuous on (a,b). Hence, every convex function on R is continuous

on R.

Corollary 7.3. (The Convexity Criterion 1) If a continuous function f : [a,b] — R satisfies
the midpoint convexity

f(@) + f(y) Tty
>
2 =2 ( 2 )
for all z,y € [a,b], then the function f is convex on [a, b].

Delta 83. (The Convexity Criterion Il) Let f : [a,b] — R be a continuous function which
are differentiable twice in (a,b). Show that (1) f”(x) > 0 for all = € (a,b) if and only if
(2) f is convex on (a,b).

We now present an inductive proof of The Weighted Jensen’s Inequality. It turns out

that we can completely drop the continuity of f.

Third Proof. It clearly holds for n = 1,2. We now assume that it holds for some n € N.
Let 21, ,&n,Tnt+1 € [a,b] and w1, -+ ,wnt1 > 0 with w1 + -+ + wpy1 = 1. Since we
have the equality

e ey
1 — Wnt1 1—wnt1
by the induction hypothesis, we obtain
wif(z1) + -+ wnt1 f(@nt1)
= (—wnn) (o f@) + o (@) )+ wn f(ns)
- n+1 1_ Wt 1 1 1_ Wnt1 n n+1 n+1
w1 Wn
> 17 n n n n
( w+1)f(1—wn+1 1+ +1_wn+1$)+w +1f(@nt1)
w n
> [l (1= wnsr) et wiwn + Wn41Tnt1
1— wnt1 1—wnt1
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7.2. Power Mean Inequality. The notion of convexity is one of the most important con-
cepts in analysis. Jensen’s Inequality is the most powerful tool in theory of inequalities.
We begin with a convexity proof of The Weighted AM-GM Inequality.

Theorem 7.1. (The Weighted AM-GM Inequality) Let w1, - -+ ,wpn > 0 with wi+- -+ -+wy, = 1.
For all z1,--- ,z, > 0, we have

1., Wn

w
w1 T1+ -+ wn Ty > 21 ‘I

Proof. 1t is a straightforward consequence of the concavity of In z. Indeed, The Weighted
Jensen’s Inequality shows that
In(wi &1+ +wn Tn) > wiln(zr) + - + wp In(zy) = In(z1 “* -+ 2, 7).
O
The Power Mean Inequality can be proved by exploiting Jensen’s inequality in two

ways. We begin with two simple lemmas.

Lemma 7.1. Let a, b, and ¢ be positive real numbers. Let

fla) = (TS

for all x € R. Then, we obtain f'(0) =In Vabc.

Proof. We compute
a*lna+b*Inb+c*Inc

f(l'): al‘+bz+cz

It follows that
f’(O) _ lna—|—lr;b—|—lnc — 10 Vabe.
O

Lemma 7.2. Let f : R — R be a continuous function. Suppose that f is monotone
increasing on (0,00) and monotone increasing on (—o0,0). Then, the function f is mono-
tone increasing on R.

Proof. We first show that f is monotone increasing on [0,00). By the hypothesis, it
remains to show that f(z) > f(0) for all z > 0. For all € € (0,z), we have f(z) > f(e).
Since f is continuous at 0, we obtain
F(@) > lim f() = J(0).

Similarly, we find that f is monotone increasing on (—oo,0]. We now show that f is
monotone increasing on R. Let x and y be real numbers with x > y. We want to show
that f(z) > f(y). Incase 0 € (z,y), we get the result by the hypothesis. In case x > 0 > y,
it follows that f(z) > f(0) > f(y). O

Theorem 7.2. (Power Mean inequality for Three Variables) Let a, b, and ¢ be positive real
numbers. We define a function M .) : R — R by

1
a" +b"+c"\"
Map.¢)(0) = Vabe, Map.e)(r) = (f) (r#0).

Then, Mq 3, is a monotone increasing continuous function.
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First Proof. Write M(r) = M(qp,c)(r). We first establish that the function M is continu-
ous. Since M is continuous at r for all r #£ 0, it’s enough to show that

lir% M(r) = Vabe.
Let f(z) =1n (%), where z € R. Since f(0) = 0, the above lemma implies that

tim £0) _ iy L0 = F(O) = f(0) = In Vabc.

r—0 T r—0 ’I"—O

Since e” is a continuous function, this means that
. . L(r) Yabe 3
lim M(r) = lim e = e Vabe — Jabe.
r— r—

Now, we show that the function M is monotone increasing. It will be enough to establish
that M is monotone increasing on (0, c0) and monotone increasing on (—oo,0). We first
show that M is monotone increasing on (0,00). Let z > y > 0. We want to show that

a® +b" 4+ c” %> a¥ +b¥ + Y v
3 - 3 '

After the substitution u = a¥, v = a¥, w = a*, it becomes

wuy +vv +wvy >(u+v+w)%
3 - 3 '
Since it is homogeneous, we may normalize to u + v + w = 3. We are now required to

show that
G(u) + G(v) + G(w)

>1
3 e )
where G(t) = t%, where ¢t > 0. Since % > 1, we find that G is convex. Jensen’s inequality
shows that
G(u)+G§))+G(w) ZG(u+l§+w) —G)=1.
Similarly, we may deduce that M is monotone increasing on (—o0, 0). 0

We’ve learned that the convexity of f(z) = #* (A > 1) implies the monotonicity of

the power means. Now, we shall show that the convexity of z Inz also implies The Power
Mean Inequality.

Second Proof of the Monotonicity. Write f(x) = M) (). We use the increasing func-
tion theorem. It’s enough to show that f'(z) > 0 for all x # 0. Let z € R — {0}. We
compute

! T4 b 4 L1 b*Inb+c"1
o) g gy o L (€40 1 0
f(z) dz T 3 T §(aac + b7 + )
or
fo'(x)__ln a® 4+ b + ¢ +axlna””+bmlnbx+cxlnc‘”
flz) 3 a® + b* + ¢* '
To establish f'(x) > 0, we now need to establish that
axlnax—&—bxlnbm—i—cmlncwZ(ax—i—bx—i—cx)ln(%).

Let us introduce a function f : (0,00) — R by f(t) = tInt, where ¢ > 0. After the
substitution p = a”, ¢ = a¥, r = a%, it becomes

J)+ 5(@) + 1) = 35 (P4,

Since f is convex on (0, 00), it follows immediately from Jensen’s Inequality. O
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In particular, we deduce The RMS-AM-GM-HM Inequality for three variables.

Corollary 7.4. For all positive real numbers a, b, and c, we have

[2 2 2
a?+b%+c Za+b+czm21
3 3 =4+

+2

[SIE NG

Proof. The Power Mean Inequality implies that
M(a,b,c) (2) Z M(a,b,c)(l) 2 M(a,b,c)(o) 2 M(a,b,c)(_1)~

Delta 84. [SL 2004 THA] Let a,b,c > 0 and ab+ bc+ ca = 1. Prove the inequality

§/1+6b+§/1+6c+§/1+6agi.
a b c abc

Delta 85. [SL 1998 RUS] Let z,y, and z be positive real numbers such that xyz = 1.
Prove that

(1+y)(1+2) + (1+2)(1 +x) + (1+2z)(1+y)

Delta 86. [LL 1992 POL] For positive real numbers a,b, c, define
A= Lb"—c, G = Vabe, H= -
3 o+
3

AVI 13 A

G) —4 4 H
Using the convexity of #Inz or the convexity of z* (A > 1), we can also establish the

monotonicity of the power means for n positive real numbers.

>3
— 4

+

=] Lo

Q-

Prove that

Theorem 7.3. (The Power Mean Inequality) Let x1,- - ,z, be positive real numbers. The
power mean of order r is defined by

1
i+ -+ \ "
M, ... ,zn>(0) = Yx1 - Tn, M(m,'-nrn)(r) = (17) (r #£0).

n

Then, the function M, ... »,) : R — R is continuous and monotone increasing.
Corollary 7.5. (The Geometric Mean as a Limit) Let z1,--- , 2, > 0. Then,

1
m++x>

Va1 -z, = lim
r—0 n

Theorem 7.4. (The RMS-AM-GM-HM Inequality) For all z1,- - , 2z, > 0, we have

24 ... 2 e
T1°+ -+ Tn Z:E1+ +xn2"‘x1---xn2%.
Delta 87. [SL 2004 IRL] Let ai,--- ,an be positive real numbers, n > 1. Denote by gn
their geometric mean, and by Ai,--- , A, the sequence of arithmetic means defined by
Ay = a1+-].€.+ak7 k=1,---,n.
Let Gy, be the geometric mean of A1,--- , An. Prove the inequality
Gn dn
1> 7/ — 4+ =
nriEVA TG,

and establish the cases of equality.
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7.3. Hardy-Littlewood-Pélya Inequality. We first meet a famous inequality established by
the Romanian mathematician T. Popoviciu.

Theorem 7.5. (Popoviciu's Inequality) Let f : [a,b] — R be a convex function. For all
x,y,z € [a,b], we have

o s+ 10 039 (S22) 220 (552) s () w21 (52).

Proof. We break the symmetry. Since the inequality is symmetric, we may assume that
z<y<z

Case 1. y > “*2: The key idea is to make the following geometric observation:
z+zxr x+y [w m+y+z]
2 72 ’ 3 ’
It guarantees the existence of two positive weights A1, A2 € [0, 1] satisfying that

=HE = (1 - Ap) @+ Ay TR
ZT-H”’ = (1—>\2)$+A2%,

)\1—"-)\2:%.

Now, Jensen’s inequality shows that

() () = ()

< (1—A2)f(x)+xzf(m+g+z)+f(y);f(z)+(1—A1)f(l’)+klf(m+3ﬂ)
< SU@ I+ i)+ o (PR,

The proof of the second case uses the same idea.

Case 2. y < %: We make the following geometric observation:
z+xr y+z [$+y+zz}
2 72 3 T
It guarantees the existence of two positive weights p1, u2 € [0, 1] satisfying that

N
VEE (1= pig) 2 4 p TEEEE,
Hn1 + p2 = %

Jensen’s inequality implies that

()= () = ()

< MJFH*W)JC(Z)JF“?JI(LW)+(1*u1)f(z)+u1f(W)
< L@+ )+ )+ S (PR,

Epsilon 101. Let z,y, 2z be nonnegative real numbers. Then, we have

3
2

Sayz+a +yP +2° > 2 ((a:y)% + (yz)% + (z7) ) .
Extending the proof of Popoviciu’s Inequality, we can establish a majorization inequal-
ity.
Definition 7.2. We say that a vector x = (x1, -+ ,Zn) € R™ majorizes a vector y =
(Y1, ,yn) € R™ if we have
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(1)z12 2 %0, Y1 > > Yn,
(2)zi+--+aoe>yp+-+yp foralll <k<n-1,
(3) w1+ +xp=y1+ -+ yn.

In this case, we write x = y.

Theorem 7.6. (The Hardy-Littlewood-Pdlya Inequality) Let f : [a,b] — R be a convex
function. Suppose that (z1,--- , ) majorizes (y1, -+ ,yn), where 1, -+ ,Tn, Y1, - ,Yn €
[a,b]. Then, we obtain

@)+ 4 flan) = flyr) -+ fyn).
Epsilon 102. Let ABC be an acute triangle. Show that
cos A+ cos B+ cosC > 1.
Epsilon 103. Let ABC be a triangle. Show that

tan 2 (%) + tan? <§> +tan2 (%) <1.

Epsilon 104. Use The Hardy-Littlewood-Pdlya Inequality to deduce Popoviciu’s Inequality.

Epsilon 105. [IMO 1999/2 POL] Let n be an integer with n > 2. (a) Determine the least
constant C such that the inequality

4
Z vz (z} +a3) < C Z Ti
1<i<j<n 1<i<n
holds for all real numbers x1,--+ ,xn, > 0.

(b) For this constant C, determine when equality holds.

It's not that I'm so smart, it's just that | stay with problems longer. - A. Einstein
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8. EPSILONS

God has a transfinite book with all the theorems and their best

proofs
- P. Erdés

Epsilon 1. [NS] Let a and b be positive integers such that
ak: | bk+1

for all positive integers k. Show that b is divisible by a.
Solution. Let p be a prime. Our job is to establish the equality
ordy (b) > ordp (a) .
According to the condition that b**?! is divisibly by a*, we find that the inequality
(k + 1)ord, (b) = ord, (bk+1> > ord, (ak) =k ordy (a)

or
ordy (b) S k
ordy (a) — k+1

holds for all positive integers k. Letting k — oo, we have the estimation
ordy (b)

— > 1.
ordy (a) 21
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Epsilon 2. [IMO 1972/3 UNK] Let m and n be arbitrary non-negative integers. Prove

that
(2m)!(2n)!

m!n!(m + n)!
18 an integer.
Solution. We want to show that £ = (2m)!(2n)! is divisible by R = m!n!(m + n)! Let p
be a prime. Our job is to establish the inequality
ord, (L) > ord, (R).

S() )= £33 5]

It is an easy job to check the auxiliary inequality
[2z] + [2y] > [=] + [y] + [z +y]

holds for all real numbers z and y. O
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Epsilon 3. Letn € N. Show that L, := lem(1,2,- -+ ,2n) is divisible by Ry, := (*") = &2,

n
Solution. Let p be a prime. We want to show the inequality
ord, (Kn) < ordy (Ln) .
Now, we first compute ord), (KC,,).

ordy (Kn) = ord, ( Ei’f)); ) — ord, ((2n)!) — 20rd, (! ) = i( fﬁJ i L%J ) .

k
k=1 p

The key observation is that both 2% and % vanish for all sufficiently large integer k. Let
P P

N denote the the largest integer N > 0 such that p¥ < 2n. The maximality of the
exponent N = ord, (L) guarantees that, whenever k > N, both % and ﬁ are smaller

2
P
than 1, so that the term Li—fj — 2Lﬁj vanishes. It follows that
a 2n n
ord, (K,) = — | -2 | = .
» (Kn) ;({ka LﬂkJ)
Since [2z| — 2 |x] is either 0 or 1 for all € R, this gives the estimation
N
ordy, (Kn) <> 1=N.
k=1

However, since Ly, is the least common multiple of 1,--- ,2n, we see that ord, (L) is the
largest integer N > 0 such that p®¥ < 2n O
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Epsilon 4. Let f: N — RT be a function satisfying the conditions:
(a) f(mn) = f(m)f(n) for all positive integers m and n, and
(b) f(n+1) > f(n) for all positive integers n.

Then, there is a constant o € R such that f(n) =n® for alln € N.

Proof. We have f(1) = 1. Our job is to show that the function
In f(n)

Inn
is constant when n > 1. Assume to the contrary that

n f(m) _ Inf(n)

Inm Inn

for some positive integers m,n > 1. Writing f(m) = m® and f(n) = nY, we have = > y or
Inn Inn
I lnnoy
Inm ™~ Inm =z

So, we can pick a positive rational number %, where A, B € N, so that

Inn A Inn y

Inm~ B~ Inm 2z

B A B
T > ntY

Hence, m* < n® and m . One the one hand, since f is monotone increasing,
the first inequality m* < n® means that f (mA) <f (nB). On the other hand, since

I (mA) = f(m)* = mA® and f (nB) = f(n)® = nPY, the second inequality m?* > nBY

means that
f (mA> =m**>nPv=r (nB)

This is a contradiction. |
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Epsilon 5. (Putnam 1963/A2) Let f : N — N be a strictly increasing function satisfying
that f(2) = 2 and f(mn) = f(m)f(n) for all relatively prime m and n. Then, f is the
identity function on N.

Proof. Since f is strictly increasing, we find that f(n + 1) > f(n) + 1 for all positive
integers n. It follows that f(n + k) > f(n) + k for all positive integers n and k. We now
determine p = f(3). On the one hand, we obtain

F(18) > f(15) +3 > f(3)f(5) +3 > f(3)(f(3) +2) +3 =p" +2p +3.
On the other hand, we obtain

fF(A8) = f(2)£(9) <2(f(10)—1) = 2f(2)f(5)—2 < 4(f(6)—1)—2 = 4f(2)f(3) -6 = 8p—6.
Combining these two, we deduce p® +2p +3 < 8p — 6 or (p — 3)®> < 0. So, we have
f3)=p=3.

We now prove that f (2l + 1) = 2! 41 for all positive integers I. Since f(3) = 3, it
clearly holds for [ = 1. Assuming that f (2l + 1) = 2! + 1 for some positive integer I, we
obtain

¥ (21“ + 2) = F2)f (21 n 1) -2 (21 + 1) — ot 4o
Since f is strictly increasing, this means that f (2l + k) =2 4kforall ke {1,---,2" +2}.
In particular, we get f (2lel + 1) =21 4 1, as desired.

Now, we find that f(n) = n for all positive integers n. It clearly holds for n = 1,2.
Let [ be a fixed positive integer. We have f (21 + 1) =2'41and f (2l+1 + 1) R
Since f is strictly increasing, this means that f (2l +k) = 2t kforall ke {1,---,2'+1}.
Since it holds for all positive integers I, we conclude that f(n) = n for all n > 3. This
completes the proof. O
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Epsilon 6. Let a,b,c be positive real numbers. Prove the inequality

(14+a®) (1+6°) (1+¢°) > (a+b)(b+c)(c+a).
Show that the equality holds if and only if (a,b,c) = (1,1,1).
Solution. The inequality has the symmetric face:

(14+a®) (1+06%) - (1+0*) (1+c*) - (1+) (1+a?) > (a+b)*(b+c)(c+a)’
Now, the symmetry of this expression gives the right approach. We check that, for x,y > 0,
(1+2%) (1+9%) > (@ +y)°
with the equality condition xy = 1. However, it immediately follows from the identity

(1+2%) (1+y%) = (@+y)* = (1 —ay)™

It is easy to check that the equality in the original inequalty occurs only when a = b =
c=1. O
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Epsilon 7. (Poland 2006) Let a, b, ¢ be positive real numbers with ab+bc+ca = abe. Prove
that
a* + bt bt 4 ¢t ct+at >
ab(a® +b3)  be(bd+c3)  ca(c®+a®) T
Solution. We first notice that the constraint can be written as
1 1 1
-+-+-=1L
a b ¢
It is now enough to establish the auxiliary inequality
4 4
Catay' 111
zy(z®+y3) ~2\z y

or
2(z' +y') > (¢ +¢°) (z + ),
where x,y > 0. However, we obtain

2@ +y) - (@ +y’) @+y) =2 +y' =2y -2’ = (2° —*) (@ —y) > 0.
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Epsilon 8. (APMO 1996) Let a, b, ¢ be the lengths of the sides of a triangle. Prove that
Vatb—c+vVb+c—a+Veta—b<a+Vb+ e

Proof. The left hand side admits the following decomposition

Veta—-b+Va+b—c Va+b—c+vVb+c—a Vb+c—a++Vet+a—b
+ + .

2 2 2
Va+ T4
LS

We now use the inequality to deduce

Veta—b++Va+b—c < Ja,

2
\/a+b—c—;\/b+c—a§\/57
\/b—|—c—a—;—\/c—|—a—b§\/a

Adding these three inequalities, we get the result. O
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Epsilon 9. Let a, b, ¢ be the lengths of a triangle. Show that
a b c
2.
b+c c+a a+b <

Proof. Since the inequality is symmetric in the three variables, we may assume that a <
b < ¢. We obtain

a a b b c <1
b+c~a+b c+a " a+b a+d '
Adding these three inequalities, we get the result. O
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Epsilon 10. (USA 1980) Prove that, for all positive real numbers a, b, ¢ € [0, 1],

a b c
1-— 1-b)(1—-¢) <1.
bl orati Tarprr T --o<
Solution. Since the inequality is symmetric in the three variables, we may assume that
0<a<b<c¢<1 Our first step is to bring the estimation
a b c a b c a+b+c

< .
b+c+1+c+a+1+a+b+1 _a+b+1+a+b+1+a+b+1 “a+b+1

It now remains to check that

a+b+c

- — — — < 1.

a+b+1+(1 a)(1-b(1-c)<1
or 1

— C
_ _ o< - =

(1-a)A-b(1-e) < =y

or

1-a)(1-0b)(a+b+1) <1
We indeed obtain the estimation
(I-a)(1-b)(a+b+1)<(1—a)l-b)(1+a)(l+b)=(1-a®)(1-b°) <1
O



INFINITY 97

Epsilon 11. [AE, p. 186] Show that, for all a,b,c € [0, 1],

a b c
< 2.
1+bc+1+ca+l+ab_

Proof. Since the inequality is symmetric in the three variables, we may begin with the
assumption 0 < a > b > ¢ < 1. We first give term-by-term estimation:
a a 7 b < b 7 c . 1 ‘

14+bc ~1+ab 14ca ~ 14ab” 14+ab ~ 1+ ab

Summing up these three, we reach
a b b+1
+ o cototl
1+bc 14ca 1+ab 14+ ab

We now want to show the inequality

a+b+1
14+ab —
or
a+b+1<2+4 2ab
or

a+b<1+ 2ab.
However, it is immediate that 1+2ab—a—b = ab+(1—a)(1—0) is clearly non-negative. [
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Epsilon 12. [SL 2006 KOR] Let a,b, c be the lengths of the sides of a triangle. Prove the

inequality
Vb+c—a n ve+a—b n va+b—c 3
Vb+ye—+a etrva—-Vb o Ja+vVb—e
Solution. Since the inequality is symmetric in the three variables, we may assume that
a > b>c. We claim that

va+b—c <1
Vatvb— e

and

vVb+c—a + Vvet+a—b <9
Vot+e—va  etra—Vb T

It is clear that the denominators are positive. So, the first inequality is equivalent to

Va+Vb>vVa+b—c+ /e
" (Va+v) > (Vatb—ctve)
. Vab > \/e(a+b—c)

ab>cla+b—c),
which immediately follows from (a — ¢)(b — ¢) > 0. Now, we prove the second inequality.
Setting p = /a++/b and ¢ = \/a— /b, we obtain a—b = pg and p > 2./c. It now becomes
ve—pq Vet pg
+ <2
Ve—q @ Vetq
We now apply The Cauchy-Schwartz Inequality to deduce
<\/c—pq+\/c+pq>2 < (c—pq+c+pq>< 1 n 1 )
Ve—q  Vetgq T \We—q Vetq)\Ve—q  Vetgq
2(eve—pg®) 24c
c—q? c—q?
4 &= Vepd®
(c—q?)°
? — 2cq?
(c—q?)°
A 2 —2q®+q*
(c—a?)°

IN

IN

< 4.
We find that the equality holds if and only if a = b = c. 0
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Epsilon 13. Let f(x,y) = zy (:v3 + y3) for x,y > 0 with x + y = 2. Prove the inequality

f(x7y)§f(1+%7l—%>:f<1—%,1+%>.

First Solution. We write (z,y) = (1 +¢,1 — €) for some € € (—1, 1). It follows that
fwy) = (1+90-9(1+9°+(1-¢)

Second Solution. The AM-GM Inequality gives

f@y) =ay(@+y) (z+y)° - 3zy) = 2ay(4 — 4ay) < % (M> -8

2
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Epsilon 14. Let a,b > 0 with a + b = 1. Prove that
va2z+b++vVa+b2++vV1+ab<3.
Show that the equality holds if and only if (a,b) = (1,0) or (a,b) = (0,1).
First Solution. We may begin with the assumption a > % > b. The AM-GM Inequality
yields
2+b6>14 (14 ab) >2vV1+ab
with the equality b = 0. We next show that

3+a>4v/a?2—-a+1

(3+a)2216(a2—a+1)

or

or
(15a —7)(1 —a) > 0.
Since we have a € [%, 1}, the inequality clearly holds with the equality a = 1. Since we
have
’+b=d"—a+l=a+(1-a)’=a+b’
we conclude that

2vVa2 +b+2Va+b02+2V1+ab<3+a+ (2+b) =6.
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Epsilon 15. (USA 1981) Let ABC be a triangle. Prove that

sin3A + sin3B + sin 3C' < i

Solution. We observe that the sine function is not cocave on [0, 37| and that it is negative
on (m,2m). Since the inequality is symmetric in the three variables, we may assume that
A < B <C. Observe that A+ B+ C = 7 and that 34,3B,3C € [0,3n]. It is clear that
AL F <C.

We see that either 3B € [27,37) or 3C € (0,7) is impossible. In the case when 3B €
[m,27), we obtain the estimation

sm?)A—&—smSB—i—ﬁnSC<1—|—0—|—1—2<M

So, we may assume that 3B € (0, 7). Similarly, in the case when 3C' € [, 27], we obtain

sin3A +sin3B +sin3C <14+14+0=2< i

Hence, we also assume 3C' € (2, 37). Now our assmptions become A< BK< ;ﬂ' and

77r < C. After the substitution § = C — 7r the trigonometric inequality becomes

sin3A +sin3B + sin 36 < %

Since 3A4,3B, 36 € (0, 7) and since the sine function is concave on [0, 7], Jensen’s Inequality
gives

sin 3A+sin 3B+sin 30 < 3sin (W> = 3sin (3A +3B+3C - 2ﬂ-> = 3sin (

3 3

Under the assumption A < B < C, the equality occurs only when (A, B,C) = ( m, éﬂ' %7{'

).

wl

~

O
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Epsilon 16. (Chebyshev's Inequality) Let z1, - ,z» and y1,- - yn be two monotone in-
creasing sequences of real numbers:

21 < < xpy, Y1 <o Sy

Then, we have the estimation

n 1 n n
Yi 2 — i i |-
Sz (5) (5)
i=1 i=1 i=1
Proof. We observe that two sequences are similarly ordered in the sense that

(zi — ;) (yi —y;) = 0
for all 1 <i4,j < n. Now, the given inequality is an immediate consequence of the identity

%Zl’iyi_% <Za:z> % (Z%) = % Do @i— ) (i — )

1<4,5<n
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Epsilon 17. (United Kingdom 2002) For all a,b,c € (0,1), show that

a n b n c S 3V abc
l—a 1-b 1—c~ 1— ¥abc

First Solution. Since the inequality is symmetric in the three variables, we may assume

that @ > b > c¢. Then, we have —— > -1 > _L_ By Chebyshev’s Inequality, The

1—a = 1-b = 1—c
AM-HM Inequality and The AM-GM Inequality, we obtain
a b c 1 1 1 1
> —_
—ati-pT1=¢ < 3w+b+d(1—a+1—b+1—0)
1 9
> —_
= 3(a+b+c)<(1—a)+(1—b)+(1—c)>
_ 1 a+b+c
© 3\3-(at+b+o)
> 1 3V abc
T3 3-3Vabc
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Epsilon 18. [IMO 1995/2 RUS] Let a, b, c be positive numbers such that abc = 1. Prove

that
1 1 1

a?(b+c) + b3(c+ a) + c3(a +b)
First Solution. After the substitution a = 1, b= %,
takes the form

Vv
l\D.\ w

c= %, we get xyz = 1. The inequality

2 2 2

x Y z

+ +
y+z z4+zx x+y
Since the inequality is symmetric in the three variables, we may assume that =z > y > z.
Observe that z2 > y? > 2% and lerz > lerz > ﬁ Chebyshev’s Inequality and The
AM-HM Inequality offer the estimation
2 2 2
x Yy z 1 2 2 2 1 1 1
+ + > S(@+y +=2 + +
Y+ z z+x xT+y ( Y )<y+2 z+x x4y

>3
-2

w

2 2 2 9
> (=" +y +Z)<(y+z)+(z+x)+(m+y)>

_m2+y2+22
r+y+z
Finally, we have x + 3% + 2% > %(m—i—y—l—z)Q >x+y+z)Yryz=x+y+ 2. |

olw Wl
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Epsilon 19. (Iran 1996) Let z,y, z be positive real numbers. Prove that
(zy + yz + zx) ( ! + ! + ! ) >
o @t+y?  wre? Gre?) 4
First Solution. [MEK1] We assume that £ >y > z > 0 and y > 0 (not excluding z = 0).
Let I denote the left hand side of the inequality. We define
A= (2c+2y —2)(z —2)(y — 2) + z(z +y)?,
B = tz(z+y—22)(1lz + 11y + 2z),
C=(@+y)@+2)(y+2),
D= (x+y+2)(z+y—22)+ay—2) +ylz—2)+(x—y)
E=1(x+y)zz+y+22)°(x+y—22)>%
It can be verified that

C°(4F —9) = (z —y)’[(z +y)(A+ B+ C) + %(m +2)(y + 2)D] + E.

The right hand side is clearly nonnegative. It becomes an equality only for x = y = z and
forr=y>0,z=0. ]
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Epsilon 20. (APMO 1991) Let a1, - ,Gn, b1, - ,bn be positive real numbers such that

ai+---+an =01 +---+b,. Show that
2 2
a1 an ar+---+an
4+ 4 >
a1+ b Qn +bn — 2

First Solution. The key observation is the following identity:

n n

oAl ath
a¢+bi_2i:1 a; +b;’

i=1

which is equivalent to
n n

aiz bi2
Zai+bi :Zai-Fbi’

1=1 1=1

which immediately follows from

n n n n

i2 bi2 i2_bi2 n n
Zaiaﬂ-@' _Zai+bi :Zlaai+bi :Z(ai_bi):;ai_;bizo'

=1 =1 i= =1

Our strategy is to establish the following symmetric inequality

liazg-i-bﬁ > a1+"'+an+bl+"'+bn'
24 ait+bi — 4
It now remains to check the the auxiliary inequality
2, 32
a“+b N +b
a+b — 2
where a,b > 0. Indeed, we have 2 (a® +b%) — (a +b)* = (a — b)> > 0. O

)
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Epsilon 21. Let x,y, z be positive real numbers. Show the cyclic inequality
T y z
<
20+ vy + 2y +z + 2z +x —

Solution. We first break the homogeneity. The original inequality can be rewritten as
1 1 1
<1
2+%+2+§+2+; -

The key idea is to employ the substitution

a= y, bzz7 c="2.
x Y z
It follows that abc = 1. It now admits the symmetry in the variables:
1 1 1
+ + <1

24+a 24b 2+4+c—
Clearing denominators, it becomes
2+a)2+b)+2+b)2+c)+2+0)2+a)<(2+a)2+Db)(2+¢)
or

124+4(a+b+c)+ab+bc+ca<8+4(a+b+c)+2(ab+bc+ca)+1
or

3 < ab+ bc+ ca.
Applying The AM-GM Inequality, we obtain ab+ bc + ca > 3 (abc)% = 3. ]
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Epsilon 22. Let x,y,z be positive real numbers with x +y + z = 3. Show the cyclic
inequality
23 Y 3
+ + =
2?24+zy+y? Yy Hyz+22 224 za+a?
Proof. We begin with the observation

23 — P ¥ — 23 P R

1‘2+my+y2+y2+yz+z2 22+ zx + 72

or
23 Y 53 y? 53 23
2 T3 2t 2 2T 2 32 zt 2 2
¢ +xy+yc Y- +yz+=z 2+ zx +x ¢ +xy+yc Y- +yz+=z 2+ zx +x
Our strategy is to establish the following symmetric inequality
23 4P . g3+ 28 23 4 2
2?2 4+zy+y? Y2 Hyz+22 24+ T
It now remains to check the the auxiliary inequality
a® +v° a+b
a?+ab+b2 — 3
where a,b > 0. Indeed, we obtain the equality
3 (a3 + b3) — (a+1b) (a2 +ab+ b2) = 2(a+b)(a —b)*.
We now conclude that
3 3 3 3 3 3
x” +y Yo+ z 2+ >x+y+y+z+z+x_2
2+ay+y? Yy tyz+22 224zt 3 3 3 ’

)
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109
Epsilon 23. [SL 1985 CAN] Let z,y, z be positive real numbers. Show the cyclic inequality
2 2 2
i L i <2
2 +yz yitzx 224ay
First Solution. We first break the homogeneity. The original inequality can be rewritten
o 1 1 1
z + zZT + x < 2
1+% "1+ " 1+%
The key idea is to employ the substitution
2
a=L p=22 ==
x? y? Ty
It then follows that abc = 1. It now admits the symmetry in the variables:
1 1 1
+ +

<2
1+a 145 14+c ™
Since it is symmetric in the three variables, we may break the symmetry. Let’s assume
a < b, c. Since it is obvious that Hﬁ < 1, it is enough to check the estimation

1 1
1+0 + 1+4+¢ s1
or equivalently
2+b+c
1+b+c+bc —
or equivalently

be > 1.
However, it follows from abc = 1 and from a < b, ¢ that @ < 1 and so that bc > 1.



110 INFINITY

Epsilon 24. [SL 1990 THA] Let a,b,c,d > 0 with ab+ bc + c¢d + da = 1. show that

a® n b? n & n a3 >1
b+c+d c+d+a dH+a+b a+bd+c ™3

Solution. Since the constraint ab + bc + cd + da = 1 is not symmetric in the variables, we
cannot consider the case when a > b > ¢ > d only. We first make the observation that
2 2 2 2 2 2 2 2
A+ ++d> =2 —2|-b 42 ;C - ;d + 4 ;a > ab + be+ cd + da = 1.

Our strategy is to establish the following result. It is symmetric.
Let a,b,c,d > 0 with a® +b* + ¢ + d* > 1. Then, we obtain
a® n b3 n e n d? - 1
b+c+d c+d+a d+a+b a+b+c ™ 3
‘We now exploit the symmetry! Since everything is symmetric in the variables, we may as-
sume that a > b > ¢ > d. Two applications of Chebyshev’s Inequality and one application
of The AM-GM Inequality yield
a® n b n e n d?
b+c+d c+d4+a d4+a+b a+b+c

1,3 3 3 3 1 1 1 1

> - b d

= 4(a o+ + )(b+c+d+c+d+a+d+a+b+a+b—|—c)
13 33, 3, 53 42

> — (@4 +P+d

> ;(a ¢ )(b+c+d)+(c+d+a)+(d+a+b)+(a+b+6>
1 2 2 2 2 42

s L I

> @+ +c +d)(a+b+c+d)3(a+b+c+d)

[SUIRE
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Epsilon 25. [IMO 2000/2 USA] Let a,b, c be positive numbers such that abc = 1. Prove

that
(a,1+1) (b71+l) (c,1+1) <1.
b c a

First Solution. Since abc = 1, we can make the substitution a = ? b= ¥, c= Z for some

positive real numbers z, y, z.1% Then, it becomes a well-known symmetric inequality:
<£_1+z) (£_1+£) (z_Hy) <1
y y z z/) \x x

2yz> (y+z—z)(z+z—y)(lx+y—2).

or

5For example, take z =1, y = + 1

a’
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Epsilon 26. [IMO 1983/6 USA] Let a, b, ¢ be the lengths of the sides of a triangle. Prove
that
a’bla —b) 4+ b°c(b — ¢) + ¢*a(c — a) > 0.

First Solution. After setting a =y+2,b=z2+x, c=x 4y for z,y,z > 0, it becomes
2z + ygm + zsy > xgyz + my2z + :cy22

or
2 2 2

T
A YY)
y z T

However, an application of The Cauchy-Schwarz Inequality gives

2 2 2

(y+ 2z +x) (x——&-y——kz—) > (x+y+2)?
Y z T
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Epsilon 27. [IMO 1961/2 POL] (Weitzenbock's Inequality) Let a, b, ¢ be the lengths of a
triangle with area S. Show that

a? + b + % > 4V38.
First Solution. Write a =y+ 2, b=z2z+ =z, c=x +y for z,y,z > 0. It’s equivalent to
((y+2)* + (z +2)* + (x +9)*)* 2 48(x +y + 2)ayz,
which can be obtained as following :
(y+2)°2+Gz+2)+ @+y)? > 16(yz + 2z + xy)® > 16 - 3(xy - yz + yz - 2@ + zy - y2).
Here, we used the well-known inequalities p?+¢* > 2pg and (p+q+7)? > 3(pg+qr+rp). O
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Epsilon 28. (Hadwiger-Finsler Inequality) For any triangle ABC with sides a, b, ¢ and area
F, the following inequality holds.

2ab 4 2bc + 2ca — (a® + b* + ¢*) > 4V/3F.
First Proof. After the substitution a =y + 2, b = 2+ x, ¢ = x + y, where x,y,z > 0, it

becomes
xy +yz+ zx > \/3xyz(z +y + 2),

which follows from the identity
(zy — y2)? + (g2 — 22)° + (23 — a)°®
3 .

(xy +yz + zx)* — 3zyz(z +y+ 2) =

Second Proof. We now present a convexity proof. It is easy to deduce

A B C’_2ab+2bc+26a—(a2+b2+cz)
tan5+tan5+tan§— o .

™

Since the function tan  is convex on (0, %), Jensen’s Inequality implies that

(02 12 2 AL B4 C
2ab + 2bc + 2ca — (a* + b° + ¢ 23tan<2+2+2>—\@-

4F 3
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Epsilon 29. (Tsintsifas) Let p, g, be positive real numbers and let a, b, ¢ denote the sides
of a triangle with area F. Then, we have

p 2 q ;2 7” 2
a” + b° + 2 > 2V3F.
q+r r+p p+q

Proof. (V. Pambuccian) By Hadwiger-Finsler Inequality, it suffices to show that

p 2 q ;2 T2 1 2 2 2 2
b > = b - b
quTa +7’+p +p+qc 72(a—|— +c) —(a"+b" +¢)

pHqg+T\ 2 p+q+r\ 2 ptqg+r) 21 2
L S AT ) craty > = b
<q+r )a+( T+p) +< p+q >C’2(a+ o

or

or
1
a® + b? ! c
q+r r+p pP+q
However, this is a straightforward consequence of The Cauchy-Schwarz Inequality. ]

((q+r)+(r+p)+(p+q))< 2)Z(a+b+c)2.
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Epsilon 30. (The Neuberg-Pedoe Inequality) Let a1, b1, c1 denote the sides of the triangle
A1B1C1 with area Fi. Let as, b2, co denote the sides of the triangle Az BoC> with area Fb.
Then, we have

6112(522 +e® — a22) + b12(022 + a2’ — b22) + 012(CL22 o 022) > 16F1 F5.
First Proof. ([LC1], Carlitz) We begin with the following lemma.
Lemma 8.1. We have
ar?(as® 4+ ba® — c2%) 4+ b1 (b2® + c2® — a2”) + 1% (c2® + a2 — by?) > 0.
Proof. Observe that it’s equivalent to
(al2 +b° + 012)(a22 +bo” + 022) > 2(6112(122 +b1%b2” + 012022)-
From Heron’s Formula, we find that, for ¢ = 1,2,
16F;% = (a:° +b:° +¢:°) —2(ai* +bi* +¢*) >0 or ai” +b°+ci” > /2(at + bt + i) .
The Cauchy-Schwarz Inequality implies that

(a12+b12+c12)(a22+b22+622) > 2\/((114 + 01" + 1) (azt + bo* + c2t) > 2(a12a22+b12b22+012022).

O
By the lemma, we obtain
L= a12(b22 +c® — a22) + 512(622 +as® — 522) + 012(6622 +bo® — 022) >0,
Hence, we need to show that
L? — (16F1%)(16F»°) > 0.
One may easily check the following identity
L? — (16Fy*)(16F2?) = —4(UV + VW + WU),
where
U = b12cz2 — b22612, V = 612a22 — 022(112 and W = a12b22 — a22b12.
Using the identity
ar’U+ bV + W =0 or W= —“—fU - %V,
c1 c1
one may also deduce that
UV +VW 4+ WU = _Zle (U . 7;;1;7 blZV)2 _dath 5121122;512 —b )y,
It follows that
2 2 2 2 2 2
UV VW WU = T (U o br V) - 425;21/2 <o.
O

Second Proof. ([LC2], Carlitz) We rewrite it in terms of a1, b1, c1, az, bz, ca:

(al2 +b2+ 012)(a22 + b+ 622) - 2(a12a22 +b1%b% + 012022)

> \/((m? b2+ e?)? = 2at + bt + 014)) ((a22 Fbs? + ¢22)° = 2(azt + bo* + 024)).
We employ the following substitutions

r1=a1"+ b’ Feitre =V2at 23 = V2hiP 2 = V2,

y1 = a2” + 02" + ey = V2a2? ys = V207 ys = V26°
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We now observe
:c12 > x22 + ys2 + :r42 and y12 > y22 + y32 + y42.
We now apply Aczél’s inequality to get the inequality

T1Y1 — T2Y2 — T3Y3 — TalYa > \/(CE12 — (222 + y32 + 242)) (112 — (y22 + y32 + ya?)).
O
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Epsilon 31. (Aczél's Inequality) If a1, -+ ,an, b1, -+ ,bn > 0 satisfies the inequality
ar’>> a2’ + - 4an’ and b? 2b22+"'+bn27
then the following inequality holds.
aiby — (agbz + -+ + anbn) > \/(a12 — (a2 4 - +an?) (0 = (02° + - +0.%))

Proof. [MV] The Cauchy-Schwarz Inequality shows that

aiby > \/(a22 4ot an2) (D% 4 -+ b,%) > agbe + -+ anbn.
Then, the above inequality is equivalent to
(a1b1 — (agb2 +--- + anbn))2 > ((112 - (a22 +-+ anQ)) (bl2 - (522 +--+ b'n2)) .

In case a2 — (a22 4o+ anz) = 0, it’s trivial. Hence, we now assume that a12 — (a22 +
-+~ 4 a,?) > 0. The main trick is to think of the following quadratic polynomial

n

Px) = (a1x7b1)272(a¢x7b¢)2 = <a12 - Zm?) 2242 <a1b1 - Zaibi> T+ <b12 — be) .
=2 1=2 =2

()= (1))

Since P (Z—i) < 0 and since the coefficient of 22 in the quadratic polynomial P is positive,

‘We now observe that

‘P should have at least one real root. Therefore, P has nonnegative discriminant. It follows

that 5
(2 <a1b1 — Z azbl)> —4 <a12 — Z CL¢2> <b12 — Z b12) 2 0
=2 =2 =2
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Epsilon 32. If A, B, C, X, Y, Z denote the magnitudes of the corresponding angles of
triangles ABC, and XY Z, respectively, then

cot AcotY + cot A cot Z + cot Bcot Z + cot Beot X + cot C'cot X + cot C'cotY > 2.

Proof. By the Cosine Law in triangle ABC, we have cos A = (b + ¢* — a?)/2bc. On the
other hand, since sin A = 25/bc, we deduce that
b2+ % —a? J28 b2+ % —a?
2bc " be 45 '
Analogously, we have that cot B = (c? 4+ a* — b?) /48, and so,
BP+ct—a®> A+a® -0 23 c?
t A t B = =— = —.
cot A co T T 15 ~ 28
Now since cot Z = (z? 4+ y* — 22) /4T, it follows that
cot Acot Z + cot Bcot Z = (cot A + cot B) - cot Z

2 g py? - 22

cot A=cosA:sinA =

25 AT
B 2 (12 Ty? - 22)
- 8ST ‘

Similarly, we obtain
o2 (yz 42— xz)

t B cot X tC'cot X =
co co + co co RST s

and
b2 <Z2 42— y2)

t tY tAcotY =
cot C'cotY + cot Aco ST

Hence, we conclude that
cot AcotY + cot Acot Z + cot B cot Z + cot Bcot X + cot C cot X + cot CcotY

= (cot Bcot X + cot C'cot X) + |

a2 (y2 + 22— x2)

b2 (22 + 2

8ST

85"

a2 (y2+z2—x2)+b2 (z2+;vf

From the Neuberg-Pedoe Inequality, we have
a’ (y2 +22— x2) + b (z2 +z? - y2) +c (:c2 +y?— z2) > 1657,
and so
cot AcotY + cot Acot Z + cot B cot Z + cot Bcot X 4 cot Ccot X + cot CcotY > 2,
with equality if and only if the triangles ABC and XY Z are similar. ]

851
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Epsilon 33. (Vasile Cartoaje) Let a, b, ¢, z, y, z be nonnegative reals. Prove the inequality
(ay + az + bz + bx + cx + cy)® > 4 (be + ca + ab) (yz + zz + zy),
with equality if and only ifa:x =b:y=1c: 2.

Proof. According to the Conway substitution theorem, since a, b, ¢ are nonnegative reals,
there exists a triangle ABC with area S = %\/bc—i— ca + ab and with its angles A, B,
C satisfying cot A = g5, cot B = %7 cot C = 5% (note that we cannot denote the
sidelengths of triangle ABC by a, b, ¢ here, since a, b, ¢ already stand for something
different). Similarly, since z, y, z are nonnegative reals, there exists a triangle XY Z with
area T = %\/m and with its angles X, Y, Z satisfying cot X = %, cotY = 2,
cot Z = 5=. Now, by Epsilon 32, we have

cot AcotY + cot Acot Z + cot B cot Z + cot Bcot X 4 cot Ccot X + cot CcotY > 2,

which rewrites as

a Yy z b z b = c x c Yy

a
e T T S e S > 9
25 2T+2S 2T+QS 2T+2S 2T+2S 2T+2T 2r =7
and thus,
ay+az+bz+bxr+cx+cy
> 2.258.2T

1 1
= 2-2-ix/bc—i—ca—i—ab-Q-5\/yz+zx+my

= 2y/(bc+ ca+ ab) (yz + zx + xy).
Upon squaring, this becomes

(ay + az + bz + bz + cx + cy)® > 4 (be + ca + ab) (yz + zx + xy) .
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Epsilon 34. (Walter Janous, Crux Mathematicorum) If w, v, w, z, y, z are six reals such
that the terms y+z, z+x, x+vy, v+w, w+u, u+v, and vw+wu -+ uv are all nonnegative,
then

y z
(v+w)+ — (wHu)+ —— (u+v) > V3 (vw + wu + uwv).
) )+ (k) 2 VB )
Proof. According to the Conway substitution theorem, since the reals v +w, w4+ u, v+ v
and vw + wu + wv are all nonnegative, there exists a triangle ABC with sidelengths
a=+\Vv+w, b=+ Vwtu, c=+u+v and area S = 1\/vw+ wu+uv. Applying the
Extended Tsintsifas Inequality to this triangle ABC' and to the reals x, y, z satisfying the
condition that the reals y + z, z + x, x 4+ y are all positive, we obtain

L 2 Y 2 z 2
cat+ —— P+ 2.2 > 2V/36,
y+z z+x r+y -

which rewrites as

e ~(\/v+w)2+i-(\/w+u)2+L~<\/u+v)222\ﬁ~1\/vw+wu+uv,
Y+ z z+x z+y 2
and thus,

(u+v) > /3 (vw + wu + uw).

s (v+w)+z+x (w+u)+$+y
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Epsilon 35. (Tran Quang Hung) In any triangle ABC' with sidelengths a, b, ¢, circumradius
R, inradius 7, and area S, we have that

A B C
2,42, 25 N2 N2 N2 2 A B¢\
A’ 4+b*+¢ > 4SV3+(a—b)°+(b—c)’ +(c—a) —|—16Rr(§ cos” 3 E cos 5 cos 2)

Proof. We know that Hadwiger-Finsler’s Inequality states that
Pyt 22 ATV > (e —y)’ + (y—2)° + (2 —2)°,
for any triangle XY Z with sidelengths z, y, z, and area T. Let us apply this for the

triangle XY Z = I, Ip1., where X = I,, Y = I, Z = I. are the excenters of ABC. In this
case, it is well-known that

x:4Rcos§, y:4RCOS§, z:4Rcos%, T = 2sR,

where s is the semiperimeter of triangle ABC. Therefore,

16R? (cos2 g + cos? g + cos? %) — 8sV/3

cosQé—cos2§ 2+ COSZE—COSQQ 2+ COSQQ—COSQé 2
2 2 2 2 2 2

which according to the well-known formulas

cosé— s(s —a) cosg— s(s —b) cosg— s(s —¢)
2 be 2 ca '’ 2 ab

easily reduces to
a®+0*+¢* > 45V3+(a—b)° +(b—c)’ +(c—a)* +16Rr Z:cos2 4 ZCOSECOSQ .
- 2 2 2
O

> 16R?
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Epsilon 36. For all 6 € R, we have

sin (30) = 4 sinfsin (g + 9) sin <2—7r + 9> .

Proof. 1t follows that
sin (36)

3

3sin6 — 4sin® 6
sin 6 (3 cos® 0 — sin® 9)

. V3 1. V3 1.
451n9<76059+551n9 700&9—§bm9

4 sin 6 sin (% +0) sin (2% —|—0> .
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Epsilon 37. For all A,B,C € R with A+ B+ C = 27, we have
cos®> A+ cos®> B + cos® C + 2cos Acos BeosC = 1.

Proof. Our job is to show that the quadratic eqaution
t* + (2cos Bcos C) t + cos® B+cos’C —1=0
has a root ¢t = cos A. We find that it admits roots
—2cos Beos C £ /4 cos? Bcos2 C — 4 (cos2 B + cos2 C — 1)
2
= —cosBcosC ++/(1—cos? B) (1 —cos2C)
—cos BcosC =+ |sin Bsin C|.

t =

Since we have
—cos BcosC +sin BsinC' = —cos(B + C) = —cos (1 — A) = cos A,

we find that ¢ = cos A satisfies the quadratic equation, as desired.
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Epsilon 38. [SL 2005 KOR] In an acute triangle ABC, let D, E, F, P, Q, R be the feet
of perpendiculars from A, B, C, A, B, C to BC, CA, AB, EF, FD, DFE, respectively.
Prove that

p(ABC)p(PQR) > p(DEF)?,

where p(T) denotes the perimeter of triangle T .
Solution. Let’s euler this problem. Let p be the circumradius of the triangle ABC. It’s

easy to show that BC' = 2psin A and EF = 2psin Acos A. Since DQ = 2psin C cos B cos A,
DR =2psin BcosC cos A, and LFDE =7 — 2A, the Cosine Law gives us

QR®> = DQ?+ DR?—2DQ - DRcos(m — 2A)
= 4p°cos’ A [(sin C cos B)? + (sin B cos C)* + 2sin C cos Bsin B cos C cos(2A4)]
or
QR =2pcos A\/f(4, B, C),
where

f(A,B,C) = (sin C cos B)? + (sin B cos C')* + 2sin C cos B sin B cos C cos(2A).

So, what we need to attack is the following inequality:
2

Z 2psin A Z 2pcos A\ f(A,B,C) | > Z 2psin Acos A
cyclic cyclic cyclic

or
2

Z sin A Z cos A\ f(A,B,C) | > Z sin A cos A
cyclic cyclic cyclic

Our job is now to find a reasonable lower bound of 1/ f(A, B,C). Once again, we express
f(A, B,C) as the sum of two squares. We observe that

f(A,B,C) (sin C cos B)? + (sin B cos C')* + 2sin C cos B'sin B cos C cos(24)
= (sinCcos B+ sin Bcos C)? + 2sin C cos Bsin B cos C [—1 4 cos(24)]
= sin®*(C + B) — 2sin C cos Bsin Bcos C - 2sin® A
= sin® A[1 — 4sin Bsin C cos B cos C] .

So, we shall express 1 — 4sin B sin C' cos B cos C' as the sum of two squares. The trick is
to replace 1 with (sin2 B + cos? B) (sin2 C + cos? C). Indeed, we get
1 —4sinBsinCcos BcosC = (sin2 B + cos? B) (sin2 C + cos? C') — 4sin Bsin C cos B cos C
= (sinBcosC —sinC cos B)? + (cos B cos C' — sin Bsin C)?
= sin®(B - C) +cos’*(B + C)
= sin®(B — ) + cos® A.
It therefore follows that
f(A, B,C) =sin® A [sin®(B — C) + cos” A] > sin® Acos® A
so that

Z cos A/ f(A,B,C) > Z sin A cos® A.
cyclic cyclic
So, we can complete the proof if we establish that
2

Z sin A Z sinAcos® A | > Z sin Acos A

cyclic cyclic cyclic
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Indeed, one sees that it’s a direct consequence of The Cauchy-Schwarz Inequality

p+a+r)@+y+2z) > (/T +/qy+Vrz)?,

where p, q,7,z,y and z are positive real numbers.

Remark 8.1. Alternatively, one may obtain another lower bound of f(A, B,C):
f(A,B,C) (sin C cos B)? + (sin B cos C')* + 2sin C cos B'sin B cos C cos(24)
(sin C cos B — sin B cos C')* + 2sin C cos Bsin B cos C' [1 4 cos(24)]
sin(2B) sin(2C)
2 2
> cos” Asin(2B)sin(20).

= sin’(B—-C)+2 -2cos” A

Then, we can use this to offer a lower bound of the perimeter of triangle PQR:
p(PQR) = Z 2pcos A/ f(A, B,C) > Z 2p cos® AV/sin 2B sin 2C
cyclic cyclic
So, one may consider the following inequality:
p(ABC) Z 2pcos® AVsin 2Bsin 2C > p(DEF)?
cyclic

or
2

2p Z sin A Z 2pcos® AVsin2Bsin2C | > | 2p Z sin Acos A

cyclic cyclic cyclic

or
2

Z sin A Z cos® AVsin2Bsin2C | > Z sin Acos A

cyclic cyclic cyclic

However, it turned out that this doesn’t hold. Disprove this!
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Epsilon 39. [IMO 2001/1 KOR] Let ABC be an acute-angled triangle with O as its
circumcenter. Let P on line BC' be the foot of the altitude from A. Assume that ZBCA >
ZABC + 30°. Prove that ZCAB + ZCOP < 90°.

Solution. The angle inequality ZCAB+/ZCOP < 90° can be written as ZCOP < ZPCO.
This can be shown if we establish the length inequality OP > PC. Since the power of
P with respect to the circumcircle of ABC is OP? = R? — BP - PC, where R is the
circumradius of the triangle ABC, it becomes R?> — BP - PC > PC? or R* > BC - PC.
We euler this. It’s an easy job to get BC' = 2Rsin A and PC = 2Rsin BcosC. Hence,
we show the inequality R?* > 2Rsin A - 2Rsin BcosC or sin Asin BcosC' < i. Since
sin A < 1, it suffices to show that sin A sin B cos C < i. Finally, we use the angle condition

ZC > ZB + 30° to obtain the trigonometric inequality
sin(B + C) — sin(C — B) < 1 —sin(C — B) < 1—-sin30° 1

2 2 - 2 4

sin BcosC =
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Epsilon 40. [IMO 1961/2 POL] (Weitzenbock's Inequality) Let a, b, ¢ be the lengths of a
triangle with area S. Show that

a? + b + % > 4V38.

Second Proof. [AE, p.171] Let ABC be a triangle with sides BC = a, CA =band AB = c.
After taking the point P on the same side of BC as the vertex A so that APBC is
equilateral, we use The Cosine Law to deduce the geometric identity

AP? = b2—|—62—2bCCOS‘C—%‘
_ p2 2 _r
= b"+ ¢ — 2bccos (C 6)
= b2+ 2 —becosC — V3besin C

2 2 2
— b2+csz+#72\/§l(

which implies the geometric inequality
B2 4 2 — g2
b+ — % > 2V3K

or equivalently
a?+ b+ % > 4v35.
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Epsilon 41. (The Neuberg-Pedoe Inequality) Let a1, b1, c1 denote the sides of the triangle
A1B1C1 with area Fi. Let as, b2, co denote the sides of the triangle Az BoC> with area Fb.
Then, we have

a12(b22 +e? — a22) + 1712(022 +ax? — b22) + 012(a22 + bo® — 022) > 16F1 F>.
Third Proof. [DP2] We take the point P on the same side of B1C; as the vertex A; so that
APB1C1 ~ AA3B>C3. Now, we use The Cosine Law to deduce the geometric identity

a22A1P2

2; 2 2 2
= a2"bi” +b2"a1” — 2a1a2b1bs cos |Cl — 02|

= a22612 =4 522(112 — 2a1a2b1bs cos (Cl — 02)

= a2?b 2 + bolas? — % (2a1b1 cos C1) (2a2b2 cos Cz) — 8 (%albl sin Cl> (%agbg sin Cg)

1
= a22b12 + b22a12 5 (a12 + b12 — 612) (a12 + b12 — 612) — 8F1 Fy,

which implies the geometric inequality

1
(1221212 + b22a12 — 5 (a12 =+ b12 — 612) (a12 —+ b12 — 612) 2 8F1F2

or equivalently
a1?(b2® + 2 — a2?) 4 b1 (2 + a2’ — ba?) + 12 (a2® + b2? — 2%) > 16 F1 F.
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Epsilon 42. (Barrow’s Inequality) Let P be an interior point of a triangle ABC and let
U, V, W be the points where the bisectors of angles BPC, CPA, APB cut the sides
BC,C A,AB respectively. Then, we have

PA+ PB+ PC > 2(PU + PV + PW).

Proof. (IMB] and [AK]) Let d1 = PA, do = PB, d3 = PC, Iy = PU, l; = PV, l3 = PW,
201 = /BPC, 205 = ZCPA, and 205 = ZAPB. We need to show that di + da + ds >
2(ly + l2 4+ 13). It’s easy to deduce the following identities

2dzds cosfy, la = 2dsdy cosbz, and I3 = 2d1d

cos 03,
ds + ditdy 0

ll:d2+d3

It now follows that

I1 + 1o+ 13 < Vdads cos 01 + Vdsdy cos O3 + V' dids cos b3 < %(dl + do +d3) .
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Epsilon 43. ([AK], Abi-Khuzam) Let z1,- -, 24 be positive real numbers. Let 01,--- 04
be real numbers such that 6; + --- + 64 = w. Then, we have

\/(1’1562 + x3w4) (2123 + Towa) (X174 + T2T3)
T1X2T3T4 ’

1 cos 01 + x2 cos Oz + x3 cos O3 + x4 cos Oy <

Proof. Let p = mgiirfjg + xi;ff q= mlx"’gm“ and A = \/%. In the view of 61 + 6> +
(93 +94) =7 and 93—|—94—|—(91 —|—02) =T, we have
21 cos 01 + z2 cos Oz + Acos(f3 + 04) < pA = /pq,

and
230803 + x4 cos s + Acos(61 + 02) < % = /pq.

Since cos(03 + 04) + cos(61 + 02) = 0, adding these two above inequalities yields

1@ + x3%4)(T123 + T274) (174 + T223)
L1234 ’

1 €08 01412 cos O2+x3 cos O3+x4 cos 04 < 24/pq = \/(
O
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Epsilon 44. [IMO 1991/5 FRA] Let ABC be a triangle and P an interior point in ABC.
Show that at least one of the angles ZPAB, /PBC, ZPCA is less than or equal to 30°.

F’iT’St P’I‘OOf. Set Al = A, A2 = B, A3 = C, A4 = A and WI‘ite LPAIAHJ = 91 Let
H,, Hz, H3 denote the feet of perpendiculars from P to the sides BC, C A, AB, respec-
tively. Now, we assume to the contrary that 61,602,035 > %. Since the angle sum of a
triangle is 180°, it is immediate that 601,602,605 < %’T Hence,
PH;
PA; 1
for all i = 1,2,3. We now find that
2 (PH1 + PH> + PHg) > PAs + PAs + .PA17

which contradicts for The Erdés-Mordell Theorem. O

1
— Q 01 ,
= sin > B
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Epsilon 45. Any triangle has the same Brocard angles.

Proof. More strongly, we show that the isogonal conjugate of the first Brocard point
is the second Brocard point. Let 1, Q2 denote the Brocard points of a triangle ABC),
respectively. Let w1, w2 be the corresponding Brocard angles. Take the isogonal conjugate
point Q of Q1. Then, by the definition of isogonal conjugate point, we find that

LQBA = /Q2CB = LQAC = wy.

Hence, we see that the interior point €2 is the the second Brocard point of ABC. By the
uniqueness of the second Brocard point of ABC, we see that 2 = Q2 and that w1 = w2. O
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Epsilon 46. The Brocard angle w of the triangle ABC' satisfies
cotw = cot A 4 cot B + cot C.

Proof. Let Q denote the first Brocard point of ABC. We only prove it in the case when
ABC is acute. Let AH, PQ denote the altitude from A, @, respectively. Both angles
/B and ZC are acute, the point H lies on the interior side of BC. Let P #  be the
intersubsection point of the circumcircle of triangle QC' A with ray B. Since ZAPB =
LAPQ = LACQ = w = LOBC = £ZPBC, we find that AP is parallel to BC so that
AH = PQ. Since ZA is acute or since /PCB = /PBA+ /C =/B+ /ZC =180° — LA
is obtuse, we see that the point H lies on the outside of side BC'. Since the four points
B, H,C,Q are collinear in this order, we have BQ = BH + HC' + CQ. It thus follows that

_BQ BH HC (CQ _
COtw_PQ_AH+AH PQ—cotA+CotB+cotC’.
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Epsilon 47. (The Trigonometric Version of Ceva's Theorem) For an interior point P of a
triangle A; A3 As, we write
LAgAlAQ = 1, LPA1A2 = 191, APAlAg = 91,
ZA1A2A3 = 2, LPA2A3 = 192, LPA2A1 = 92,
ZA2A3A1 = (3, ZPAgAl = 1937 ZPAgAQ = 93.
Then, we find a hidden symmetry:
sin Y1 . sin 9o . sind;
sinf; sinfy sinfs

or equivalently
1

sin avp sin ae sin arg

= [cot ¥1 — cot a1] [cot J2 — cot az] [cot ¥3 — cot az] .

Proof. Applying The Sine Law, we have
sin 191 PA2 sin 192 PA3 sin 193 PA1

sin01 - ]31417 sin@z o [:)1427 sin03 - PA3

It follows that
SiIl’l91 sinﬁg sin193 PA2 PA3 PAl

. . - . . —1.
sin 91 sin 02 sin 6'3 PA1 PA2 PA3
We now observe that, for i = 1,2, 3,
cos;  Cos sin (a; — %5 sin 6;
cotd; —cotay = ——o — ——* = .(z. 1): - L.
sin 9; sin o sin o; sin9; sin «; sin9;

It therefore follows that

[cot ¥1 — cot 1] [cot P2 — cot az] [cot F5 — cot aig)
sin 61 sin @2 sin 63

sinaqsin?d;  sinagsinds  sin as sinds
1 sinf; sinfs sinfs

sinag sinassinas sintd;  sinds  sinds
1

sin a sin as sin ais
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Epsilon 48. Let P be an interior point of a triangle ABC'. Show that
cot (/PAB) + cot (/PBC) + cot (/PCA) > 3V/3.
Proof. Set A1 = A, Ay = B, A3 = C, A4 = A and write ZA; = a; and LZPA;Aiv1 =0
for ¢ = 1,2,3. Our job is to establish the inequality
cot 1 + cot 9o + cot ¥3 > 3v/3.

We begin with The Trigonometric Version of Ceva’s Theorem
1

sin o Sin ao sin arg

= [cot ¥1 — cot a1] [cot J2 — cot az] [cot ¥3 — cot az] .
We first apply The AM-GM Inequality and Jensen’s Inequality to deduce

sin g + sinas + sinaz \ ° .3 /a1 + a2+ as V3 :
ey (e

sin a1 sin aig sin ag < (

or

3
2
(%> < [cot 91 — cot ar] [cot P2 — cot az] [cot ¥5 — cot ag] .
Since ¥; € (0, a;), the monotonicity of the cotangent function shows that cot a; — cot ¥;
is positive. Hence, by The AM-GM Inequality, the above inequality guarantees that

2
V3

< {/[cot ¥, — cot ai] [cot ¥a — cot a] [cot I3 — cot az]

[cot 91 — cot aq] + [cot Y2 — cot aa] + [cot I3 — cot as]
3

[cot 91 + cot Y2 + cot ¥3] — [cot an + cot az + cot as)
3

<

or
cot Y1 + cot ¥y + cot 3 > cot a1 + cot ae + cot az + 2v/3.

Since we know cot a1 + cot aig + cot ag > \/g, we get the desired inequality. Od
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Epsilon 49. [IMO 1961/2 POL] (Weitzenbock's Inequality) Let a, b, ¢ be the lengths of a
triangle with area S. Show that

a? + b + % > 4V38.
Fourth Proof. ([RW], R. Weitzenbdck) Let ABC' be a triangle with sides a, b, and c¢. To

euler it, we toss the picture on the real plane R? with the coordinates A(a, 3), B (f%, 0)
and C' (%, 0). Now, we obtain

2
(a2 + 62 +c?) - (4\/55)2 - (gaz +(a? - ﬁ2)> +16a28% > 0.
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Epsilon 50. (The Neuberg-Pedoe Inequality) Let a1,b1,c1 denote the sides of the triangle
A1B1C1 with area Fi. Let as, b2, co denote the sides of the triangle Az BoC> with area Fb.
Then, we have

a12(b22 +e? — a22) + 1712(022 +ax? — b22) + 012(a22 + bo® — 022) > 16F1 F>.
Fourth Proof. (By a participant from KMO® summer program.) We toss AA;B1C1 and
A A3B2C5 onto the real plane R2:

A1(0,p1), Bi(p2,0), C1(ps,0), A2(0,q1), Bz2(q2,0), and C2(gs,0).

It therefore follows from the inequality 2 4+ y* > 2|zy| that
6112(b22 +e? — a22) + b12(822 +ap? — b22) + 012(6122 +by? — 622)
(ps — p2)*(201° + 2q12) + (p1° + p3°) (202" — 2q243) + (p1” + p2?)(2¢5” — 2q23)
2(ps — p2)’01” + 2(g3 — ¢2)°p1” + 2(page — p2gs)”
2((ps —p2)a1)” + 2((a3 — @2)1)”

4|(ps — p2)q1| - (g3 — g2)p1]
16F1 Fs .

AVARAY
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Epsilon 51. (USA 2003) Let ABC be a triangle. A circle passing through A and B
intersects the segments AC and BC at D and F, respectively. Lines AB and DF intersect
at F, while lines BD and CF intersect at M. Prove that MF = MC if and only if
MB-MD = MC”.

Solution. (Darij Grinberg) By Ceva’s theorem, applied to the triangle BC'F and the con-
current cevians BM, CA and FE (in fact, these cevians concur at the point D), we

have
MF EC AB _

MC EB AF
Hence, %—g = ﬁ—g . g—g = % : %. Thus, MF = MC holds if and only if ’g—g = g—g.
But by Thales’ theorem, ‘:—g = % is equivalent to AE|FC, and obviously we have
AE|FC if and only if ZEAC = ZACF. Now, since the points A, B, D and E lie on
one circle, we have that ZEAD = ZEBD, what rewrites as ZEAC = ZCBM. On other
hand, we trivially have that ZACF = ZDCM. Thus, ZEAC = ZACF if and only if
/ZCBM = ZDCM. Now, as it is clear that ZCM B = ZDMC', we have ZCBM = £DCM
if and only if the triangles CM B and DMC' are similar. But, the triangles CM B and
DMC are similar if and only if % = %. This is finally equivalent to MB-MD = MC?,
and so, by combining all these equivalences, the conclusion follows. O

1.
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Epsilon 52. [TD] Let P be an arbitrary point in the plane of a triangle ABC with the
centroid GG. Show the following inequalities
(1) BC-PB-PC+AB-PA-PB+CA-PC-PA>BC-CA-AB and
(2) PA* . BC + PB° - CA+PC" . AB > 3PG - BC - CA - 4B.
Solution. We only check the first inequality. We regard A, B,C, P as complex numbers
and assume that P corresponds to 0. We're required to prove that
|(B—C)BC|+ (A= B)AB| +|(C — A)CA| = |(B = C)(C — A)(A = B)|.
It remains to apply The Triangle Inequality to the algebraic identity
(B-C)BC+(A—B)AB+ (C—-A)CA=—-(B-C)(C—-A)(A-B).
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Epsilon 53. (The Neuberg-Pedoe Inequality) Let a1,b1,c1 denote the sides of the triangle
A1B1C1 with area Fi. Let as, b2, co denote the sides of the triangle Az BoC> with area Fb.
Then, we have

a12(b22 +e? — a22) + 1712(022 +ax? — b22) + 012(a22 + bo® — 022) > 16F1 F>.
Fifth Proof. ([GC], G. Chang) We regard A, B,C, A’, B',C’ as complex numbers and as-

sume that C corresponds to 0. Rewriting the both sides in the inequality in terms of
complex numbers, we get

a12(b22 + 022 — a22) + 512(022 + a22 — 522) + 012(a22 + b22 — 022)
= 2(|4|BP +|AP|B") - (AB + AB) (AT’ + A'B)
and
16F1F, =+ (AB — AB) (A'B' + A'B'),
where the sign begin chose to make the right hand positive. According to whether the
triangle ABC and the triangle A’B’C’ have the same orientation or not, we obtain either

a12(bg2 +e?— a22) +b12(022 tas?— 622) —|—c12(a22 + by —022) — 161 Fy = 2|AB' — A'B}2
or

a12(b22+6227&22)+b12(622+a227b22)+612(a22+6227622)716F1F2 = 2‘A§7WB’2.
This completes the proof. O



142 INFINITY

Epsilon 54. [SL 2002 KOR] Let ABC be a triangle for which there exists an interior point
F such that ZAFB = ZBFC = LCOFA. Let the lines BF and CF meet the sides AC
and AB at D and E, respectively. Prove that AB + AC > 4DFE.

Solution. Let AF = x, BF = y,CF = z and let w = cos 27" + isin %’“ We can toss the

pictures on C so that the points ', A, B, C, D, and E are represented by the complex

numbers 0, z, yw, zw?, d, and e. It’s an easy exercise to establish that DF = ;fz and
EF = % This means that d = — 22w and e = — 2L w. We’re now required to prove
Y Ttz T+y
that
2 —ZX Ty 2
T — yw 2w —x| >4 w+ ——
| ye!| +| = ‘z—!—m +x—|—y
Since |w| = 1 and w® = 1, we have |2w? — z| = |w(2w® — z)| = |z — 2w|. Therefore, we
need to prove
dzx dxy
|z —yw| + |z — aw| > |—— — wl|.
Z+x x+y
More strongly, we establish that |(z — yw) + (z — zw)| > ffrfc - ;Lizw‘ or |p—quw| >

|r — sw|, where p=z+4+z,¢q=y+x,r= f% and s = ;L”TZ. It’s clear that p > r > 0 and
q > s > 0. It follows that

p = qul*~|r = sw|” = (p—qw)(p — qw) —(r—sw)(r — sw) = (p* 1) +(pg—rs)+(¢"~5") > 0.
It’s easy to check that the equality holds if and only if AABC is equilateral. O
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Epsilon 55. (APMO 2004/5) Prove that, for all positive real numbers a, b, c,
(a® 4 2)(b° 4+ 2)(¢® 4+ 2) > 9(ab + be + ca).

First Solution. Choose A, B,C € (0,%) with @ = v/2tanA, b = 2tan B, and ¢ =
v2tan C. Using the trigonometric identity 1 4+ tan® 6 = ﬁ, one may rewrite it as

g > cos A cos B cos C (cos Asin Bsin C' + sin A cos Bsin C' + sin Asin BcosC) .

One may easily check the following trigonometric identity
cos(A+B+C) = cos Acos B cos C' —cos Asin B sin C' —sin A cos B sin C —sin A sin B cos C.

Then, the above trigonometric inequality takes the form
4
g > cos A cos B cos C (cos Acos BeosC — cos(A+ B+ C)).

Let 6§ = 4+8+C Applying The AM-GM Inequality and Jesen’s Inequality, we have

3
cos Acos BeosC < (COSA+CO§B+COSC) < cos® 0.

We now need to show that
% > cos” f(cos® 6 — cos 36).
Using the trigonometric identity
cos30 = 4cos®0 — 3cosO or cos® O — cos30 = 3cosf — 3 cos® 0,
it becomes 4
— > cos’ 0 (1 — cos? 0) ,

27
which follows from The AM-GM Inequality

1
cos?0 cos?0 2 3 1 (cos?0 cos®0 2 1
. . — < = -+ -+ — = _,
( 2 g (1-cos 0)> = 3( 2 g (s 9)> 3

One find that the equality holds if and only if tan A = tan B = tanC' = % if and only if
a=b=c=1. O




144 INFINITY

Epsilon 56. (Latvia 2002) Let a, b, ¢, d be the positive real numbers such that

LU S S B
1+a* 14 14t 14d4 7

Prove that abed > 3.

First Solution. We can write a®> = tan A, b®> = tan B, ¢ = tanC, d*> = tan D, where
A,B,C,D € (0, g) Then, the algebraic identity becomes the following trigonometric
identity :
cos® A + cos®> B + cos®> C + cos® D = 1.

Applying The AM-GM Inequality, we obtain

sin? A =1 — cos® A = cos” B + cos” C' + cos® D > 3 (cosBcochosDﬁ .
Similarly, we obtain
sin® B > 3 (cosC’cosDcosA)% ,sin”> C' > 3 (cosDcosAcosB)% , and sin’> D > 3 (cosAcosBcosC)% .

Multiplying these four inequalities, we get the result! O
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Epsilon 57. (Korea 1998) Let z, y, z be the positive reals with  + y + z = xyz. Show

that
1 1 1 3

+ + <z
Vita?  1+y? VI+22 7 2
First Solution. We give a convexity proof. We can write x = tan A, y = tan B, z = tan C,
where A, B,C € (07 g) Using the fact that 1 + tan®?6 = (ﬁ)a we rewrite it in the
terms of A, B, C :

cos A+ cos B+ cosC < g
It follows from tan(r — C) = —2 = 2% = tan(A + B) and from 7 — C, A + B € (0,7)

l—zy

that 1 —C = A+ B or A+ B+ C = 7. Hence, it suffices to show the following. ]
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Epsilon 58. (USA 2001) Let a,b, and ¢ be nonnegative real numbers such that a?+b% +
¢® + abc = 4. Prove that 0 < ab + be + ca — abe < 2.

Solution. Notice that a,b,c > 1 implies that a® +b* +c* +abc > 4. If a < 1, then we have
ab+ bc+ ca — abe > (1 — a)be > 0. We now prove that ab + bc + ca — abec < 2. Letting
a=2p, b= 2q c=2r, we get p?> + ¢> + r> + 2pqr = 1. By the above exercise, we can
write

a=2cosA, b=2cosB, ¢c=2cosC for some A, B,C € [0, g} with A+ B+C =m.
We are required to prove

N —

cos Acos B + cos BcosC + cos C cos A — 2cos Acos BeosC <

One may assume that A > 3 or 1 —2cos A > 0. Note that
cos A cos B+cos B cos C+cos C cos A—2 cos A cos B cos C' = cos A(cos B+cos C)+cos B cos C(1—2cos A).

We apply Jensen’s Inequality to deduce cos B+cos C' < %fcos A. Note that 2 cos BcosC =
cos(B — C) +cos(B+ C) <1—cosA. These imply that

cos A(cos B+cos C)+cos B cos C(1—2cos A) < cos A (g — cos A)—i—(%) (1—2cos A).

However, it’s easy to verify that cos A (£ — cos A) + (=224 (1 — 2cos A) = L. O
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Epsilon 59. [IMO 2001/2 KOR] Let a, b, ¢ be positive real numbers. Prove that
a b c
+ + > 1
VaZz+8bc Vb2 +8ca V2 +8ab

First Solution. To remove the square roots, we make the following substitution :

a b c

= Y= —— =
va? + 8be Y Vb2 + 8ca V2 + 8ab

Clearly, z,y,z € (0,1). Our aim is to show that  + y + z > 1. We notice that

o Emrky Gt — o (c2e) () ()
8¢ 1—22" 8ac 1—y2’ 8ab 1-—22 512 1— 22 1— 2 1—22)°
Hence, we need to show that

t+y+2z>1, where 0 < z,y,z < 1and (1 —2°)(1 — y*)(1 — 2%) = 512(zy=2)°.
However, 1 > x + y + z implies that, by The AM-GM Inequality,
(1-2*)(1=y*)(1=2") > ((wty+2)*=2®) ((wty+2)* —y") (@+y+2)*=2%) = (z+aty+2)(y+2)
(a+y+y+2) (z+) (@y+2+2) (@+y) = 4(2°y2) 1-2(y2)? Ay 22) T-2(z) F A ay) 2(ey)?
= 512(xyz)?. This is a contradiction ! O
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Epsilon 60. [IMO 1995/2 RUS] Let a, b, c be positive numbers such that abc = 1. Prove
that

R S 3
a*(b+c) b¥(c+a) A(a 2

+
=

Second Solution. After the substitution a = %, b = %, c = %, we get zyz = 1. The
inequality takes the form
z? o> 2? > 3
y+z  z4z  z+y 2

It follows from The Cauchy-Schwarz Inequality that
2 2 2

[(y+2)+ (z+2) + (x +y)] (yiz+zim+xiy) > (z4y+2)°

so that, by The AM-GM Inequality,

z2 y2 22 >x+y+z

y+z z4+zx x4y 2 2 2
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Epsilon 61. (Korea 1998) Let z, y, z be the positive reals with  + y + z = xyz. Show

that
1 1 1 3

+ + <.
Vita?  J14+y2 V14227 2

Second Solution. The starting point is letting a = %, b = i, c = % We find that
a+ b+ c = abc is equivalent to 1 = xy + yz + zx. The inequality becomes

x y Z 3
+ + <3
Vrz +1 \/y2+1 V22417 2
or 5
ol + Y + = <>
\/12+zy+yz+zz \/y2+:cy+yz—|—z:r \/22+xy+yz—|—zx 2
or

T y z
et Jeiowin  Jeraotiw
By the AM-GM inequality, we have
. oG YETE) _ sty et _1[ & w
TG @rwin S2 @iry@te) 2(w+z+x+z>'

In a like manner, we obtain

<

N

Agl( y +L> and ;;( Lz )
W+2)ly+z) ~ 2\ytz y+o (+a)(z+y) ~ 2\zt+z 2ty
Adding these three yields the required result. O
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Epsilon 62. [IMO 2000/2 USA] Let a,b, c be positive numbers such that abc = 1. Prove

that
(a,1+1) (b71+l) (c,1+1) <1.
b c a

Second Solution. ([IV], llan Vardi) Since abc = 1, we may assume that @ > 1 > b. 7 Tt
follows that

) e o) e

O

Third Solution. As in the first solution, after the substitution a = £, b= %, ¢ = Z for z,
y, z > 0, we can rewrite it as zyz > (y + 2z — z)(¢ + ¢ — y)(z + y — 2). Without loss of
generality, we can assume that z >y > z. Set y —xz =p and z — z = ¢ with p,q > 0. It’s
straightforward to verify that

ayz—(y+z—a)z+az—y)(@w+y—2) =@ —pe+ )+ @’ +q° —p’a—pg).
Since p* —pg+¢* > (p—¢)> 2 0 and p* + ¢* — p’q —pg® = (p — q)*(p + q) > 0, we get
the result. Od

Fourth Solution. (From the IMO 2000 Short List) Using the condition abc = 1, it’s straight-
forward to verify the equalities

2:1<a—1+1>+c<b—1+1),
a b c
2:1(b—l-l—l>-&-a<c—1-|—1)7
b c a
2:1<c—1+1)+b<a—1+1).
c a c

In particular, they show that at most one of the numbers u =a — 1+ %, v=b—1+ %,
w=c—1+ % is negative. If there is such a number, we have

(a—l—i—l) <b—1+1) <c—1+1>=uvw<0<1.
b c a

And if u,v,w > 0, The AM-GM Inequality yields

2:lu+cv22 Euv, 2:1v+aw22 ng, 2:1w+aw22\/§wu.
a a b b c c

Thus, uv < %, vw < %, wu < £, 80 (uvw)2 < 2. g - ¢ = 1. Since u,v,w > 0, this

completes the proof. O

1"Why? Note that the inequality is not symmetric in the three variables. Check it!
18For a verification of the identity, see [IV].
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Epsilon 63. Let a, b, ¢ be positive real numbers satisfying a + b+ ¢ = 1. Show that

a b Vabe 33

<1 W
a+bc b+ca cH+ab~ +
Solution. We want to establish that
ab
1 1 o 3V3
-+ o T <14+ —"-.
148 1+ 142 4
Set x = %, Yy=+/F 2= \/%b. We need to prove that
1 1 3
+ = 1+i

1+1:2+1—|—y2 1+22_
where x,y,z > 0 and zy + yz + zx = 1. It’s not hard to show that there exists A, B,C €
(0,7) with

E,z:tan%, and A+ B+ C =.

tan 2y =t
T =tan —,y = tan
2Y 2

The inequality becomes

1 1 tan & 3v/3
A2 + B\2 20 g =1+ \4[
1+ (tan %) 1+ (tan 2) 1+ (tan$)
or
1+;(COSA+COSB+S]HC)<1+£
or
cosA—}—cosB—l—sian%.

O

Note that cos A + cos B = 2COS( g ) ( ) Since ‘A B‘ < %, this means that
A+ B —
cosA+cosB<2cos< _|2_ )ZQCOS(¥).

It will be enough to show that

2 cos (%) +sinC < #,

where C' € (0, 7). This is a one-variable inequality.'® It’s left as an exercise for the reader.

19 Differentiate! Shiing-Shen Chern
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Epsilon 64. (Latvia 2002) Let a, b, ¢, d be the positive real numbers such that

1 N 1 N 1 N 1 _
1+a* 14 14t 14d4 7

Prove that abed > 3.

Second Solution. (given by Jeong Soo Sim at the KMO Weekend Program 2007) We need
to prove the inequality a*b*ctd* > 81. After making the substitution

1 1 1 1
14 a?’ 14 b4’ 14 ¢’ 14 a4’
we obtain
a4_1fA b4_1fB C4_170 d4_1fD
A B’ C D

The constraint becomes A + B 4+ C 4+ D = 1 and the inequality can be written as
1-A 1-B 1-C 1-D
A B C D

B+C+D.C+D+A.D+A+B.A+B+C>81
A B C D =

> 81.

or

or
(B+C+D)(C+D+A)(D+ A+ B)(A+B+C)>81ABCD.
However, this is an immediate consequence of The AM-GM Inequality:

(B+C+D)(C+D+A)(D+A+B)(A+B+C) > 3(BCD)3-3(CDA)3-3(DAB)3 -3 (ABC)

wl=

O
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Epsilon 65. [LL 1992 UNK] (Iran 1998) Prove that, for all z,y, z > 1 such that %Jr%Jré =
2,

Vetytz>vVa—1+y—-1+vz—1

First Solution. We begin with the algebraic substitution a = vz —1, b= /y — 1, ¢ =
v/z — 1. Then, the condition becomes
1 1 1
14+ a2 + 1452 + 14+ ¢2

and the inequality is equivalent to

Vaz+b2+c2+3>a+b+c & ab+be+ca< g

Let p = be, ¢ = ca, r = ab. Our job is to prove that p4q+r < % where p? +q¢* +r242pgr =
1. Now, we can make the trigonometric substitution

=2 & VP 4+ + A +24°0°F =1

p=-cosA, g=cosB, r=cosC for some A, B,C € (0, with A+ B+ C =m.

0

2
What we need to show is now that cos A + cos B + cos C' <
Inequality. O

%. It follows from Jensen’s
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Epsilon 66. (Belarus 1998) Prove that, for all a,b,c > 0,

a b c¢c_a+b b+c

-+ -4+ —=> 1.

b+c+a_b—|—c+c+a+
Solution. After writing z = ¢ and y = 7, we get

c _y a+b x+1 bt+c 1+y

a x b+c 14y c+a y+z
One may rewrite the inequality as
x3y2 +2i 4z +y3 +y2 > ac2y+ 2xy + 2my2.
Apply The AM-GM Inequality to obtain
3,2 3,2 3 3
TVED 5 g2y, TV ITEVEY 5 g,
Adding these three inequalities, we get the result. The equality holds if and only if
r=y=1lora=b=c O

2 + y2 > 2xy.
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Epsilon 67. [SL 2001 | Let x1,--- ,zn be arbitrary real numbers. Prove the inequality.
1 T2 Tn
PR < .
1+x12+1+x12+$22+ +1+$12+‘“+$n2 Vi
First Solution. We only consider the case when z1,--- ,x, are all nonnegative real num-

bers.(Why?)?° Let zo = 1. After the substitution y; = 20> 4+ +x;> foralli =0, --- , n,
we obtain x; = \/y; — yi—1. We need to prove the following inequality

Z\/yz Yi—1 <\/>

1=0
Since y; > y;—1 for all i = 1,--- ;n, we have an upper bound of the left hand side:
Y VIS < STy
=0 yzyz 1 Yi—1

We now apply the Cauchy—Schwarz inequality to give an upper bound of the last term:

/ (1 1) (1 1>
Z ——< n —— | =4/n{———).
Yi—1 Yi—1 Yi Yo Yn

Since yo = 1 and y, > 0, this yields the desired upper bound /7.

O
Second Solution. We may assume that x1,--- ,z, are all nonnegative real numbers. Let
xo = 0. We make the following algebraic substitution
t; = i , Ci = ! and S; = 7&'
for all i = 0,--- ,n. It’s an easy exercise to show that W = ¢o---ciSi. Since

si =+ 1 —¢;2 , the desired inequality becomes

coc1V/ 1 —c12 +cocicav/1 — a2 4 - 4 cocr - cnV/ 1 — cn2 < V.

Since 0 <¢; <1foralli=1,---,n, we have
ZCO"'Ci\/l_Ci2§ZCO' \/1—01 Z\/ s Ci— 1 (Co---Ci71Ci)2.
i=1 i=1

Since ¢p = 1, by The Cauchy-Schwarz Inequality, we obtaln

Z\/ cCi— 1 (C()“'CZ‘71C2‘)2 S TLZ[(C()'“CZ;l)Q7(60-“01‘7101‘)2] = n[lf(C()“‘Cn)Q}.

2
01-:331124’ 5+ -+ < |ZI|2+ L2 7+t o

T2
1+x12 4w 1+9£12+ Fzn? = 1+m 1+z12+ao T+z1 2+ Fan?”
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Epsilon 68. Let a, b, ¢ be the lengths of a triangle. Show that

a b n c <9
b+c c+a a+bd '

Solution. We don’t employ The Ravi Substitution! It follows from the triangle inequality

that a a
< =2
Zb+c 2 1a+b+c)

cyclic cyclic 2
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Epsilon 69. [IMO 2001/2 KOR] Let a, b, ¢ be positive real numbers. Prove that
a b c
+ + >1
VaZz +8bc Vb2 +8ca 2+ 8ab
Second Solution. Let’s try to find a new lower bound of (z + vy + 2)? where ,y,z > 0.

There are well-known lower bounds such as 3(zy + yz + zz) and 9(xyz)%. Here, we break
the symmetry. We notice that

(w+y+2’ =2+ + 22 oy +ay+yz+yz+ 2z + 2z
We apply The AM-GM Inequality to the right hand side except the term z2:

y2+22+xy+:ry+yz+yz+zx+zx28x%y%z%.
It follows that
(x+y+2)?°>a —&—Sm%y%z% =7 (x% +8y%z%) .

We proved the estimation, for z,y,z > 0,

T+y+z2> \/x% (ac%—i-&y%z%)

It follows that

3
s x
> =22 =1
cyclic 1:% —|—8y%z% cyclicx+y+z

After the substitution = = a VY = b%, and z = c%, it now becomes the inequality

a
— > 1.
Z va? 4+ 8bc —

cyclic
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Epsilon 70. [IMO 2005/3 KOR] Let z, y, and z be positive numbers such that xyz > 1.
Prove that
5 .2 5 .2 2
x’ - i L 22 >
$5+y2+z2 y5+z2+x2 Z5+$2+y2

5

First Solution. It’s equivalent to the following inequality
22— b y2— o -
—_— +1 — 41 —+1) <3
(ac5+y2+z2+>+<y5+z2+x2+>+(z5+x2+y2+>_

RN S R I N B R
-'175+y2+22 y5+22+m2 25+m2+y27
With The Cauchy-Schwarz Inequality and the fact that xyz > 1, we have

or

(@49’ + )z +y" +2°) > (@ +9° + 27

or

x2+y2+22 <yz+y2+z2
$5+y2+22_$2+y2+22.
Taking the cyclic sum, we reach
m2+y2+22 m2+y2+22 m2+y2+22<2 TY + Yz + zx
m5+y2+22 ’y5+22+$2 Z5+{L’2+y27 $2+y2+z27

Second Solution. The main idea is to think of 1 as follows :

2 2 2
x° y° 2° x Y z

>1> .
m5+y2+z2+y5+22+m2+z5+x2+y2 - - $5+y2+Z2+y5+z2+m2+z5+x2+y2

We first show the left-hand. It follows from y* 4+ z* > y®2 4 y2® = yz(y* + 2?) that

5 xs 1:4

4 4 2 2 2 2 x
> > Ie) > = .
) zayE ) 2y o e Y R i e Ty A

Taking the cyclic sum, we have the required inequality. It remains to show the right-hand.
As in the first solution, The Cauchy-Schwarz Inequality and xyz > 1 imply that

22 (yz + 12 + 22) 22

5,2, .2 2, .2 2 .2, 2\2
> .
(@ +y +27)yz+y +27) 2@ +y +27)" or (22 + 92+ 22)2 = 25 +y2 4 22

Taking the cyclic sum, we have
2 2 2 2
Sy
cyclic cyclic
Our job is now to establish the following homogeneous inequality
2 2 2

7 (yz +y~ +2°) 2,2, 2\2 2.2 2 4 2
1> ZW®($+ZJ+Z) ZQZ:Ey—I—nyz@Zm > Zmyz.

cyclic cyclic cyclic cyclic cyclic

However, by The AM-GM Inequality, we obtain

Sat= Y x4-2ky4 >3 2= 3 2 (yg—;zz) >3 e

cyclic cyclic cyclic cyclic cyclic
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Remark 8.2. Here is an alternative way to reach the right hand side inequality. We claim
that

20t + yt + 2t + 42®y? + 42222 > x?
4(z2 4 y2 + 22)? T b 4 y? 422
We do this by proving
2zt + yt + 2% + 42?y? + 42222 > z2yz
4(I2+y2+22)2 - $4+y32+y23

because xyz > 1 implies that

z?yz z? z?

= > .
l‘4+y32+y23 f—;+y2+z2_$5+y2+22

Hence, we need to show the homogeneous inequality
2z + ' + 2t +42y® + 42227 (2t 4 P2 4 y2P) > dalyz(a® + 7 + 222
However, this is a straightforward consequence of The AM-GM Inequality.
(2z* + " + 2t + 42y + 42227 (2 + P2 4 y2P) — 4aPyz(a® + 47 + 2%)?
= (@it 425 4y e+ + (2 4 et 4 a8 4 282 4y + )
+2(;L'6y2 + x6z2) —6z'y*z — 62tyz® — 22%y2

> 6§/x8 Cxtyt o pby2 . gby2 g7z 325 + 6{3/x8 cwtzt 622 . 1622 L T 523
26y? - 1622 — 6ay®z — 62ty2® — 22%y2
= 0.
Taking the cyclic sum, we obtain
4 4 4 2 2 2,2 2
1 C;Q 2z + y4(;z+ ;r24_|af Zy2)Q+ 4z*z > C;Q m

Third Solution. (by an IMO 2005 contestant Iurie Boreico?! from Moldova) We establish

that 5 ) 5 )
r —T r — X

> .
$5+y2+22 - $3($2+y2+22)
It follows immediately from the identity
11,'5 _ ZBZ B IS _ I2 B ($3 _ 1)21}2(3/2 + 22)
x° _|_y2 + 22 1,3(1,2 _|_y2 + 22) - (L’S(IL’Q _|_y2 + 22)(:1:.5 +y2 _|_22)

Taking the cyclic sum and using xyz > 1, we have

x°® — o2 1 . 1 1 9
Zx5+y2+z22x5+y2+zzz r -7 2x5+y2+ZZZ($ —yz) 2 0.

cyclic cyclic cyclic

O

21He received the special prize for this solution.
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Epsilon 71. (KMO Weekend Program 2007) Prove that, for all a,b,c,x,y,z > 0,

azr_ by 4 <(a+b—|—c)(w—|—y+z)
a+x b+y ct+z~ a+btctrztytz

Solution. (by Sanghoon at the KMO Weekend Program 2007) We need the following
lemma:

Lemma 8.2. For all p,q,w1,w2 > 0, we have
pe_ _ wi’p+uw’q
PHa T (wi+ws)

Proof. After expanding, it becomes
(p+q) (wi’p + w2’q) — (w1 +w2)? pg > 0.

However, it can be written as
(wip — w2q)” > 0.

Now, taking (p,q,w1,w2) = (a,z,2 +y + z,a + b+ ¢) in the lemma, we get
az <(x+y+z)2a+(a+b+c)2x
a+x =  (z+y+z+at+bte)?

Similarly, we obtain
by _(e+y+2)+(atbtely

b+y = (z4+y+z+a+b+e)’
and
cz <(m+y—|—z)gc+(a+b—|—c)22
c+z~ (z+yt+ztatbte)®
Adding the above three inequalities, we get
az_ by . <(m+y+z)2(a+b+c)+(a+b+c)2(m+y+z)
at+z bty c+z~ (x+y+z+atb+te)] '
or
az_ by 4 ¢ <(a+b+c)(m+y+z)
a+x b+y c+z at+btctrz+y+z’
as desired.
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Epsilon 72. (USAMO Summer Program 2002) Let a, b, ¢ be positive real numbers. Prove

that
2 \3 % \3 2 \3
> 3.
<b—|—c) +<c—|—a) +(a—|—b> 23

Proof. Establish the inequality

'2
2a Vs g )
b+c - at+b+c
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Epsilon 73. (APMO 2005) Let a, b, ¢ be positive real numbers with abc = 8. Prove that
a? b? c?
+ +
VITa a4+ I+t | Jr )it a)
Proof. Use the auxiliary inequality

> 4
-3

1 2

> :
VIita® ~ 2422
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Epsilon 74. (Titu Andreescu, Gabriel Dospinescu) Let z, y, and z be real numbers such
that z,y,2 <1 and x +y + z = 1. Prove that
1 1 1 e 27

1+x2+1+y2+1+z2 =10

Solution. Employ the following inequality
1 27
- < g
1+t2~ 50 (t-2),

where ¢ < 1. O
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Epsilon 75. (Japan 1997) Let a, b, and ¢ be positive real numbers. Prove that
(b+c—a)? (c+a—b)? (a+b—c)? >3

(b+c)2+a2 (c+a)?2+02 " (a+b2+c2 =5
Solution. Because of the homogeneity of the inequality, we may normalize to a+b+c = 1.
It takes the form

(1 — 2a)? N (1 — 2b)? (1—-2¢)? 23
(I—-a)®+a?> (1-02+0 (1—-¢2+4+c "5
or
1 P S 7
202 —2a+1 202 —-2b+1 2c2—2¢c+1~ 5°
We find that the equation of the tangent line of f(z) = m at x =
51 o
257 25
54 27 2(3z — 1)%(6z + 1)
(24 2L <o0.
f(z) (2531:—1—25) 0

% is given by

Y

and that

T 25222 -2z +1)

for all x > 0. It follows that
54 27 27

2 s D et =5

cyclic cyclic
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Epsilon 76. [IMO 1984/1 FRG] Let x,y, z be nonnegative real numbers such that x+y—+z =
1. Prove that 0 < zy + yz + zx — 2xyz < % .

First Solution. Using the constraint z+y+2 = 1, we reduce the inequality to homogeneous
one:

7 .
0§(xy+yz+zx)(:c+y+z)—2xyz§2—7(x+y+z)5.

The left hand side inequality is trivial because it’s equivalent to

0<ayz + Zny.

sym

The right hand side inequality simplifies to
7 Z x4 15zyz —Gszy > 0.

cyclic sym

In the view of

7Zx3+15xyz762x2y: 22%3721'231 +5 3:vyz+2x372x2y ,

cyclic sym cyclic sym cyclic sym

2Zm322x2y

cyclic sym

3xyz + Z 2 > Zach.

cyclic sym

it’s enough to show that

and

The first inequality follows from
2) =Y dty=)> @+ - Y @Py+ay’) = Y @+’ -2ty —ay’) >0
cyclic sym cyclic cyclic cyclic
The second inequality can be rewritten as
> al@—y)@—2) >0,
cyclic

which is a particular case of Schur’s Theorem. O
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Epsilon 77. [LL 1992 UNK] (Iran 1998) Prove that, for all z,y, z > 1 such that %Jr%Jré =
2,

Vetytz>vVa—1+y—-1+vz—1

Second Solution. After the algebraic substitution a = %, b=
prove that

1 ¢ =1 we are required to
Yy z

1 1 1 1—a 1-b 1—c¢

-+ -+-2 + + )

a b ¢ a b c
where a,b,c € (0,1) and a + b+ ¢ = 2. Using the constraint a + b 4+ ¢ = 2, we obtain a
homogeneous inequality

1 1 1 1 a+b+c —a a+b+c —b a+b+c —c
_ - - = > 2 2 2
\/2(a+b+c)(a+b+0)_\/ a +\/ b * c
(a+b+c) LRI 2\/b+c_a+\/c+a_b+\/a+b_c,
a b ¢ a b c

which immediately follows from The Cauchy-Schwarz Inequality

or

\/[(b+c—a)+(c+a—b)+(a+b—c)} (34_%4_%)2\/b+27a+\/c+sz+\/a+ifc.
m
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Epsilon 78. Let x,y,z be nonnegative real numbers. Then, we have
3wyz +a2° +y° +2° > 2 ((a:y)% +(y2)? + (za:)%) .

First Solution. By Schur’s Inequality and The AM-GM Inequality, we have

3zyz + Z > > Z 2y 4 ay® > Z Q(xy)%.

cyclic cyclic cyclic
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Epsilon 79. Lett € (0,3]. For all a,b,c > 0, we have

(S—t)—i—t(abc)% + Z a®>2 Z ab.

cyclic cyclic

Proof. After setting x = a%, Yy = b%7 z= c%, it becomes

3—t—|—t(myz)% + Z 2 > 2 Z (xy)%
cyclic cyclic
By the previous epsilon, it will be enough to show that

3—t+ t(myz)% > 3zyz,
which is a straightforward consequence of the weighted AM-GM inequality :
3—t

= 1+ %(:ﬂyz)% > 1 ((:Jzyz)%)3 = 3zyz.

One may check that the equality holds if and only if a = b=c = 1.

Remark 8.3. In particular, we obtain non-homogeneous inequalities
1
g + §(abc)4 +a® + b+ > 2(ab+ be + ca),

2+ (abe)® + a® 4+ b> + ¢ > 2(ab + be + ca),
14 2abc + a* + b° 4 ¢ > 2(ab + be + ca).
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Epsilon 80. (APMO 2004/5) Prove that, for all positive real numbers a, b, c,
(a® 4 2)(b° 4+ 2)(¢® 4+ 2) > 9(ab + be + ca).
Second Solution. After expanding, it becomes
8 + (abc)® + 2 Z a’b® + 4 Z a>>9 Z ab.
cyclic cyclic cyclic
From the inequality (ab — 1)? + (bc — 1)? 4 (ca — 1)? > 0, we obtain

6+2 ) a’b* >4 ab.

cyclic cyclic
Hence, it will be enough to show that
2 + (abe)® + 4 Z a>>5 Z ab.
cyclic cyclic
Since 3(a? + b* + ¢®) > 3(ab + be + ca), it will be enough to show that
2 + (abe)® + Z a®>2 Z ab,
cyclic cyelic

which is a particular case of the previous epsilon. O
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Epsilon 81. [IMO 2000/2 USA] Let a,b, c be positive numbers such that abc = 1. Prove

that
(a,1+1) (b71+l) (c,1+1) <1.
b c a

Second Solution. It is equivalent to the following homogeneous inequality:

(a — (abe)® + @) <b — (abe)'® + @) (c — (abe)'/? + @) < abe.

After the substitution a = 2*,b = 43, ¢ = 2® with z,y,z > 0, it becomes
2 2 2
<m3 2zt (J/‘ys) ) (ys — ayz+ (wys) ) (23 2zt (wyg) ) <
y z T

which simplifies to

(xzy — y22 + z2m) (sz — 2%z + x2y) (22x — x2y + y22) < x3y323
or
3x3y323—|— Z x6y3 > Z x4y4z+ Z m5y2z2
cyclic cyclic cyclic
or
3(2°y)(1°2) (%) + Y (@) = > (2°y)*(¥°2)
cyclic sym

which is a special case of Schur’s Inequality. O
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Epsilon 82. (Tournament of Towns 1997) Let a, b, ¢ be positive numbers such that abc = 1.

Prove that
1 1 1

<1.
a+b+1 + b+c+1 + cta+1—
Solution. We can rewrite the given inequality as following :
1 1 1 1
-+ -+ - < =
a+b+ (abe)t/3  b+c+ (abc)/3  c+a+ (abe)t/3 ~ (abc)l/3

We make the substitution a = 23,b = 3, ¢ = 2% with z,y, z > 0. Then, it becomes
1 1 1 < 1

3+ 3 + zyz + y3 + 23 + xyz + 2+ +ryz — zyz
which is equivalent to

zyz Yy (2% 4y +ay2)(° + 2+ ayz) < (20 + 90+ ay2) (4 2+ ay2) (20 + 2+ ay2)
cyclic
or
Zw6y3 > szyzzz |

sym sym

Zxﬁyii — Z $6y3 + y6.'E3
sym cyclic
2 Z m5y4 + y5x4
cyclic
N
cyclic
2 Z m5(y2ZQ +y2z2)
cyclic

5 2 2
= Yy 2 .

‘We now obtain

sym
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Epsilon 83. (Muirhead’'s Theorem) Let a1, a2, as, b1, b2, bs be real numbers such that
a1 > a2 > a3z >0,by > by >b3 >0,a1 > bi,a1 +az2 > b1 +b2,a1 + a2+ az = by + b2 + bs.
Let x,y, z be positive real numbers. Then, we have

Zxalyazzag > Zmbl by b3

sym sym

Solution. We distinguish two cases.

Case 1. b1 > az: It follows from a1 > a1+a2—b1 and from a1 > by that a1 > maz(a1+az—
b1, b1) so that maz(a1,az2) = a1 > max(a1+a2—b1,b1). From a1+a2—b1 > bi+az—b1 = as
and a1 + a2 — b1 > b2 > b3, we have max(a1 + a2 — b1, a3) > maz(be, b3). It follows that

E xal a2 ‘13 — E Z ( ay a? +3:'a2 al)

sym cyclic

by b b b
E ZGS(za1+a2 1 1_|_1,1 aitaz— 1)

cyclic
— b1 (,01taz—by as as ,a1+az—by
= > 2"y +y )
cyclic

> Y a e )

cyclic
_ Zmbl bz b
sym
Case 2. by < ay : It follows from 3by > by + b + b3 = a1 +az +az > by + az + as
that b1 > a2 + as — b1 and that a1 > a2 > b1 > a2 + a3 — bi1. Therefore, we have
max(az,as) > max(bi,az + az — b1) and maz(ai,az + az — b1) > max(bz,bs). It follows

Y

that
a a a, a a a, a. a
E:x123: §x1(23+y5 2)
sym cyclic
b —b —by b
> § xal(y 1za2+a3 1 +ya2+a3 1, 1)
cyclic
b —b —b
— E yl(malza2+a3 1+$a2+a3 1Za1)
cyclic
b ba _b b3 _b
> E:y1($223+$322)
cyclic
by ba b
— E/xl 2,03
sym
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Epsilon 84. [IMO 1995/2 RUS] Let a, b, c be positive numbers such that abc = 1. Prove

that
1 1 1

a?(b+c) + b3(c+ a) + c3(a +b)
Third Solution. It’s equivalent to
1 n 1 i 1 > 3
at(b+c) b (c+a) c3(a+b) = 2(abe)¥/3”

Set a = 2%,b = >, ¢ = 2° with x,y, z > 0. Then, it becomes

>3
-2

1 3
> .
Z Jig(y3—|—2’3) — 2134:[/424

cyclic
Clearing denominators, this can be rewritten as
12,12 12,93 9.9_6 11,8 _5 8 8.8

Emy+2§myz+§xyz23§xyz+6wyz

sym sym sym sym
or

12, 12 11,85 12, 9_3 11,85 9 .96 8 8.8

<E:cy— :ryz>+2( Ty 20 — acyz)—i—( oYz — :ryz>>07
sym sym sym sym sym sym

By Muirhead’s Theorem, every term on the left hand side is nonnegative. O
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Epsilon 85. (Iran 1996) Let z,y, z be positive real numbers. Prove that

(zy + yz + zx) ( ! + ! + ! ) >
oy @+y? " W27 Gte?) T w
Second Solution. It’s equivalent to

4Zm5y +2 Z m4yz + 6m2y2z2 — Zx4y2 —6 Z m3y3 — 2Zm3y2z > 0.

sym cyclic sym cyclic sym

We rewrite this as following

(Z a:5y — x4y2> +3 (Z x5y — x3y3) +22yz | 3zyz + Z z — Z :r2y > 0.
sym sym sym cyclic sym

sym

By Muirhead’s Theorem and Schur’s Inequality, it’s a sum of three nonnegative terms. [
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Epsilon 86. Let x,y,z be nonnegative real numbers with xy + yz + zx = 1. Prove that
1 n 1 1 S §
r+y y+z z4+zx 2

Solution. Using xy + yz + zz = 1, we homogenize the given inequality as following :

(zy + yz + zx) 1—&—1—1—12>§2
yry r+y y+z z4zx —\2

or
4 Z x5y + Z m4yz + 142 x3y22 + 3831321/22'2 > Z :v4y2 +3 Z m3y3
sym sym sSym sSym sSym
or
(Z 2oy — x4y2> +3 (Z oy — x3y3> +ayz (Z z® 414 Z 2y + 38wyz> > 0.
sym sym sym sym sym sym

By Muirhead’s Theorem, we get the result. In the above inequality, without the condition
xy + yz + zr = 1, the equality holds if and only if x = y,z2 = 0 or y = z,x =
0 or z = x,y = 0. Since zy + yz + zx = 1, the equality occurs when (z,y,z)
(1,1,0),(1,0,1),(0,1,1).

o
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Epsilon 87. [SC] If mq,mp,m. are medians and rq,rp,rc the exradii of a triangle, prove

that Tal, TpT TeT
alb bl'c cla
+ > 3.

MaMp MpMe MeMg

Solution. Set 2s = a + b+ c. Using the well-known identities
re = 78(8 —b)(s - c)7 My = l\/2b2 + 2¢2 — a?, etc.
s—a 2
we obtain

Z rere Z 4s(s — a)
MpMe V(2¢2 4 2a2 —1%)(2a2 + 202 — ¢2)

cyclic cyclic

Applying the AM-GM inequality, we obtain

TpTe 8s(s —a) 2a+b+c)b+c—a)
> = .
C;(: meme C§C (2¢2 + 2a? — b2) + (2a? + 2b% — ¢?) C;(: 4a? + b% + 2
Thus, it will be enough to show that
Z 2(a+b+c)b+c—a)
4a? + b2 + ¢

> 3.

cyclic
After expanding the above inequality, we see that it becomes
2> a®+4 > a'be+20) a’bPe+68 Y @’ +16 Y a’b > 276a°b2c?+27 »  a'b’.

cyclic cyclic sym cyclic cyclic cyclic
We note that this cannot be proven by just applying Muirhead’s Theorem. Since a, b,
c are the sides of a triangle, we can make The Ravi Substitution a = y + 2, b = z + x,
¢ =z +y, where z,y,z > 0. After some brute-force algebra, we can rewrite the above
inequality as
25> 2% 4230 2Py +115) 'y’ +10) 2%y’ +80 a'ys
sym sym sym sym sym
> 336 Z m3y2z + 124 Z x2y222.
sym sym

Now, by Muirhead’s Theorem, we get the result ! O
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Epsilon 88. Let P(u,v,w) € Rlu,v,w] be a homogeneous symmetric polynomial with degree
3. Then the following two statements are equivalent.

(a) P(1,1,1), P(1,1,0), P(1,0,0) > 0.
(b) P(z,y,z) >0 for all z,y,z > 0.

Proof. [SR1] We only prove that (a) implies (b). Let
P(u,v,w) = A Z u’ + B ZuQU + Cuvw.

cyclic sym
Letting p = P(1,1,1) =3A+6B+C, ¢g= P(1,1,0) = A+ B, and r = P(1,0,0) = A, we
have A=r, B=q—r,C =p—6q+ 3r, and p,q,r > 0. For z,y,z > 0, we have

P(z,y,2) = r Yy a’+(qg—r)>_ a’y+ (p—6g+3r)zyz
cyclic sym
= r Zx3+3myz—2x2y —&—q(Z:UZy—nyz) + pryz
cyclic sym sym sym
> 0

Remark 8.4. Here is an alternative way to prove the inequality P(z,y,z) > 0.
Case 1. ¢ > r : We compute

P(z,y,z) = g <Z z® — nyz) +(g—r) <Z ziy — nyz) + pxyz.

sym sym sym sym

Every term on the right hand side is nonnegative.
Case 2. ¢ <r : We compute

P(z,y,z) = % <Z z° - nyz) +(r—gq) Z z° + 3zyz — ZIQy + pxyz.

sym sym cyclic sym

Every term on the right hand side is nonnegative.
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Epsilon 89. [IMO 2001/2 KOR] Let a, b, ¢ be positive real numbers. Prove that
a b c
+ + > 1
VaZz+8bc Vb2 +8ca V2 +8ab

Third Solution. We offer a convexity proof. We make the substitution

a b c

a+4b+c’ y=

at+b+c’ = a+b+c

The inequality becomes
of(z® +8yz) + yf(y° + 8zx) + 2f (2" + 8xy) > 1,
where f(t) = %.22 Since f is convex on RY and  +y + z = 1, we apply (the weighted)
Jensen’s Inequality to obtain
f (2" +8yz) +yf (y° +82x) + 2f(2" + 8xy) > f(a(a” +8y2) +y(y” +822) + 2(2" + 8ay)).
Note that f(1) = 1. Since the function f is strictly decreasing, it suffices to show that
1> a(x® + 8yz) + y(y® + 82z) + 2(2° + 8xy).
Using = + y + z = 1, we homogenize it as
(x 4y +2)° > (@ + 8yz) + y(y® + 82z) + 2(2* + 8xy).
However, it is easily seen from

(e+y+2)° —2(2” +8yz) —y(y* +8z2) —2(2" +8zy) = 3[z(y—=2)" +y(z—2)* +2(z—y)’] > 0.

Fourth Solution. We begin with the substitution

_be ca ab

@Vt R T
Then, we get zyz = 1 and the inequality becomes
1 1 1
+ + >1
Vi+8x VI+8y 1+8z

which is equivalent to

> V(4 82)(1+8y) > /(1 +8x)(1+ 8y)(1 + 82).

cyclic

After squaring both sides, it’s equivalent to

8(z+y+2)+2v/(1+82)(1+8y)(1+82) Y VI+8z>510.

cyclic

Recall that xyz = 1. The AM-GM Inequality gives us ¢ +y + z > 3,

(1482) (14+8y)(1482) > 925-9y5-925 =720 and > VI+8z> > V925 > 9(ayz)¥ = 0.

cyclic cyclic

Using these three inequalities, we get the result. 0

22Dividing by a + b + ¢ gives the equivalent inequality Ecyclic = obic —~ > 1.
a C
\/(a+b+c>2 Flatbto?
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Epsilon 90. [IMO 1983/6 USA] Let a, b, ¢ be the lengths of the sides of a triangle. Prove
that
a’bla —b) 4+ b°c(b — ¢) + ¢*a(c — a) > 0.

Second Solution. We present a convexity proof. After setting a = y+2,b=z2+xz,c=z+y
for x,y,z > 0, it becomes
32 + y3:c + 23y > nyz + :ry2z + J:y22

or 2 2 2
x
L YT
y z x

Since it’s homogeneous, we can restrict our attention to the case x + y + z = 1. Then, it

becomes
o1 (2) e (2)ees () 21

where f(t) = t>. Since f is convex on R, we apply (the weighted) Jensen’s Inequality to

obtain
o (2) 428 (D) +ar (2) 27 (v Es Lo 2) = r) =1,
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Epsilon 91. (KMO Winter Program Test 2001) Prove that, for all a,b,c > 0,
V/(a2b + b2c + c2a) (ab? + be? + ca?) > abe + V/(a® + abe) (b3 + abe) (¢3 + abe)

First Solution. Dividing by abe, it becomes

2 2 2
Ll DY s () () (S 1),
c a b a b ¢ be ca ab

After the substitution z = ¢, y = g, z = £, we obtain the constraint xyz = 1. It takes
the form

VE+y+z) (@y+yz+en)>1+ {/(erl) (%4’1) (§+1).

From the constraint zyz = 1, we obtain the identity

G+ ) (5+1) = () () () meraernwsn

Hence, we are required to prove that

VE+y+z) (ay+yz+zz) > 1+ Y (@+y)(y+2)(z+a).

Now, we offer two ways to finish the proof.

First Method. Observe that
(zty+2)(@ytyz+ze)=(@+y)y+2)(z+z)tayz=(+y)y+2)(z+z)+ 1L
Letting p = ¥/(z + y)(y + 2)(z + z), the inequality we want to prove now becomes

VpP+12>1+p.

Applying The AM-GM Inequality yields

p> i’/2\/@-2\/y7~2\/zx:2.

It follows that ]
P +1)—(1+p)?=pp+1)(p—2) >0,
as desired.

Second Method. More strongly, we establish that, for all z,y,z > 0,
Y+ z n z+x i :U—i—y)
Yz NEZ vzy )

However, an application of The Cauchy-Schwarz Inequality yields

1
Verrramrrazisg(

[+ (y+ 2)] [yz + z(y + 2)] > (\/W+ x(y+z)2)2 _ (1+ y\/%z)Q

or

<

0

_|_
r+y+z)(vy+yz+zx) > 1+
Ve+y+2) (ay+y ) Vi

Similarly, we also have

z+x

\/(a:+y+z)(:ry—|—yz+zx)21+

b

and

T+
A/

<

VE+y+z) (ey+yz+zz)>1+

<

Adding these three, we get the desired inequality. O
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Epsilon 92. [IMO 1999/2 POL] Let n be an integer with n > 2.
(a) Determine the least constant C' such that the inequality

4
Z TiTj (mf + x?) <C Z T
1<i<j<n 1<i<n
holds for all real numbers xi,--+ ,xn > 0.

(b) For this constant C, determine when equality holds.

First Solution. (Marcin E. Kuczma?®®) For 1 = -+ = x, = 0, it holds for any C > 0.
Hence, we consider the case when x1 + - - - 4+ x, > 0. Since the inequality is homogeneous,
we may normalize to x1 + - - - + x, = 1. From the assumption z; + --- 4+ x, = 1, we have

Flzy, - ,xn) = Z zixj (27 + 25)

1<i<j<n

= > wlmt Y waw
1<i<j<n 1<i<j<n

Y Y
1<i<n  j#i

= Z 282‘3(1 — {BZ)
1<i<n
n

= ZIZ(IR — CCZ‘S).
i=1

We claim that C' = é. It suffices to show that F(z1, - ,zn) < é =F (%, %,0, ,0)

Lemma 8.3. 0 <z <y < % implies 2° —2® < y* —¢°.

Proof. Since z +y < 1, we get  +vy > (x +y)? > 2® + 2y + y>. Since y — x > 0, this
implies that 3% — 22 > y> — 2% or y? — y® > 2% — 23, as desired. O

Casel. s>z >0 > > Ip:

R (OROYE R

=1

1
2

Case 2. 1 > % >xo > - >xp: Letxy =z andy=1—x =22+ -+ x,. Since
yZ$27"'7$n;

Far, - an) =2y + Y wi(@® —2°) <2’y+ Y @iy’ —¢°) =2y +y(® —y°).

i=2 i=2
Since 23y + y(y* — y*) = 23y + v* (1 — y) = wy(x? + y?), it remains to show that
1
wy(a” +y°) < o
Using x +y = 1, we homogenize the above inequality as following.

1
wy(e® +%) < gz +y)"

However, we immediately find that (x +y)* — 8zy(z* +¢*) = (x —y)* > 0.

231 slightly modified his solution in [AS].
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Epsilon 93. (APMO 1991) Let a1, - ,Gn, b1, - ,bn be positive real numbers such that
a+--+an=0by +---+b,. Show that
2 2
a1 an air+---+an
>
al+b1+ +an+bn_ 2

Second Solution. By The Cauchy-Schwarz Inequality, we have

(Bre) (Batie) = (5-)

i ai2 (Z:’L:I)2 _1 - .
Zai+bi = Yiiai+ Yy b 5;%

i=1

or
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Epsilon 94. Let a,b > 0 with a + b = 1. Prove that

Va2+b+vVa+b++vV1+ab<3.

Show that the equality holds if and only if (a,b) = (1,0) or (a,b) = (0,1).

Second Solution. The Cauchy-Schwarz Inequality shows that

vVa2+b+vVa+b2++vV1+ab

<

IN

V32 +b+a+b2+1+ab)

V3@ +ab+02+a+b+1)
V3(a+b24+a+b+1)
3.
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Epsilon 95. [LL 1992 UNK] (Iran 1998) Prove that, for all z,y, z > 1 such that %Jr%Jré
2,

Vetytz>vVa—1+y—-1+vz—1

Third Solution. We first note that

1 y—1 . z-1
L ]
x Yy z

Apply The Cauchy-Schwarz Inequality to deduce

-1 -1 -1
Mx+y+z:¢@+y+@<mx +yy +zz >Z¢x_1+V@—1+¢z—L

d
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Epsilon 96. (Gazeta Matematicd) Prove that, for all a,b,c > 0,
Vat 4+ a20% 4+ bA/bt + 22 + A/t + 2a? + at > ay/2a2 + betby/ 202 + catcy/2c2 + ab.

Y

2p2
a”b ) (Cauchy — Schwarz)

%

) (AM — GM)

v

2 a2b2
4 202 L pt — 4 bt
> Vat+a%? + Z(a+ >+<+2)
cyclic
va s (e ) (o
cyclic

cyclic cyclic
- Ly
cyclic
= Z V2a* + a?be .

Solution. We obtain the chain of equalities and inequalities
S5 (Yo s
( \/ aQb \/ a202>
cyclic
V2 Z 1/ a* y & bc (Cauchy — Schwarz)
cyclic
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Epsilon 97. (KMO Winter Program Test 2001) Prove that, for all a,b,c > 0,

V/(a2b + b2c + c2a) (ab? + be? + ca?) > abe + V/(a® + abe) (b3 + abe) (¢3 + abe)

Second Solution. (based on work by an winter program participant) We obtain

V/(a2b + b2c + c2a) (ab? + be? + ca?)
%\/[b((ﬁ + bc) + (b2 + ca) + a(c® + ab)] [c(a® + be) + a(b? + ca) + b(c? + ab)]

% (\/%(a2 +be) + Vea(b® + ca) + Vab(® + ab)) (Cauchy — Schwarz)
% $/Vbe(a2 + be) - vea(b? + ca) - Vab(c? + ab) (AM — GM)

% /(a3 + abe) (b3 + abe) (3 + abe) + /(a3 + abe) (b3 + abe) (c3 + abe)

% i/Z\/a:” —abc - 2Vb3 - abe - 2V - abe 4+ /(a® + abe) (b3 + abe) (3 + abe)  (AM — GM)

abe + {/(a® + abe) (b3 + abe) (¢3 + abe).
(|
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Epsilon 98. (Andrei Ciupan, Romanian Junior Balkan MO 2007 Team Selection Tests) Let
a, b, ¢ be positive real numbers such that
1 1 1
> 1.
a+b+1 + b+c+1 + c+a+1"
Show that a + b+ ¢ > ab + bc + ca.

First Solution. By applying The Cauchy-Schwarz Inequality, we obtain
(a+b+1)(a+b+c) > (a+b+c)

or
1 < E+a+bd
a+b+1~ (a+b+c)?’
Now by summing cyclically, we obtain

1 N 1 N 1 A+ +F+2a+b+c)
a+b+1 b+c+l c+a+1— (a4+b+c)?

But from the condition, we can see that
4+ +E+2a+b+c) > (a+b+c)?,

and therefore
a+b+c>ab+ bc+ ca.

We see that the equality occurs if and only if a =b=c=1. O
Second Solution. (Cezar Lupu) We first observe that

a+b (a+b)?
22 Y (1o ) = X s T X et

cyclic cyclic cyclic

Apply The Cauchy-Schwarz Inequality to get

a+ b)?
2 2 Cyzcl:ic (a +(b)2 +)CL +b
2
(chclic a+ b)
chclic(a +b)2+a+bd
4 chclic a®+8 Ecyclic ab
2 chcnc a®+2 chclic ab+2 chclic a

\Y]

or
a+b+c>ab+ bc+ ca.
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Epsilon 99. (Hdlder's Inequality) Let ;; (i = 1,--- ,m,j = 1,---n) be positive real num-
bers. Suppose that wi,- - ,w, are positive real numbers satisfying w1 + -+ + w, = 1.
Then, we have
n m wj m n
I1 <Z“’J> > < mij‘”) -
j=1 \i=1 i=1 \j=1
Proof. Because of the homogeneity of the inequality, we may rescale x1j,--- ,Zm; so that

Z1j 4+ -+ xm; = 1 for each j € {1,--- ,n}. Then, we need to show that
lej ZZHmijo or IZZHleWJ
j=1 i=1j=1 i=1j=1
The Weighted AM-GM Inequality provides that
ij‘l'ij > H l'ijwj (Z S {1, v ,m}) —— ZZwaij > Z Hwijwj.
j=1 j=1 i=1 j=1 i=1j=1

However, we immediately have

n

Zijxij = Zijxij = lej‘ (lelj> = ij =1.
j= i=

i=1 j=1 j=11i=1 j=1
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Epsilon 100. Let f : [a,b] — R be a continuous function. Then, the followings are
equivalent.

(1) For all n € N, the following inequality holds.
wif(@1) + - Fwnf(@n) > flwr @14+ wn @)

forall xi,-++ ,xn € [a,b] and w1, ,wp >0 with wy + -+ + wy, = 1.
(2) For all n € N, the following inequality holds.

rif@) 4 raf(en) 2 fOr @+ @)

for all x1,--- ,x, € [a,b] and 71, -+ ,7n € QT with 1 + -+ + 7, = 1.
(8) For all N € N, the following inequality holds.

fly) +-+ flyn) Y1+ + yn
x > ()

for allyi,--- ,yn € [a,b].
(4) For all k € {0,1,2,---}, the following inequality holds.

4 f(yor T
fy1) - fly )zf(yl - Y )

for allyi, -+ ,ysr € [a,b].

(5) We have & f(z) + L f(y) > f (Z52) for all z,y € [a,b].

(6) We have A\f(z) + (1 —XN)f(y) > f Az + (1 — N)y) for all x,y € [a, b]
and X € (0,1).

Solution. (1) = (2) = (3) = (4) = (5) is obvious.

(2) = (1) : Let 21, ,xn € [a,b] and w1, -+ ,wn > 0 with w1 + -+ + wr = 1. One
may see that there exist positive rational sequences {ri (1) }ren, - - -, {rx(n) }ren satisfying

lim rx(j) =w; (1<j<n) and r(l)+---+rr(n) =1 for all k€N,

k—oo
By the hypothesis in (2), we obtain r(1)f(z1) + -+ + re(n) f(xn) > fre(l) z1 + -+ +
re(n) ). Since f is continuous, taking k — oo to both sides yields the inequality

wif(@1) + -+ wnf(@n) > flwr 1+ +wn Tn).

(3)=(2): Let zy,--- ,x, € [a,b] and r1,--- ,7, € QT with r; +--- 4+ 7, = 1. We can
find a positive integer N € N so that Nri, ---, Nrp, € N. For each i € {1,--- ,n}, we can
write r; = %, where p; € N. It follows from 1 +---+ 7, = 1 that N = p1 4+ -+ + pn.
Then, (3) implies that

'rlf(xl) + e +Tnf(l'n)

p1 terms pn terms
_ fE)+ -+ fE) 44 fan) 4 fan)
o N

p1 terms pn terms

—_— —_—~—
Tt Tt T
N

%

f

= flrixzi+-+rnzn).
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(4) = (3) : Let y1,--,yn € [a,b]. Take a large k € N so that 2 > N. Let
a =Yt YN Then, (4) implies that

Fly) + -+ flyn) + (2F = n)f(a)
2k

(2¥ — N) terms

—N——
fly)+--+ flyn) + f(a) +--- + f(a)
ok

(2% — N) terms

—_——~
yit+t--tyn+ a+---+a

> f —
= f(a)
so that
)+ + Flyw) = Nf(@) = Ny (L)
(5) = (4) : We use induction on k. In case k = 0, 1,2, it clearly holds. Suppose that (4)
holds for some k > 2. Let y1,- - ,ysx+1 € [a,b]. By the induction hypothesis, we obtain

f(yl) +"'+f(y2k)+f(yzk+1) +"'+f(y2k+1)

kp(Yr+ -+ Yox ko Yobp1r T+ Yokt
> 2 (B ) w2 3
e Yok 1+t Yok
T () (e
2
Y1+t Yok y2k+1+"'+ Yok+1
> 2k+1f 2k + 2k

2
_ k1l (Y1 + o+ Yokt
= 2 ( 2k+1 ) '
Hence, (4) holds for k + 1. This completes the induction.

So far, we've established that (1), (2), (3), (4), (5) are all equivalent. Since (1) =
(6) = (5) is obvious, this completes the proof. d
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Epsilon 101. Let x,y, 2z be nonnegative real numbers. Then, we have

sayz+a° +y’ + 20 > 2 ((ay)? + (52)F + (22)F)

Second Solution. After employing the substitution

P
3

ol

q
r=e3,y=e3, z=e3,

the inequality becomes
Pt g+'r

atr r+p ptg )

3e +ep+eq+eT22(e2 +e 2 +e 2

It is a straightforward consequence of Popoviciu’s Inequality.

191
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Epsilon 102. Let ABC be an acute triangle. Show that
cos A+ cos B+ cosC > 1.

Proof. Observe that (g, g,O) majorize (A, B,C). Since —cosx is convex on (O, g), The
Hardy-Littlewood-Pdlya Inequality implies that

cos A + cos B + cos C' > cos (g) + cos (g) +cos0 =1.
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Epsilon 103. Let ABC be a triangle. Show that

tan 2 <§> —|—tan2 (%) +tan2 (%) <1.

Proof. Observe that (m,0,0) majorizes (A, B,C). The convexity of tan” (%) on [0, 7]
yields the estimation:

tan? (%) +tan? (g) +tan? (%) < tan? (%) + tan?0 + tan 20 = 1.
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Epsilon 104. Use The Hardy-Littlewood-Pdélya Inequality to deduce Popoviciu’s Inequality.

Proof. [NP, p.33] Since the inequality is symmetric, we may assume that z > y > z. We
consider the two cases. In the case when = > % >y > z, the majorization
(:v r+y+z r+y+z r+y+=z )}(m—i—y rT+Y z2+T Z2+T Y+=z y+z)
) 3 b 3 ) 3 9y b 2 ) 2 ) 2 9y 2 b 2 ) 2
yields Popoviciu’s Inequality. In the case when x > y > %
( r+y+z r+y+z r+y+=z )}(m—i—y rT+Y z2+T Z2+T Y+=z y—i—z)
) bl 3 ) 3 y 3 b 2 ) 2 ) 2 9’ 2 b 2 ’ 2
yields Popoviciu’s Inequality. O

> z, the majorization
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Epsilon 105. [IMO 1999/2 POL] Let n be an integer with n > 2.

Determine the least constant C such that the inequality

4
Z TiTj (m? + m?) <C Z T
1<i<j<n 1<i<n
holds for all real numbers xi,--+ ,xn > 0.

Second Solution. (Kin Y. Li**) According to the homogenity of the inequality, we may
normalize to 1 + - - - + z, = 1. Our job is to maximize

F(xr, -+ ,zn) = Z zixy (27 + 25)

1<i<j<n

3 3
E T x;+ E ZiT;

1<i<j<n 1<i<j<n

- Yy

1<i<n i

= Z l‘ig(l—l‘i)

1<i<n

= Zf(xi),

where f(t) = t*> — t* is a convex function on [0

,%} Since the inequality is symmetric,

we can restrict our attention to the case 1 > zo > --- > x,. If % > x1, then we see
that (%, %,07 e 0) majorizes (1, ,Tpn). Since T1,-++ ,Ta, *+ ,Tpn € [0, %] and since f is

1

convex on [0, 5], by The Hardy-Littlewood-Pélya Inequality, the convexity of f on [0, %]

implies that

- 1 1 1
Y )<t (5) +f (5) +f0) + -+ £(0) = 3.
i=1
We now consider the case when x1 > % We find that (1 — z1,0, - - - 0) majorizes (z2,- - ,ZTn).
Since 1 —x1,x2, - ,Tn € [0, %] and since f is convex on [0, %]7 by The Hardy-Littlewood-

Pélya Inequality,
D) S FAU =)+ f0) + -+ f(0) = f(1—1).
i=2

Setting x1 = % + € for some € € [0, %], we obtain

Zf(xi) < fle)+ A —x)

= m(l—2)m+ 1 —21)%

= () G)

247 slightly modified his solution in [KL].
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Turkish Republic of Northern Cyprus
Democratic People’s Republic of Korea

Union of the Soviet Socialist Republics

Algeria
Australia
Bahrain
Belgium
BIH
Bulgaria
Canada
Colombia

Croatia

Czech Republic

Dominican Republic

Finland
GDR
Guatemala
Hungary
Indonesia

Israel

Kazakhstan

Kuwait

Liechtenstein

Macau

Malta

Republic of Moldova

Morocco

New Zealand

Norway
Paraguay
Poland

Romania

Saudi Arabia

Serbia and Montenegro

Slovenia
Sri Lanka
Syria
Thailand
Turkey

Ukraine

Uzbekistan

Yugoslavia
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