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Introduction

Free probability and its generalizations give several ways to treat
various families of random matrices:

1 freeness (free probability, scalar-valued state, free Fock space)
2 matricial freeness (matricially free probability, family of

scalar-valued states, matricially free Fock space)
3 freeness with amalgamation (operator-valued free probability,

conditional expectation, free Fock space over a Hilbert
bimodule)

We will use matricial freeness, which can be viewed as a
‘scalar-valued approach to freeness with amalgamation’.
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Introduction

My talk refers to the asymptotics of independent random matrices:
Introduction
Gaussian random matrices
Direct integrals
Triangular operators
Products of Wishart type

Realizations of limit distributions are on Hilbert spaces rather than
on Hilbert modules (Shlyakhtenko).
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Introduction

The general scheme is the following:
1 Consider a family of independent random matrices

Y “ tY pu, nq : u P U, n P Nu

2 Determine limit *-moments of their blocks Si ,jpu, nq
3 Find a Hilbert space realization of the limit *-moments
4 Describe their combinatorics
5 Colored labeled noncrossing partitions
6 Here: i , j - colors, u - labels
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I. Gaussian random matrices

Normalized partial traces
1 Decompose the set rns :“ t1, . . . , nu into disjoint intervals

rns “ N1 Y . . .Y Nr

and set nj “ |Nj | (n suppressed).
2 Use normalized partial traces

τj “ E ˝ Trj

where
TrjpAq “

n

nj
TrpDjpnqADjpnqq

and Djpnq is the n ˆ n partial unit matrix embedded in MnpCq
at the places indexed by the set Nj .
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I. Gaussian random matrices

Decomposition into blocks

Assume that complex matrices Y pu, nq have block-identical
variances vi ,jpuq (i.b.i.d.) and decompose them:

Y pu, nq “
r
ÿ

i ,j“1

Si ,jpu, nq,

where Si ,jpu, nq “ Di pnqY pu, nqDjpnq.
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I. Gaussian random matrices

Definition
The matricially free Fock space of tracial type over an array pHi ,jq

of Hilbert spaces is the direct sum

M “

r
à

j“1
Mj ,

where

Mj “ CΩj ‘

8
à

m“1

à

j1,...,jm
u1,...,um

Hj1,j2pu1q bHj2,j3pu2q b . . .bHjm,jpumq

with the canonical inner product. Let Ψj be the state associated
with Ωj and let Pj be the associated orthogonal projection.
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I. Gaussian random matrices

Definition
The matricially free creation operators are operators on M defined
by

℘i ,jpuqΩj “

b

bi ,jpuqei ,jpuq

℘i ,jpuqpej ,kpsqq “

b

bi ,jpuqei ,jpuq b ej ,kpsq

℘i ,jpuqpej ,kpsq b wq “

b

bi ,jpuqei ,jpuq b ej ,kpsq b w

for any i , j , k P rr s and u, s P U, where ej ,kpsq b w is a basis vector
and

bi ,jpuq “ divi ,jpuq

where dj “ limnÑ8 nj{n (asymptotic dimensions). The actions
onto the remaining basis vectors give zero.

Romuald Lenczewski Hilbert Space Approach to Limit Distributions of Random Matrices and the Triangular Operator



I. Gaussian random matrices

Theorem (’16)

Let Y be the family of independent Gaussian random matrices with
block-identical variances vi ,jpuq. Then

lim
nÑ8

τjpS
ε1
i1,j1
pu1, nq ¨ ¨ ¨S

εm
im,jm

pum, nqq “ Ψjpζ
ε1
i1,j1
pu1q ¨ ¨ ¨ ζ

εm
im,jm

pumqq

where operators

ζi ,jpuq “ ℘i ,jpu
1q ` ℘˚j ,i pu

2q

where u1 ‰ u2 are two ‘copies’ of u, form matricial circular systems
and ε1, . . . , εm P t1, ˚u, u1, . . . , um P U.
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I. Gaussian random matrices

Remark
In the i.i.d. case, under partial traces (and thus under the
expectation of normalized trace τ ) it holds that

lim
nÑ8

Djpnq “ Pj

lim
nÑ8

Y pu, nq “ `pu1q ` `˚pu2q

where `pu1q, `pu2q are free creation operators realized on M.
This is the original Voiculescu’s case (1991), in his notation we get
circular operators of the form `2j´1 ` `

˚
2j , but the Fock space is

different. Roughly speaking, in the general case

℘i ,jpuq “ PiLpuqPj

where Lpuq is the creation operator living in the free Fock module.
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I. Gaussian random matrices

Sums of operators
In the present context, we are looking for continuous analogs of
sums of matricially free creation operators

℘puq “
r
ÿ

i ,j“1

℘i ,jpuq,

of their adjoints, and of the sums of matricial circular operators

ζpuq “
r
ÿ

i ,j“1

ζi ,jpuq

In particular, if bp,qpuq “ dp for any p, q, u, we obtain
decompositions of the canonical free creation operators and free
circular operators.

Romuald Lenczewski Hilbert Space Approach to Limit Distributions of Random Matrices and the Triangular Operator



II. Direct integrals

Measure space

For I “ r0, 1s, let

Γ “
8
à

n“0
Γn

be the direct sum of measure spaces, where Γn “ I n`1 is equipped
with the Lebesgue measure denoted dγn, and let dγ be the
corresponding direct sum of measures on the set Γ.
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II. Direct integrals

Definition
By the continuous matricially free Fock space we understand the
direct integral of Hilbert spaces of the form

H “

ż ‘

Γ
Hpγqdγ,

1 if γ “ x P Γ0 “ I , then

Hpγq “ CΩpxq,

where Ωpxq is a unit vector,
2 if γ “ px1, x2, . . . , xn`1q P Γn and n P N, then

Hpγq “ Hpx1, x2q bHpx2, x3q b . . .bHpxn, xn`1q,

where each Hpx , yq is a separable Hilbert space.
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Direct integrals

Inner product

Each Hpγq is equipped with the canonical inner product, the
canonical inner product in H is then given by

xF ,Gy “

ż

Γ
xF pγq,G pγqy dγ,

where F “
ş‘

Γ F pγqdγ,G “
ş‘

Γ G pγqdγ P H are square integrable
fields, with F pγq,G pγq P Hpγq.
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II. Direct integrals

Remarks
1 The direct integral

H0 :“

ż ‘

I
Hpxqdx – L2pI q

is the vacuum space.
2 The corresponding state is

ϕ “

ż ‘

I
ϕpγqdγ

3 If Hpx , yq – G for any px , yq P Γ1, where G is a separable
Hilbert space (with an orthonormal basis indexed by U), then

Hn :“

ż ‘

Γn

Hpγqdγn – L2pΓn,Gbnq,
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II. Direct integrals

Proposition

Fields F “
ş‘

Γ F pγqdγ,G “
ş‘

Γ G pγqdγ P H have direct sum
decompositions

F “
8
ÿ

n“0

Fn and G “
8
ÿ

n“0

Gn,

where Fn,Gn P
ş

Γn
Hpγqdγ. Under the above isomorphism

assumptions, F0,G0 P L
2pI q and Fn,Gn P L

2pΓn,Gbnq for n ě 1. It
is enough to consider these to be of the form

Fnpγq “ f1px1, x2q b . . .b fnpxn, xn`1q,

Gnpγq “ g1px1, x2q b . . .b gnpxn, xn`1q,

for γ “ px1, . . . , xn`1q and n ě 1.
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II. Direct integrals

Proposition
The canonical inner product in H decomposes as

xF ,Gy “
8
ÿ

n“0

ż

Γn

xFnpγq,Gnpγqy dγn

for any F ,G P H, and an analogous equation holds for squared
norms

}F }2 “
8
ÿ

n“0

ż

Γn

}Fnpγq}
2 dγn
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II. Direct integrals

Canonical operators on H
Let f P L8pΓ1,Gq and h P L8pΓ1q. The canonical operators on H
are:

℘pf q : Hn Ñ Hn`1 (creation operators)
Mphq : Hn Ñ Hn (multiplication operators)
℘˚pf q : Hn`1 Ñ Hn (annihilation operators)

where n P NY t0u.
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II. Direct integrals

Definition
For given f P L8pΓ1,Gq, define creation operators by

℘pf q

ˆ
ż ‘

I
F0px1qdx1

˙

“

ż ‘

Γ1

f px , x1qF0px1qdxdx1

for any F0 P L
2pI q, and

℘pf q

ˆ
ż ‘

Γn

Fnpx1, . . . , xn`1qdx1 . . . dxn`1

˙

“

ż ‘

Γn`1

f px , x1q b Fnpx1, . . . , xn`1qdxdx1 . . . dxn`1

for any Fn P L
2pΓn,Gbnq, where n P N. If f “ g b epuq, where

epuq is a basis unit vector of G, under the identification
L8pΓ1,Gq – L8pΓ1q b G, we write ℘pg , uq instead of ℘pf q.
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II. Direct integrals

Definition
For h P L8pI q, define bounded linear operators

Mph, γq : Hpγq Ñ Hpγq

for any γ “ px1, . . . , xn`1q P Γn and n ě 0 by

Mph, γqFnpγq “ hpx1qFnpγq,

and the associated decomposable operator in the direct integral
form

Mphq :“

ż ‘

Γ
Mph, γqdγ,

which is a bounded linear operator on H.
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II. Direct integrals

Notation
To define the annihilation operators, denote

Fnpγq “ f1px1, x2q b . . .b fnpxn, xn`1q,

Fn´1pγ
1q “ f2px2, x3q b . . .b fnpxn, xn`1q,

where γ “ px1, . . . , xn`1q P Γn, γ1 “ px2, . . . , xn`1q P Γn´1 and
each fi P G.
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II. Direct integrals

Proposition

The adjoints of the operators ℘pf q are given by

℘˚pf q

ż ‘

I
F0pγqdγ0 “ 0

℘˚pf q

ż ‘

Γn

Fnpγqdγn “

ż ‘

Γn´1

Mph, γ1qFn´1pγ
1qdγ1n´1

where

hpxq “

ż 1

0
xf1py , xq, f py , xqydy ,

and x., .y is the canonical inner product in G.
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II. Direct integrals

Corollary

For any f , g P L8pΓ1,Gq, it holds that

℘˚pf q℘pgq “ Mphq,

where

hpxq “

ż 1

0
xgpy , xq, f py , xqydy ,
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II. Direct integrals

Circular operators

1 If f px , yq “ rf pxq and gpx , yq “ rgpxq, then

hpyq “

ż 1

0
xrgpxq, rf pxqydx ,

and thus
℘˚pf q℘pgq “ xg , f y “ xrg , rf y,

and the operators ℘pgq, ℘˚pf q reduce to free creation and
annihilation operators, respectively.

2 If f “ χΓ1 b epu1q and g “ χΓ1 b epu2q, with epu1q K epu2q,
then we get free circular operators by taking

ζpuq “ ℘pf q ` ℘˚pgq

Romuald Lenczewski Hilbert Space Approach to Limit Distributions of Random Matrices and the Triangular Operator



II. Direct integrals

Triangular operators

If f “ χ∆ b epu1q, g “ χ∆ b epu2q, ∆ “ tpx , yq : 0 ď x ă y ď 1u,
and epu1q, epu2q are orthonormal basis vectors in G, then

hpyq “ δu1,u2

ż y

0
dx “ δu1,u2y ,

and thus
℘˚pf q℘pgq “ δu1,u2Mpidq,

which corresponds to the case when we deal with strictly upper
triangular Gaussian random matrices and the operatorial limit is the
triangular operator of Dykema and Haagerup (2004).
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II. Direct integrals

Theorem (’18)

Let tY pu, n, rq : u P U, r P Nu be a family of independent n ˆ n
random matrices for any n P N, such that

1 each Y pu, n, rq consists of r2 blocks of equal size with i.b.i.d.
complex Gaussian entries,

2 the sequence of simple functions pbr q converges to g in
L8pΓ1q as r Ñ8.

Then
lim
rÑ8

lim
nÑ8

τpnqpY ε1pu1, n, rq . . .Y
εmpum, n, rqq

“ ϕpζε1pg , u1q . . . ζ
εmpg , umqq,

where ζpg , ujq “ ℘pg , u1jq ` ℘
˚pg t , u2j q, with g tpx , yq “ gpy , xq.
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III. Triangular operators

Corollary

Let tY pu, nq : u P Uu be a family of independent strictly upper
triangular Gaussian random matrices for any n P N. Then

lim
nÑ8

τpnqpY ε1pu1, nq . . .Y
εmpum, nqq “ ϕpζε1pu1q . . . ζ

εmpumqq

for any ε1, . . . , εm P t1, ˚u and u1, . . . , um P Uu, where
ζpujq “ ζpχ∆, ujq, j P rms.
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III. Triangular operators

Definition

Let NC2ppε1, u1q, . . . , pεm, umqq be the set of noncrossing pair
partitions of rms, such that ui “ uj and εi ‰ εj whenever ti , ju is a
block.

Remark
The combinatorics of *-moments of operators ζpf q, where
f “ χ∆ b epuq is based on coloring the blocks of
π P NC2ppε1, u1q, . . . , pεm, umqq, where m “ 2n, and the imaginary
block with n ` 1 continuous colors form r0, 1s: x1, . . . , xn`1,
assigned to V1, . . . ,Vn`1, respectively.
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III. Triangular operators

Definition
Let opV q be the nearest outer block of V . Associate a region
V ˚pπq Ă Γn to each π:

V ˚pπq “ tx : xj ă xopjq if Vj P B
1pπq ^ xj ą xopjq if Vj P B

2pπqu,

where B 1pπq and B2pπq are families of blocks of π whose left legs
are starred and unstarred, respectively.
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III. Triangular operators

Theorem
The non-vanishing mixed *-moments of the free triangular
operators T pujq “ ζpχ∆, ujq in the state ϕ take the form

ϕpT ε1pu1q . . .T
εmpumqq “

ÿ

πPNC2ppε1,u1q,...,pεm,umqq

Vol˚pπq,

where m “ 2n and Vol˚pπq is the volume of the region V ˚pπq.

Proposition

The volume V ˚pπq is equal to the number of simplices defined by
the relations between the colors of blocks of π multiplied by
1{pn ` 1q! (the volume of a standard n ` 1-dimensional simplex).
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III. Bijection

Lemma
There is a natural bijection

Am – ACNC2p2mq

where:
Am - alternating ordered rooted trees of type A on m ` 1 vertices,
ACNC2p2mq - alternating colored noncrossing pair partitions of
type A of r2ms.

Type A means that: the label of the root is smaller than the labels
of its children and that the color of the imaginary block is smaller
than the colors of its neighboring inner blocks.
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III. Noncrossing colored pair partitions

partition relations simplices

* * *

π1 :

x1

x2

x3

x4
x2 ă x1
x2 ă x3
x4 ă x3

x4 ă x2 ă x3 ă x1
x2 ă x4 ă x3 ă x1
x2 ă x4 ă x1 ă x3
x4 ă x2 ă x1 ă x3
x2 ă x1 ă x4 ă x3

* * *

π2 :

x1

x2

x3x4
x2 ă x1
x2 ă x4
x2 ă x3

x2 ă x3 ă x4 ă x1
x2 ă x4 ă x3 ă x1
x2 ă x4 ă x1 ă x3
x2 ă x3 ă x1 ă x4
x2 ă x1 ă x3 ă x4
x2 ă x1 ă x4 ă x3

6
24
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III. Noncrossing colored pair partitions

* * *

π3 :

x1

x2x3

x4
x2 ă x1
x3 ă x4
x3 ă x1

x2 ă x3 ă x4 ă x1
x3 ă x2 ă x4 ă x1
x3 ă x4 ă x2 ă x1
x3 ă x2 ă x1 ă x4
x2 ă x3 ă x1 ă x4

* * *

π4 :

x1

x2

x3

x4 x2 ă x1
x4 ă x1
x2 ă x3

x4 ă x2 ă x3 ă x1
x2 ă x4 ă x3 ă x1
x2 ă x3 ă x4 ă x1
x4 ă x2 ă x1 ă x3
x2 ă x4 ă x1 ă x3

* * *
π5 :

x1

x2x3x4
x2 ă x1
x3 ă x1
x4 ă x1

x4 ă x3 ă x2 ă x1
x3 ă x4 ă x2 ă x1
x4 ă x2 ă x3 ă x1
x2 ă x4 ă x3 ă x1
x3 ă x2 ă x4 ă x1
x2 ă x3 ă x4 ă x1
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III. Ordered rooted trees on 4 vertices

rr
rt

T1

@@�� rr rt

T2

@@��rr rt

T3

@@�� rr rt

T4

@@��r r rt

T5
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III. Alternating ordered rooted trees of type A

Enumeration

There are 27 “ 33 alternating ordered rooted trees of type A on 4
vertices.

.

rr
rt

4

2

3

1

rr
rt

3

2

4

1

rr
rt

3

1

4

2

rr
rt

4

1

3

2

rr
rt

2

1

4

3

@@�� rr rt
32

4

1

@@�� rr rt
23

4

1

@@�� rr rt
13

4

2

@@�� rr rt
31

4

2

@@�� rr rt
21

4

3

@@�� rr rt
12

4

3
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III. Alternating ordered rooted trees of type A

@@��rr rt
3

2

4

1

@@��rr rt
4

2

3

1

@@��rr rt
4

3

2

1

@@��rr rt
4

1

3

2

@@��rr rt
3

1

4

2

@@�� rr rt
4

2

3

1

@@��r rr
t

3

2

4

1

@@��r rr
t

2

3

4

1

@@��r rr
t

4

1

3

2

@@��r rr
t

3

1

4

2

@@��r r rt1
4 3 2

@@��r r rt1
3 4 2

@@��r r rt1
4 2 3

@@��r r rt1
3 2 4

@@��r r rt1
2 4 3

@@��r r rt1
2 3 4
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III. Alternating ordered rooted trees

Theorem (Chauve, Dulucq and Rechnitzer 2001)

The cardinality of the set of alternating ordered rooted trees of type
A on m ` 1 vertices is

|Am| “ mm

for any natural m. Thus, the number of all alternating ordered
rooted trees is 2mm.

Corollary
Using bijection 3, we obtain a bijective proof of the known formula

ϕppTT ˚qmq “
mm

pm ` 1q!

the result proved by Dykema and Haagerup (2004), generalized by
Śniady (2003) to moments of T kpT ˚qk .
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IV. Products of Wishart type

Assumptions

Consider the family Y “ tY pu, nq : u P Uu of independent
Hermitian random matrices for each n P N, such that

1 Y is asymptotically free,
2 Y is asymptotically free against the family of constant

diagonal matrices,
3 the norms of Y pu, nq are uniformly bounded almost surely.
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IV. Products of Wishart type

Three cases
We study matrices of Wishart type BB˚, where

B “ X1X2 . . .Xp

in three situations:
1 blocks Xj “ Sj ,j`1pu, nq are taken from one Gaussian random

matrix Y pu, nq

2 blocks Xj “ Sj ,j`1puj , nq are taken from independent matrices
from class Y

3 blocks Xj “ Sj ,j`1pu, nq are taken from one arbitrary matrix
Y pu, nq from class Y .
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IV. Multivariate Fuss-Narayana polynomials

Definition
By multivariate Fuss-Narayana polynomials we understand
polynomials of the form

Pmpd1, . . . , dp`1q “
ÿ

j1`...`jp`1“pm`1

1
m

ˆ

m

j1

˙

. . .

ˆ

m

jp`1

˙

d j1
1 . . . d

jp`1
p`1 .

where m P N and the summation runs over nonnegative integers.
These polynomials generalize Narayana polynomials (reproduced for
p “ 1 under different normalization).
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IV. Limit moments of products of Wishart type

Theorem 1 (R.L. & R. Sałapata ’12, Müller ’02)

If B “ X1X2 . . .Xp, where X1, . . . ,Xp are independent standard
GRM of sizes n1 ˆ n2, . . . , np ˆ np`1, then

lim
nÑ8

τ1ppBB
˚qmq “ d´1

1 Pmpd1, . . . , dp`1q
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IV. Generalized multivariate Fuss-Narayana polynomials

Definition
By generalized multivariate Fuss–Narayana polynomials we
understand polynomials of the form

Pm,r pd1, . . . , dp`1q “
ÿ

j1`...`jp`1“mp`r

1
k

ˆ

m

j1

˙

. . .

ˆ

m

jp`1

˙

d j1
1 . . . d

jp`1
p`1 .

where m, r P N and summation runs over nonnegative integers.
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IV. Moment generating function

Lemma
The moment generating function ψµ of the asymptotic distribution
µ of BB˚ under τ1 is the unique solution of the equation

d1ψµ “ R
rν

`

zpd1ψµ ` d1qpd1ψµ ` d2q . . . pd1ψµ ` dp`1q
˘

where rν “ rν1 b . . .b rνp and rνj is defined by the even free
cumulants of νj for j P rps.
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IV. Limit moments of generalized Wishart type products

Theorem 2 (R.L. & Rafał Sałapata ’16)

In the general case of Wishart type products of independent
matrices,

lim
nÑ8

τ1ppBB
˚qmq “ d´1

1

m
ÿ

r“1

Pm,r pd1, . . . , dp`1qTm,r pt1, . . . , tr q

where Tm,r depends on the coefficients of the T -transform of rν
(the reciprocal S-transform Tµpzq “ 1{Sµpzq, used by Dykema and
Nica in some papers).
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IV. Combinatorics

Definition
For given natural numbers m and p, we will say π P NCp2pmq is
adapted to the word

Wm “ p12 . . . pp˚ . . . 2˚1˚qm

if and only if
1 each block V of π contains numbers associated with the same

labels,
2 each block V of π contains the same number of each letter

and its starred counterpart.
This family of partitions will be denoted by NCepWmq.
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IV. Combinatorics

Lemma
In the general case of Wishart type products,

Mm “
ÿ

πPNCepWmq

wpπq,

where
wpπq “

ź

blocksV

wpV q,

and wpV q “ dpV qr|V |puV q, where uV is the labelling associated
with V and dpV q is the asymptotic dimension factor assigned to
block V and r|V |puV q is the free cumulant assigned to V .
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IV. Combinatorics

Lemma

Let W “ 12 . . . pp˚ . . . 2˚1˚ and let ĂW “ 12 . . . 2pp2pq˚ . . . 2˚1˚.
Then there is a bijection

α : NCepWmq Ñ NC2pĂWmq,

where NC2pĂWmq is the set of pair partitions (truly) adapted to ĂW ,
which means that it consists of blocks of the form tj , j˚u.
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IV. Bijection NCe
pW 3q – NC2

pĂW 3q

Assume that all labels are different, as in Theorem 2.

αpπq

r6

r2

r2
r2

r3˚

r2˚

r1˚

r1r2r3r4

r4˚r4r
3r

2r
1

r
1˚

r2 r3 r
4 r

4˚ r
3˚ r

2˚

r1

r1˚

r2˚
r3˚ r4˚

π

r6

r2

r2 r2

W“122˚1˚
ĂW“12344˚3˚2˚1˚

r1˚

r1r2

r 2˚

r
2r

1

r1 r2

r
2˚ r

1˚

r1˚ r2˚
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IV. Gaussianization

Corollary
Bijection α leads to the following Gaussianization:

Mm “
ÿ

σPNC2pĂWmq

rwpσq,

where
rwpσq “

ź

blocksV

rwpV q,

with weights induced from the weights on blocks of π “ α´1pσq.
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IV. NC2
pĂW 2q for ĂW “ 12344˚3˚2˚1˚

There are C2p4q “ 5 partitions in this set.

σ1

r4

r2

r2

r1˚

r4
r 4˚

r3˚
r2˚

r 3r
2r

1r
1˚

r4

r
3˚ r

2˚

r
4˚

r1r2

r3

σ2

r4

r2

r2

r1˚

r4
r 4˚

r3˚
r2˚

r 3r
2r

1r
1˚

r4

r
3˚ r

2˚

r
4˚

r1r2

r3
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IV. NC2
pĂW 2q for ĂW “ 12344˚3˚2˚1˚

σ3

r2

r2

r2

r2

r1˚

r4
r 4˚

r3˚
r2˚

r 3r
2r

1r
1˚

r4

r
3˚ r

2˚

r
4˚

r1r2

r3
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IV. NC2
pĂW 2q for ĂW “ 12344˚3˚2˚1˚

σ4

r2r2

r2

r2

r1˚

r4
r 4˚

r3˚
r2˚

r 3r
2r

1r
1˚

r4

r
3˚ r

2˚

r
4˚

r1r2

r3

σ5

r2

r2

r2

r2
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r4
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1r
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r
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r1r2

r3
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Thank you for your attention!
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