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Free probability and random matrices

Significance of free probability to random matrix theory lies in the
fundamental observation that random matrices which are
independent in the classical sense also tend to be independent in
the free probability sense in the large nÑ8 limit.

Many tedious computations in random matrix theory, particularly
those of an algebraic or enumerative combinatorial nature, can be
done more quickly and systematically by using the framework of
free probability.

Terrence Tao
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My motivations

My motivations:
unify random matrix models
describe limit distributions of random matrices
construct new random matrix models
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Different versions of free probability

Free probability and its generalizations give a way to treat various
families of independent random matrices:

1 freeness (scalar-valued states, free probability)
2 matricial freeness (families of scalar-valued states, matricially

free probability)
3 freeness with amalgamation (operator-valued states,

operator-valued free probability)
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Fundamental results

1 If Y ps, nq is a standard complex HGRM, it converges in
moments to a semicircular operator

lim
nÑ8

Y ps, nq Ñ ωs

under τpnq “ E ˝ Trpnq (Wigner).
2 If Y ps, nq is a standard complex GRM, it converges in

*-moments to a circular operator

lim
nÑ8

Y ps, nq Ñ ηs

under τpnq “ E ˝ Trpnq (Ginibre).
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Voiculescu’s asymptotic freeness and generalizations

1 Complex independent HGRM converge to a free semicircular
family

tY ps, nq : s P Su Ñ tωs : s P Su

2 Complex independent GRM converge to a *-free circular family

tY ps, nq : s P Su Ñ tηs : s P Su

3 Generalizations (Dykema, Schlyakhtenko, Hiai-Petz,
Benaych-Georges and others)
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Typical computation

In the case of two independent random matrices, we get
convergence

Y p1, nq Ñ ω1 “ `1 ` `
˚
1

Y p2, nq Ñ ω2 “ `2 ` `
˚
2

under τpnq, where
`1Ω “ e1, `2Ω “ e2,

`1e
bn
1 “ e

bpn`1q
1 , `2e

bn
2 “ e

bpn`1q
2 ,

`2e
bn
1 “ e2 b ebn1 , `1e

bn
2 “ e1 b ebn2 ,

etc., are isometries on the free Fock space (free creation operators).
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Typical computations

Typical computations under the complete trace:

τpnqpY p1, nqY p2, nqY p2, nqY p1, nqq Ñ ϕpω1ω2ω2ω1q

“ ϕp`˚1`
˚
2`2`1q

“ 1
τpnqpY p2, nqY p2, nqY p1, nqY p1, nqq Ñ ϕpω2ω2ω1ω1q

“ ϕp`˚2`2`
˚
1`1q

“ 1
τpnqpY p2, nqY p1, nqY p2, nqY p1, nqq Ñ ϕpω2ω1ω2ω1q

“ 0
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Decomposition method

By asymptotic freeness, large HGRM are free Gaussians, so it is
natural to

1 decompose them into blocks

Y ps, nq “
ÿ

i ,j

Ti ,jps, nq

2 decompose free Gaussians

ωpsq “
ÿ

i ,j

ωi ,jpsq

3 look for a concept of independence for the summands
4 reduce all computations to properties of these summands
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Block decomposition

1 decompose the unit matrices into submatrices

I pnq “ D1 ` . . .` Dr

where Dj “ Djpnq are 0´ 1 diagonal matrices,
2 use normalized partial traces

τjpnq “ E ˝ Trjpnq

where
TrjpnqpAq “

n

nj
TrpnqpDjADjq

and nj is the number of 1s in Dj .
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Block decomposition

1 decompose random matrices Y pu, nq into blocks

Si ,jps, nq “ DiY ps, nqDj

2 form symmetric blocks

Ti ,jpsq “

"

Sj ,jpsq if i “ j
Si ,jpsq ` Sj ,i psq if i ‰ j
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Matricially free Fock space

In order to find an operatorial realization of limit distributions, we
need a new concept of Fock space.

Definition
By the matricially free Fock space we understand

M “

r
à

j“1
Mj ,

where each summand is of the form

Mj “ CΩj ‘

8
à

m“1

à

j1,...,jm
s1,...,sm

Hj1,j2ps1q b . . .bHjm,jpsmq,

The state associated with Ωj is denoted Ψj .
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Creation operators

Definition
Define matricially free creation operators on M as partial
isometries with the action onto basis vectors

℘i ,jpsqΩj “ ei ,jpsq

℘i ,jpsqpej ,kpuqq “ ei ,jpsq b ej ,kpuq

℘i ,jpsqpej ,kpuq b wq “ ei ,jpsq b ej ,kpuq b w

for any i , j , k P rr s and s, u P U, where ej ,kpuq b w is a basis
vector. Their actions onto the remaining basis vectors give zero.
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Toeplitz-Cuntz-Krieger algebras

Toeplitz-Cuntz-Krieger algebras

One square matrix of creation operators p℘i ,jq gives an array of
partial isometries satisfying relations

r
ÿ

j“1

℘i ,j℘
˚
i ,j “ ℘˚k,i℘k,i ´ ℘i for any k

r
ÿ

j“1

℘˚k,j℘k,j “ 1 for any k

where ℘i is the projection onto CΩj . The corresponding
C˚-algebras are Toeplitz-Cuntz-Krieger algebras .
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Matricially free Gaussians

Arrays of matricially free Gaussians operators

ωi ,jpsq “
a

djp℘i ,jpsq ` ℘
˚
i ,jpsqq

play the role of matricial semicircular operators , they satisfy

ωpsq “
ÿ

i ,j

ωi ,jpsq

and their arrays (rescaled if needed) generalize semicircular
operators.
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Hermitian Gaussian Symmetric Random Block Ensemble

Theorem 1
If Y pu, nq are independent HGRM, then

Ti ,jps, nq Ñ pωi ,jpsq “ p℘i ,jpsq ` p℘i ,jpsq
˚

in the sense of moments under partial traces, where

p℘i ,jpsq “

" a

dj℘j ,jpsq if i “ j
?
di℘i ,jpsq `

a

dj℘j ,i psq if i ‰ j

where dj “ limnÑ8 nj{n are called asymptotic dimensions.
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Typical computations

Typical computations under partial traces for u ‰ s:

τkpnqpTj ,kpu, nqTi ,jps, nqTi ,jps, nqTj ,kpu, nqq

Ñ Ψkppωj ,kpuqpωi ,jpsqpωi ,jpsqpωj ,kpuqq

“ Ψkp℘j ,kpuq
˚℘i ,jpsq

˚℘i ,jpsq℘j ,kpuqq

“ didj

τkpnqpTi ,kps, nqTi ,kps, nqTj ,kpu, nqTj ,kpu, nqq

Ñ Ψkppωi ,kpsqpωi ,kpsqpωj ,kpuqpωj ,kpuqq

“ Ψkp℘i ,kpsq
˚℘i ,kpsq℘

˚
j ,kpuq℘j ,kpuqq

“ didj
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Types of blocks

The symmetric block Ti ,jps, nq is called
1 balanced if di ą 0 and dj ą 0,
2 unbalanced if di “ 0^ dj ą 0 or di ą 0^ dj “ 0,
3 evanescent if di “ 0 and dj “ 0.
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Special cases

Special cases
In the general formula for mixed moments, we get

1 Ti ,jps, nq Ñ pωi ,jpsq if block is balanced
2 Ti ,jps, nq Ñ ωi ,jpsq if block is unbalanced, j “ 0^ i ą 0
3 Ti ,jps, nq Ñ ωj ,i psq if block is unbalanced, j ą 0^ i “ 0
4 Ti ,jps, nq Ñ 0 if block is evanescent
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Block Ginibre Ensemble

Theorem 2
If Y ps, nq are complex independent GRM, then

lim
nÑ8

Ti ,jps, nq “ ηi ,jpsq

in the sense of *-moments under partial traces, where

ηi ,jpsq “ p℘i ,jp2s ´ 1q ` p℘˚i ,jp2sq

are called matricial circular operators .
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Canonical noncommutative random variables

In order to get the asymptotics of a more general class of HRM, we
need more general random variables.

Definition
Let µpsq be a probability measure on the real line whose free
cumulants are prkpsqqkě1, respectively. The formal sums

γpsq “ `˚s `
8
ÿ

k“0

rk`1psq`
k
s

are called canonical noncommutative random variables. If
ř8

k“0 |rk`1psq| ă 8, then γpsq is a bounded operator on the free
Fock space.
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Canonical matricial noncommutative random variables

Proposition

If
ř8

k“0 |rk`1psq| ă 8, then the canonical noncommuative random
variable γpsq has the decomposition

γpsq “
r
ÿ

p,q“1

γp,qpsq,

for any r P N, where

γp,qpsq “ ℘p,qpsq
˚ ` δp,qr1psqPq

`

8
ÿ

k“1

rk`1psq
ÿ

q1,...,qk´1

℘p,q1psq℘q1,q2psq . . . ℘qk´1,qpsq

where I “ P1` . . .`Pr is the decomposition of the identity on M.
Symmetrized operators are denoted by pγp,qpsq.
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Generalization for Hermitian Symmetric Block Ensemble

Theorem 3
Let tY ps, nq : s P S , n P Nu be a family of independent Hermitian
random matrices whose asymptotic joint distribution under τpnq
agrees with that of the family tγpsq : s P Su under Ψ “

ř

q dqΨq

and which is asymptotically free from tD1, . . . ,Dru. If
‖Y ps, nq‖ď C almost everywhere for any n, s and some C , then

Tp,qps, nq Ñ pγp,qpsq

as nÑ8 in the sense of moments under partial traces.
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Combinatorics

Limit mixed moments can be expressed in terms of colored
noncrossing partitions. Here is an example with blocks:

π1 “ t1, 8u, π2 “ t2, 3, 4u, π3 “ t5u, π4 “ t6, 7u

0 1 2 3 4 5 6 7 8 9

i j p m

p

q

Contributions from blocks:

bpπ1, f q “ dpr2, bpπ2, f q “ didj r3, bpπ3, f q “ r1, bpπ4, f q “ dmr2

where rj “ rjpuq are free cumulants.
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Asymptotic polynomials

Corollary
Asymptotic mixed moments are polynomials in asymptotic
dimensions of the form

Ψq ppγp1,q1ps1q . . . pγpm,qmpsmqq

“
ÿ

πPNCmppw1,s1q,...,pwm,smqq

ź

blocks πk

r|πk |ps
pkqq

ź

j Pw1Y...Ywm

d
|Bj pπq|
j

where the summation runs over the set of suitably defined
noncrossing colored partitions (matricially) adapted to all indices
wj “ tpj , qju and sj and Bjpπq is the set of subblocks of blocks of
π of the form ti , i ` 1u which are colored by j and spkq “ si for all
i P πk .
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Applications

Let us present three applications:
1 (A1) products of independent GRM and Fuss-Narayana

polynomials
2 (A2) random matrix model for monotone independence
3 (A3) random matrix model for free Meixner laws and

conditionsl independence
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A1: Products of independent GRM

Asymptotic moments of products of independent GRM
Let

Bpnq “ T1,2pnqT2,3pnq . . .Tp,p`1pnq

for any n P N. Then, for any k P N,

lim
nÑ8

τ1pnq
´

pBpnqB˚pnqqk
¯

“ Pkpd1, d2, . . . , dp`1q

where d1, d2, . . . , dp`1 are asymptotic dimensions and Pk ’s are
some multivariate polynomials.
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A1: Multivariate Fuss-Narayana polynomials

Multivariate Fuss-Narayana polynomials
The polynomials Pk have the explicit form

Pkpd1, . . . , dp`1q “
ÿ

j1`...`jp`1“pk`1

Npk, j1, . . . , jp`1q d
j1
1 d j2

2 . . . d
jp`1
p`1

and are called multivariate Fuss-Narayana polynomials and their
coefficients are given by

Npk , j1, . . . , jp`1q “
1
k

ˆ

k

j1 ` 1

˙ˆ

k

j2

˙

. . .

ˆ

k

jp

˙

.

If p “ 1, we get so-called Narayana polynomials .
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A1: Marchenko-Pastur law

Marchenko-Pastur law
The Marchenko-Pastur law with shape parameter t ą 0 is given by

πt “ maxt1´ t, 0uδ0 `

a

px ´ aqpb ´ xq

2πx
11ra,bspxqdx

where a “ p1´
?
tq2 and b “ p1`

?
tq2.
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A1: Free convolution of Marchenko-Pastur laws

Corollary 1
The moments of the free convolution of Marchenko-Pastur laws
with shape parameters t1, . . . , tp,

πt1 b πt2 b . . .b πtp

are given by
Pkp1, t1, . . . , tpq

where k P N.
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A1: Fuss-Catalan numbers

Corollary 2
If d1 “ . . . “ dp`1 “ d , then we get

Pkpd1, . . . , dp`1q “ dkpF pp, kq

where

F pp, kq “
1

mp ` 1

ˆ

mp `m

m

˙

are Fuss-Catalan numbers (Alexeev, Götze and Tikhomirov).

Romuald Lenczewski Limit distributions of random matrices



A1: Free Bessel laws

Corollary 3

If d1 “ . . . “ dp “ 1 and dp`1 “ t, then Pkpd1, . . . , dp`1q are the
moments of the free Bessel laws

πbpp´1q b π‘t

where π “ π1 is the standard MP distribution.
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A2: Random matrix model for monotone independence

Consider HRM of the block form

Y ps, nq “

ˆ

Aps, nq Bps, nq
C ps, nq Dps, nq

˙

where s P t1, 2u and
1 the sequences pDps, nqq are balanced,
2 the sequences of symmetric blocks built from pBps, nqq and
pC ps, nqq are unbalanced,

3 the sequences pAps, nqq are evanescent,
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A2: Asymptotic monotone independence

Asymptotic monotone independence

Identifying blocks with their canonical embeddings in MnpCq, the
pair tBp1, nq ` C p1, nq,Y p2, nqu is asymptotically monotone
independent with respect to τ1pnq.
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A3: Fock space for free Meixner laws

Consider now the special case of the matricially free Fock space

M “M1 ‘M2,

where

M1 “ CΩ1 ‘
8
à

k“0
pHbk2 bH1q,

M2 “ CΩ2 ‘
8
à

k“1
Hbk2 ,

and Ω1,Ω2 are unit vectors, Hj “ Cej for j P t1, 2u, where e1, e2
are unit vectors.
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A3: Gaussian operators for free Meixner laws

Use simplified notation

℘1 “
a

β1℘2,1, ℘2 “
a

β2℘2,2

for the rescaled matricially free creation operators. Let

ω1 “ ω2,1, ω2 “ ω2,2

be the associated matricially free Gaussian operators.
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A3: Moments of free Meixner laws

Moments of free Meixner laws
If µ is the free Meixner law corresponding to pα1, α2, β1, β2q, where
β1 ‰ 0 and β2 ‰ 0, then its m-th moment is given by

Mmpµq “ Ψ1ppω ` γq
mq,

where
ω “ ω1 ` ω2

and
γ “ pα2 ´ α1qpβ

´1
1 ℘1℘

˚
1 ` β

´1
2 ℘2℘

˚
2q ` α1,

and Ψ1 is the state defined by the vector Ω1.
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A3: Random matrix model for free Meixner laws

Random matrix model for free Meixner laws
Let β1 “ v2,1 ą 0 and β2 “ v2,2 ą 0 be the variances in blocks C
and D. Then

lim
nÑ8

τ1pnq ppMps, nqq
mq “ Ψ1ppω ` γq

mq

where
Mps, nq “ Y ps, nq ` α1D1 ` α2D2

for any n P N, where I pnq “ D1 ` D2 is the decomposition of the
n ˆ n unit matrix.
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A3: Asymptotic conditional freeness

Asymptotic conditional freeness
The Free Meixner Ensemble

tMps, nq : s P S , n P Nu

is asymptotically conditionally free with respect to the pair of
partial traces pτ1pnq, τ2pnqq.
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