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Introduction

Extremum principles are a very important tool in the theory of differential equations
and partial differential equations. Among other things, using these principles one
can obtain some results on the uniqueness of solutions for partial differential equa-
tions. Recently, some papers have considered these principles for partial differential
equations involving fractional derivatives (see [1, 2, 3, 4, 5, 6, 7, 8]).
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Introduction

In particular, in [7] the authors proved some maximum principles for time-fractional
diffusion equations involving Caputo-Katugampola derivative. More precisely, they
consider the following equation

Dy u(x, t) = a(x, t)ue + b(x, t)ux + c(x, t)u + F(t,x, u),

for (t,x) € Q7 = (0, p) x (0, T), with the boundary conditions

u(0,t) = gi(t), te[0,T]
u(p, t) = g2(t), tel0,T]
u(x,0) = ¢(x), x€0,p]

where €Dg” denotes the Caputo-Katugampola derivative, o € (0,1) and p > 0.
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Introduction

Motivated by [7], in this talk, we consider the following time-fractional diffusion
equation
(5DE"u) (£, %) = div (p(x)Vu(t, x)) + F(t, ), (1)

for (t,x) € (a, T] x Q, where 2 >0, a € (0,1), p > 0 and Q is an open bounded
subset of R", under the following boundary conditions

u(a,x) =p(x), xeQ
ulr) = (). (Ex) € [a.T] x 00 } (2)

where div is the divergence operator with respect to the space variable x, V is the
gradient operator with respect to the variable x, p € CM(Q) verifies p(x) > 0 for
x€Q, Fel([a, T] xQ), ¢€C(R) and v € C([a, T] x 09).
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Preliminaries

Firstly, we recall some definitions on fractional calculus ([9, 10, 11]).

Definition 1

Suppose that f € L'[a,b], @ > 0 and p > 0. The Riemann-Katugampola (R-K)
fractional integral of order o with respect to the parameter p of the function f is

defined as 1f
Sp
a,p
/a+ f a) / v _ Sp)l adS.

Definition 2

Suppose that f € AC[a, b]. The Caputo-Katugampola (C-K) fractional derivative
of order o with respect to the parameter p of the function f is given by

DOPf(t) = r’gt—:)% (/t %(f(s) - f(a))ds) .

Note: Hereafter, we will refer to it as the C-K fractional derivative.
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Preliminaries

Moreover, we recall Theorem 1 of [11]

Suppose that f € CY)([a, b]) and a € (0,1) then

CDa,pf
4 f(t) = 1—a)/ tp—SP
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Preliminaries

And the following theorem, which appears in [4] and [7], and plays a significant role
to obtain the maximum principle for equation (1), under boundary conditions (2).

Let f € CM[a, b], a € (0, 1) and suppose that f attains its maximum on [a, b] at
a point ty € (a, b). Then we have that

c Ho,p Pa(tg — ap)—a
D f(to) = W(f(%) —f(a)) =2 0.

Changing f to -f in Theorem 1, it becomes to

Suppose that f € C()([a, b]) and that f attains its minimum at ty € (a, b). Then

Pty —a) "

CD%PF(t) <
2" f(to) < rl-«)

(f(to) — f(a)) <O.
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Main results - Operator L

From this point onwards, Q2 denotes an open bounded subset of R" and [a, T] an
interval in R where a > 0. Now, we consider the following operator

Lu(t,x) = D% u(t, x) — div(p(x)Vu(t, x)), 3)
for (t,x) € (a, T] x Q, satisfying the following boundary conditions

u(a,x) >0, x€Q } 4)

u(t,x) >0, (t,x)€[a, T]x N

where o € (0,1), p > 0, the C-K derivative is considered with respect to the time
variable t, div and V are the divergence and the gradient operators with respect to
the variable x, respectively, and p € C)(Q) with p(x) > 0 for x € Q.
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Main results - Operator L

Our initial results are as follows

Let u € CP([a, T] x Q) be such that Lu(t,x) > 0 for (t,x) € (a, T] x Q and u
satisfies the boundary conditions (4). Then

u(t,x) >0, (t,x)€la T]xQ.
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Main results - Operator L

Our initial results are as follows

Let u € CP([a, T] x Q) be such that Lu(t,x) > 0 for (t,x) € (a, T] x Q and u
satisfies the boundary conditions (4). Then

u(t,x) >0, (t,x)€la T]xQ.

By changing v to —u in Theorem 3, we get

Let u € C?([a, T] x Q) be such that Lu(t,x) < 0 for (t,x) € (a, T] x Q, and

0, xeQ
0, (t,x) € [a, T]xaﬂ}

Then

u(t,x) <0, (t,x)€la T]xQ
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Proof of Theorem 3: Suppose the contrary, that is, there exists (tp, x0) € [a, T] x Q such that
u(to, x0) < 0. Then considering that u € C([a, T] x Q), we find (t1,x1) € [a, T] x Q such that

u(ty, x1) = min u(t, x) < u(to, x0) < 0. (5)
(t,x)€[a, TIxQ
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Proof of Theorem 3: Suppose the contrary, that is, there exists (tp, x0) € [a, T] x Q such that
u(to, x0) < 0. Then considering that u € C([a, T] x Q), we find (t1,x1) € [a, T] x Q such that

u(ty, x1) = min u(t, x) < u(to, x0) < 0. (5)
(t,x)€[a, TIxQ

According to boundary conditions (4), from (5) we infer that (t1,x1) € (a, T] x Q. So that, from
Lu(t,x) > 0 for (t,x) € (a, T] x Q we get Lu(t1,x1) > 0.
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Proof of Theorem 3: Suppose the contrary, that is, there exists (tp, x0) € [a, T] x Q such that
u(to, x0) < 0. Then considering that u € C([a, T] x Q), we find (t1,x1) € [a, T] x Q such that

u(ty, x1) = min _ u(t,x) < u(to, xp) < O. (5)
(t,x)€la, T]xQ
According to boundary conditions (4), from (5) we infer that (t1,x1) € (a, T] x Q. So that, from
Lu(t,x) >0 for (t,x) € (a, T] x Q we get Lu(t;,x1) > 0.
On the other hand, by Theorem 2 and, as u(a, x1) > 0, from (5) it follows
po(tf —a)

r(]_ — oz) u(tl,xl) < 0. (6)

CD?Jr’pLI(tl,Xl) <
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Proof of Theorem 3: Suppose the contrary, that is, there exists (tp, x0) € [a, T] x Q such that
u(to, x0) < 0. Then considering that u € C([a, T] x Q), we find (t1,x1) € [a, T] x Q such that

u(ty, x1) = min u(t, x) < u(to, x0) < 0. (5)
(t,x)€[a, TIxQ

According to boundary conditions (4), from (5) we infer that (t1,x1) € (a, T] x Q. So that, from
Lu(t,x) > 0 for (t,x) € (a, T] x Q we get Lu(t1,x1) > 0.

On the other hand, by Theorem 2 and, as u(a, x1) > 0, from (5) it follows
po(tf —a)

r(]_ — 04) u(tl,xl) < 0. (6)

CDjJr’pu(tl,Xl) <
Moreover, we have that (ti,x1) is a minimum of u(t;, —) in €, so that Au(t;,x1) > 0 and
Vu(ti, x1) = Ogn, so that
div(p(x1)Vu(ty, x1)) = p(x1)Au(ty, x1) + (Vp(x1), Vu(ty, x1)) > 0, (7)
Combining (6) and (7), we deduce
Lu(tr, x1) = D u(ts, x1) — div(p(x1)Vu(ts, x1)) < 0

which is a contradiction and proves our result. B
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Main results - Extremum principles

Theorem 3 implies the following corollary on extremum principles

Suppose the following time-fractional diffussion equation

Lu(t,x) = F(t,x), for (t,x) € (a, T]x Q, (8)
under the following boundary conditions

u(a,x) =p(x), x€Q
ultx) = (), (£ix) € [a. T] x 99 } ©)

where F € C([a, T] x Q), ¢ € C(Q) and v € C([a, T] x 99).
Suppose that F(t,x) >0 for (t,x) € (a, T] x Q. If u € CP([a, T] x Q) satisfies
(8) and (9), then for (t,x) € [a, T] X Q

u(t,x) > min{ ~(t, x), minp(x)

min
(t,x)E€[a, T] x 002 x€Q

— —r = ==y
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Proof of Corollary 1: Let us consider the value

m = min min t,x), minp(x
(t’x)elaﬂxmv( 5 X)s Xeﬁ«ﬂ( )
whose existence is guaranteed by our assumptions, and the following function

v(t,x) = u(t,x) —m, (t,x)€[a T]xQ.
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Proof of Corollary 1: Let us consider the value

= i i t? b i
memn {(t,x)eT;:[l]']XBQ’Y( x) L"E'S“’(X)}

whose existence is guaranteed by our assumptions, and the following function
v(t,x) = u(t,x) —m, (t,x)€[a T]xQ.
In such a case, it follows that
v(t,x) >0, (t,x) € [a, T]x0Q,

and B
v(a,x) >0, x€Q.
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Proof of Corollary 1: Let us consider the value
om0 o
whose existence is guaranteed by our assumptions, and the following function
v(t,x) = u(t,x) —m, (t,x)€[a T]xQ.
In such a case, it follows that
v(t,x) >0, (t,x) € [a, T] x 09, (10)

and B
v(a,x) >0, xe€Q. (11)

Moreover, v satisfies
Lv(t,x) = F(t,x), for (t,x)€ (a, T]x Q.
Therefore, as F(t,x) > 0 for (t,x) € (a, T] x L,
Lv(t,x) > 0. (12)

and by Theorem 3, .
v(t,x) >0, for (t,x)€[a T]xQ,

which gives us the desired result. B
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Main results - Extremum principles

Analogously, Theorem 4 implies the following corollary on extremum principles

Corollary 2

Suppose that F(t,x) < 0 for (t,x) € (a, T] x Q. If u € C®([a, T] x Q) satisfies
(8) and (9) then

u(t, x) < max {

max t,x), maxp(x) ¢,
(t,x)G[a,T]XBQ’Y( ) x€Q 80( )}

for (t,x) € [a, T] x Q.
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Main results - Uniqueness of solutions

Corollaries 1 and 2 lead to the following uniqueness result.

The equation (8) under the boundary conditions (9) has at most one solution
u € C?([a, b] x Q).
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Main results - Uniqueness of solutions

Corollaries 1 and 2 lead to the following uniqueness result.

The equation (8) under the boundary conditions (9) has at most one solution
u € C?([a, b] x Q).

Proof of Corollary 3: Suppose that u1, ux € C?([a, b] x Q) and satisfy equation (8) and conditions
(9). This means that u = u; — up verifies

Lu(t,x)=0 for (t,x)€ (a, T]xQ

and _
u(a,x) =0, x€Q

u(t,x) =0, (t,x)€[a, T]xoQ.
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Main results - Uniqueness of solutions

Corollaries 1 and 2 lead to the following uniqueness result.

The equation (8) under the boundary conditions (9) has at most one solution
u € C?([a, b] x Q).

Proof of Corollary 3: Suppose that u1, ux € C?([a, b] x Q) and satisfy equation (8) and conditions
(9). This means that u = u; — up verifies

Lu(t,x)=0 for (t,x)€(a, T]xQ
and _
u(a,x) =0, x€Q
u(t,x) =0, (t,x)€[a, T]xoQ.
Now, using corollaries 1 and 2, it follows

u(t,x)=0 for (t,x)€[a T]x Q.

Therefore, u; = o in [a, T] x Q. This finishes the proof. W
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Main results - Supersolutions and subsolutions

Definition 3

Suppose that F € C([a, T] x Q), ¢ € C(Q) and v € C([a, T] x IN). A function
w € C%([a, T] x Q) is called a supersolution (resp. subsolution) for

ula,x) = p(x), x€Q

Lu(t,x) = F(t,x), (t,x)€(a T]xQ
(13)
’Y(t7X)’ (t,X) € [av t] x 09 }

I~
—
\:‘"

X
~—

Il

if it satisfies
Lw(t,x) >0er- <) F(t,x), (t,x)€(a T]xQ
w(a,x) >leP <) p(x), xeQ

w(t,x) >e- =) 4(t,x), (t,x) € [a, T] x OQ.
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Main results - Supersolutions and subsolutions

Corollary 4

Suppose that w € C*([a, T] x Q) is a supersolution (resp. a subsolution) for (13).
Then, any solution u € C?([a, T] x Q) for (13) satisfies

u(t,x) <wl(t,x) (resp. u(t,x) > w(t,x))

for (t,x) € [a, T] x Q.
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Main results - Supersolutions and subsolutions

Corollary 4

Suppose that w € C*([a, T] x Q) is a supersolution (resp. a subsolution) for (13).
Then, any solution u € C?([a, T] x Q) for (13) satisfies

u(t,x) <wl(t,x) (resp. u(t,x) > w(t,x))

for (t,x) € [a, T] x Q.

Proof of Corollary 4: Consider the function
v(t,x) = w(t,x) —u(t,x) for (t,x)€[a, T]x Q.
If w is a supersolution, then

Lv(t,x) Lw(t, x) — Lu(t,x) ;o (t,x) €(a T x Q

= = >0
v(a,x) = w(a,x) — u(a,x) = w(a,x) —p(x) >0, xeQ
v(t,x) = w(t,x) — u(t,x) = >0, (t,x)E€][a T]x 0.

and Theorem 3 gives us the desired result. Analogous process for subsolutions, by Theorem 4,
give us the conclusion. B
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Main results - Continuity respect to a boundary condition

The following theorem proves the continuity of the solution to equation (8), when
(9) is verified, with respect to one of the boundary conditions.

Suppose u; € CP([a, T] x Q) (i = 1,2) are solutions to equation (8), satisfying,
respectively, the following boundary conditions for i = 1,2

ui(a,x) = pi(x), xeQ }
ui(t,x) =y(t,x), (t,x) € [a, T] x 0N

where ; € C(Q) (i =1,2) and vy € C([a, T] x 0R). Then

[ur — U2||c([a,T]X§) < g1 — 902Hc(§)a

being _
||uHC([a7T]X§) = max{|u(t,x)|: (t,x) € [a, T] x Q}

Il = max{le(x)] : x € Q.
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Proof of Theorem 5: Put v(t,x) = ui(t, x) — ua(t, x), for (t,x) € [a, T] x Q.
It is clear that Lv(t,x) =0 for (t,x) € (a, T] x Q and

v(a,x) = p1(x) — a(x), for xe€Q,
v(t,x) =0, for (t,x)€ [a, T]x 0.

J. Caballero et al. (ULPGC) Maximum principle - CK derivative October 31°¢, 2023



u1(t, x) — ua(t, x), for (t,x) € [a, T] x Q.

Proof of Theorem 5: Put v(t,x) =
t,x) € (a, T] x Q and

It is clear that Lv(t,x) =0 for (
v(a,x) = p1(x) — a(x), for xe€Q,
v(t,x) =0, for (t,x) € [a, T]x Q.

Using Corollary 1, we infer

v(t,x) > min{Oymeig(w(y) —2y))}, for (t,x)€[a,TIxQ

This gives us

V(t,X) > _”301 - szHc(ﬁ)? for (t7 X) € [2, T] x Q. (14)
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u1(t, x) — ua(t, x), for (t,x) € [a, T] x Q.

Proof of Theorem 5: Put v(t,x) =
t,x) € (a, T] x Q and

It is clear that Lv(t,x) =0 for (
v(a,x) = p1(x) — a(x), for xe€Q,
v(t,x) =0, for (t,x) € [a, T]x Q.
Using Corollary 1, we infer

v(t,x) > min{Oymeig(w(y) —2y))}, for (t,x)€[a,TIxQ

This gives us

V(t7X) 2 _”301 - szHc(ﬁ)? for (t7 X) € [av T] x Q. (14)
Now using Corolary 2, it follows

v(t,x) < max{0, max(¢1(y) — ¢2(y))}, for (t,x)€[a, T]xQ,

yeQ
and, from this inequality, we infer

V(t7X) < ”9‘71 - ¢2llc(§)7 for (t,X) € [aa T] x Q. (15)
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Proof of Theorem 5: Put v(t,x) = ui(t, x) — ua(t, x), for (t,x) € [a, T] x Q.
It is clear that Lv(t,x) =0 for (t,x) € (a, T] x Q and

v(a,x) = p1(x) — a(x), for xe€Q,

v(t,x) =0, for (t,x)€ [a, T]x 0.
Using Corollary 1, we infer

v(t,x) > min{Oymeig(w(y) —2y))}, for (t,x)€[a,TIxQ

This gives us

V(t7X) 2 _”301 - szHc(ﬁ)? for (t7 X) € [av T] x Q. (14)
Now using Corolary 2, it follows

v(t,x) < max{0, max(¢1(y) — ¢2(y))}, for (t,x)€[a, T]xQ,

yeQ
and, from this inequality, we infer

V(t7X) < ”9‘71 - ¢2llc(§)7 for (t,X) € [aa T] x Q. (15)

Finally, from (14) and (15), we deduce

[v(t,x)| < [le1 — @2Hc(§)7 for (t,x) €[a, T] xQ,

which is the desired result. B
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Main results - Continuity respect to a boundary condition

By using a similar argument, we get the following result

Theorem 6

Suppose u; € C?([a, T] x Q) (i = 1,2) are solutions to equation (8), satisfying,
respectively, the following boundary conditions for i = 1,2

ui(a,x) = p(x), xeQ }
ui(t,x) =7i(t,x), (t,x) € [a, T] x 0Q

where 7;(t,x) € C([a, T] x 0Q) (i = 1,2) and ¢ € C(Q). Then

[|ur — U2||c([a,T]x§) <y - ’Y2||c([a,T]><aQ)-
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Main results - Extension of our equation

Next, we complete our study by considering equation (8) when the term F(t,x) is
replaced by F(t,x, u(t,x)), i.e.,

Lu(t,x) = F(t,x, u(t, x)), (t,x) € (a, T] x £, (16)

under the same boundary conditions (9).

Suppose that F € C([a, T] x Q x R) and
OF _
8—y(t,x,y) <0 for (t,x,y)€[a, T x QxR

Then, equation (16) under conditions (9) has at most one solution u € C([a, T]x
Q)

v

J. Caballero et al. (ULPGC)
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Proof of Theorem 7: Let u; € C@([a, T] x Q) (i = 1,2) be two solutions to (16) satisfying
conditions (9).
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Proof of Theorem 7: Let u; € C@([a, T] x Q) (i = 1,2) be two solutions to (16) satisfying

conditions (9).
If we consider u = u; — up, then u is solution of the equation

Lu(t,x) = F(t,x, u1(t,x)) — F(t,x, u2(t,x)), for (t,x) € (a, T]xQ,
and u satisfies

u(a,x) =0, for x€Q,
u(t,x) =0, for (t,x)€ [a, T]x 0.
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Proof of Theorem 7: Let u; € C@([a, T] x Q) (i = 1,2) be two solutions to (16) satisfying
conditions (9).

If we consider u = u; — up, then u is solution of the equation
Lu(t,x) = F(t,x,u1(t,x)) — F(t,x,u2(t,x)), for (t,x)€ (a, T] X Q, (17)
and u satisfies

u(a,x) =0, for x€Q, (18)
u(t,x) =0, for (t,x)€ [a, T]x 0.

Now, using the mean value theorem, for (t,x) € (a, T] x Q, we have
OF
F(t7X7 Ul(tvx)) - F(t7X7 u2(t7X)) = Fy(t’X7y) |(t,x,0(t,x))(ul(tvx) - u2(t7X)) )

where 0(t, x) = A(t, x)u1(t, x) + (1L — A(t, x))u2(t, x), for certain A(t,x) € (0,1).
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Proof of Theorem 7: Let u; € C@([a, T] x Q) (i = 1,2) be two solutions to (16) satisfying
conditions (9).

If we consider u = u; — up, then u is solution of the equation
Lu(t,x) = F(t,x,u1(t,x)) — F(t,x,u2(t,x)), for (t,x)€ (a, T] X Q, (17)
and u satisfies

u(a,x) =0, for x€Q, (18)
u(t,x) =0, for (t,x)€ [a, T]x 0.

Now, using the mean value theorem, for (t,x) € (a, T] x Q, we have
OF
F(t7X7 Ul(tvx)) - F(t7X7 u2(t7X)) = Fy(tzxvy) |(t,x,0(t,x))(ul(tvx) - u2(t7X)) )
where 0(t, x) = A(t, x)u1(t, x) + (1L — A(t, x))u2(t, x), for certain A(t,x) € (0,1).

Taking into account this fact, (17) can be rewritten as

oF
Lu(t,x) = aiy(tvxzy) |(t,x,9(x,y))u(t7X)7 for (t7X) € (37 T] X Q. (19)
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In order to prove our result, we proceed by contradiction. Suppose that there exists some (tp, xp) €
[a, T] x Q such that u(tg, xo) < 0. Then, from (18), (to,x0) € (a, T] x Q.
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In order to prove our result, we proceed by contradiction. Suppose that there exists some (tp, xp) €
[a, T] x Q such that u(tg, xo) < 0. Then, from (18), (to,x0) € (a, T] x Q.

Considering that u € C([a, T] x Q), we are able to find (t1,x1) € [a, T] x Q, satisfying

u(ty, x1) = min _ u(t,x) < u(tp, x0) <O, (20)
(t,x)€[a, T]xQ

which implies that (t1,x1) € (a, T] X €, and, by (19), we have

OF
Lu(ty,x1) = E(tx,y) |(t1,x1,9(tl,x1)) u(t, x1). (21)
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In order to prove our result, we proceed by contradiction. Suppose that there exists some (tp, xp) €
[a, T] x Q such that u(tg, xo) < 0. Then, from (18), (to,x0) € (a, T] x Q.

Considering that u € C([a, T] x Q), we are able to find (t1,x1) € [a, T] x Q, satisfying

u(ty, x1) = min _ u(t,x) < u(tp, x0) <O, (20)
(t,x)€[a, T]xQ

which implies that (t1,x1) € (a, T] X €, and, by (19), we have

OF
Lu(ty,x1) = E(tx,y) |(t1,x1,9(tl,x1)) u(t, x1). (21)

Then, from our hypothesis and (20), we infer that the right hand side of (21) is nonnegative.
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In order to prove our result, we proceed by contradiction. Suppose that there exists some (tp, xp) €
[a, T] x Q such that u(tg, xo) < 0. Then, from (18), (to,x0) € (a, T] x Q.

Considering that u € C([a, T] x Q), we are able to find (t1,x1) € [a, T] x Q, satisfying

u(ty, x1) = min _ u(t,x) < u(tp, x0) <O, (20)
(t,x)€[a, T]xQ

which implies that (t1,x1) € (a, T] X €, and, by (19), we have

OF
LU(tth) = E(tvx»y) |(t1,x1,9(t1,x1)) U(tl,X]_). (21)

Then, from our hypothesis and (20), we infer that the right hand side of (21) is nonnegative.

On the other hand, following a procedure similar to the one used in the proof of Theorem 3, we
get that Lu(t1, x1) < 0, which is a contradiction. Therefore, u(t,x) > 0 for (t,x) € [a, T] x Q.
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In order to prove our result, we proceed by contradiction. Suppose that there exists some (tp, xp) €
[a, T] x Q such that u(tg, xo) < 0. Then, from (18), (to,x0) € (a, T] x Q.

Considering that u € C([a, T] x Q), we are able to find (t1,x1) € [a, T] x Q, satisfying

u(ty, x1) = min _ u(t,x) < u(tp, x0) <O, (20)
(t,x)€[a, T]xQ

which implies that (t1,x1) € (a, T] X €, and, by (19), we have

OF
LU(tth) = E(tvx»y) |(t1,x1,9(t1,x1)) U(tl,X]_). (21)

Then, from our hypothesis and (20), we infer that the right hand side of (21) is nonnegative.

On the other hand, following a procedure similar to the one used in the proof of Theorem 3, we
get that Lu(t1, x1) < 0, which is a contradiction. Therefore, u(t,x) > 0 for (t,x) € [a, T] x Q.

Now, repeating a similar procedure we get that u(t,x) < 0 for (t,x) € [a, T] x Q.
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In order to prove our result, we proceed by contradiction. Suppose that there exists some (tp, xp) €
[a, T] x Q such that u(tg, xo) < 0. Then, from (18), (to,x0) € (a, T] x Q.

Considering that u € C([a, T] x Q), we are able to find (t1,x1) € [a, T] x Q, satisfying

u(ty, x1) = min _ u(t,x) < u(tp, x0) <O, (20)
(t,x)€[a, T]xQ

which implies that (t1,x1) € (a, T] X €, and, by (19), we have

OF
LU(tth) = E(tvx»y) |(t1,x1,9(t1,x1)) u(tl?Xl)' (21)

Then, from our hypothesis and (20), we infer that the right hand side of (21) is nonnegative.

On the other hand, following a procedure similar to the one used in the proof of Theorem 3, we
get that Lu(t1, x1) < 0, which is a contradiction. Therefore, u(t,x) > 0 for (t,x) € [a, T] x Q.

Now, repeating a similar procedure we get that u(t,x) < 0 for (t,x) € [a, T] x Q.

Consequently, u(t,x) =0 and wuy(t,x) = wus(t,x) for (t,x) €[a, T x Q2. A
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Main results - Extension of our equation

Theorem 8

Under assumptions of Theorem 7, suppose u; € C®)([a, T] x Q) (i = 1,2) are
solutions to equation (16), satisfiying, respectively, the following conditions for
i=1,2

ui(t,x) =y(t,x), (t,x) € [a, T] x 9N
where ; € C(Q) (i =1,2) and v € C([a, T] x 0R). Then

ui(a,x) = gi(x), xeQ }

||U1 = u2||C([a,T]><§) < ||901 - 902”(3(5)
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Proof of Theorem 8: Let us consider M = |1 — <p2||c(§) and u(t,x) = u1(t,x) — w(t,x) + M,
for (t,x) € [a, T] x Q.
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Proof of Theorem 8: Let us consider M = |1 — <p2||c(§) and u(t,x) = u1(t,x) — w(t,x) + M,

for (t,x) € [a, T] x Q.
Then, by using exactly the same process followed in the proof of Theorem 7, we get
oF
LU(t,X) = a(tvxvy) |(t,x,9(t,x)) U(t,X), for (t,X) € (av T] x Q,

and
u(a,x) = p1(x) —p2(x) + M >0 for x€Q

u(t,x)=M for (t,x) € [a, T] x 09
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Proof of Theorem 8: Let us consider M = |1 — <p2||c(§) and u(t,x) = u1(t,x) — w(t,x) + M,
for (t,x) € [a, T] x Q.
Then, by using exactly the same process followed in the proof of Theorem 7, we get
OF
LU(t, X) = a(tvxvy) ’(t,x,B(t,x)) U(t,X), for (t,X) € (av T] x Q, (22)

and
u(a,x) = p1(x) —p2(x) + M >0 for x€Q

u(t,x)=M for (t,x) € [a, T] x 09

Moreover, if we suppose that there exists (o, x0) € [a, T] x Q such that u(tp, x0) < O, then, as in
the proof of Theorem 7, we find (t1,x1) € (a, T] X Q such that

Lu(t1,x1) <O
F
Lu(ty, x1) = Fy(taxv}’) |(t1,x1,9(t1,x1)) u(ty, x1) > 0.
which is a contradiction. Therefore, u(t,x) > 0 for (t,x) € [a, T] x Q. That is,
— M < (t,x) — w(t,x), for (t,x)€[a, T] xQ. (23)
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Proof of Theorem 8: Let us consider M = |1 — <p2||c(§) and u(t,x) = u1(t,x) — w(t,x) + M,
for (t,x) € [a, T] x Q.

Then, by using exactly the same process followed in the proof of Theorem 7, we get
oF
LU(t, X) = a(tvxvy) ’(t,x,B(t,x)) U(t,X), for (t,X) € (av T] x Q, (22)

and
u(a,x) = p1(x) —p2(x) + M >0 for x€Q

u(t,x)=M for (t,x) € [a, T] x 09

Moreover, if we suppose that there exists (o, x0) € [a, T] x Q such that u(tp, x0) < O, then, as in
the proof of Theorem 7, we find (t1,x1) € (a, T] X Q such that

Lu(t1,x1) <O

F
Lu(ts, ) = 5 (6%, ) |(t1x0.0000)) U(t1x1) > 0,

which is a contradiction. Therefore, u(t,x) > 0 for (t,x) € [a, T] x Q. That is,
— M < (t,x) — w(t,x), for (t,x)€[a, T] xQ. (23)

Now, repeating the same process for the function
w(t,x) = w(t,x) — ui(t,x) + M, for (t,x)€[a, T]xQ,
we get w(t,x) > 0 for (t,x) € [a, T] x Q. And, that is,

— M < ua(t,x) — ur(t,x), for (t,x)€[a, T] x Q. (24)
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Proof of Theorem 8:
Finally, combining (23) and (24), we have

lur(t,x) — w(t,x)| < M, for (t,x)€[a, T]x Q.

which is the desired result.
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Main results - Extension of our equation

An analogous reasoning leads to the following result.

Theorem 9

Under assumptions of Theorem 7, suppose u; € C3([a, T] x Q) (i = 1,2) are
solutions to equation (16), satisfying, respectively, the following conditions for i =

1,2
ui(a,x) = p(x), x€eQ }
U,'(t,X):’)/;(t,X), (t,X)G [aa T] x 00

where v;(t, x) € C([a, T] x 9Q) (i =1,2) and ¢ € C(Q). Then

||U1 - u2||C([a,t]><§) < ||’yl - '72||C([a,T]><6§2)
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Main results - Generalisation of the results obtained in [12]

Finally, we notice that when f € C()([a, b]) and a € (0,1), if p — 0T in the C-K
fractional derivative of order « then, by applying L'Hospital rule, we get

C po,p B
Jim, "D () = Jim ¢ 1_a)/ tp_spa

1 t a/ t !
g e / o,
MNl-—a)j, p—o+ (tf’fsp) I’(lfa) 2 (Int—Ins)e

which is the Caputo-Hadamard (CH) fractional derivative <H D2, f(t).
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Main results - Generalisation of the results obtained in [12]

In [12], the authors studied extremum principle for the following nonlinear time-
fractional diffusion equation involving the CH derivative

(D u) (t,x) = vAsu(t,x) + F(t,x,u), (t,x)€ (1, T] xQ, (25)
where v > 0 and « € (0,1), under the following boundary conditions

u(1,x) = p(x), x€qQ,
u(t,x) = 'f(t,x), (t,x) €1, T] x 09, } (26)

being » € C(Q), v € C([1, T] x 9Q) and F € C([1, T] x Q x R).
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Main results - Generalisation of the results obtained in [12]

By arguments similar to those used in this paper and taking into account Proposition
3.1 of [12], we can prove the extremum principle for the following more general
equation than (25)

(CHDfiu) (t,x) = div(p(x)Vu(t,x)) + F(t,x,u), (t,x)€(1,T]xQ,

where o € (0,1), p € CW(Q), p(x) > 0 for x € Q and F € C([1, T] x Q x R)
under the boundary conditions (26).
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Thank you for your attention!
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