CHAPTER 1

Lebesgue Measure and Integration

1.1. SET FUNCTIONS

If A and B are any two sets, we write A — B for the set of all elements = such that z € A,
x ¢ B. The notation A — B does not imply that B C A. We denote the empty set by &, and say
that A and B are disjoint if AN B = &.

DEFINITION 1. A family R of sets is called a ring if A, B € R implies
(1.1.1) AUBecR, and A—BeR
REMARK 1. Note that
ANB=A—-(A-B)=B—-(B-A4A)
so for any A, B € R we also have AN B € R if R is a ring.
The set F(N) = {A C N: A is finite } is an example of ring.

DEFINITION 2. A ring R is called a o-ring if

(1.1.2) U Anen
n=1
whenever A, € R foralln=1,2,3,....
Since
(1.1.3) An:AlﬁﬂAn:A1—<A1—ﬂAn):Al—U(Al—An),
n=1 n=2 n=2 n=1

for any A, € R,n=1,2, ..., we also have () A4, € Rif R is a o-ring.
n=1
An Example of o-ring is P (X) the set of all subsets of and set X.
Note that F(N) is not a o-ring, because E = [J {2n} the set of all even numbers is not finite.

n=1

DEFINITION 3. We say that ¢ is a set function defined on o-ring fR if ¢ assigns to every A € R
a number ¢(A) of the extended real number system. ¢ is additive if AN B = & implies

(1.1.4) (AU B) = 6(A) + 6(B),

and ¢ is countably additive if A; N A; = @ for ¢ # j, (in this case we say that the family A; is
pairwise disjoint) implies

i
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REMARK 2. Here we will assume that ¢ is not the constant functions whose only value is +oo
or —oo, and that the range does not contain both 400 and —oo, because if it did, the right side of
(1.1.4) could lose meaning.

REMARK 3. Note that the left side of (1.1.5) is independent of the order in which the A,’s
are arranged. Hence, by the rearrangement theorem for series, if the right hand side of (1.1.5))
converges, it converges absolutely. Otherwise, the partial sums tend to +o0o or —co.

THEOREM 1. If ¢ is additive, then
1) ¢(2)=0.
k
2 6( U 4,) = Sho, 640, A0 Ay =2 fori £,
n=1

(A1 U Ag) + (AN Az) = ¢ (A1) + ¢ (Aa).
If $(A) > 0 for all A, and A C B, then ¢ (A) <

(1) ¢
(2) ¢
(3) ¢
(4) ¢ (B).
(5) if AC B,and |¢ (A)] < o0, then ¢ (B — A) = ¢(B) — ¢ (4).

(1) Note that for all A€ R, A= AU, and ANY = . Since ¢ is additive, then
P(A)+0=0(A)=0(AUD) =¢(A)+¢(2)

so 0= ¢ ()
(2) The case n = 2 is the definition of additive function. Suppose inductively that

G(ALUAUA3U---UA,) = (A1) + ¢ (A2) + o (As) + -+ ¢ (An),

if A;NnA; =@ for i # j, and let Ay, As, As, ..., Apqq so that A;NA; = @ for i # j, and

define B1:A1 UAQUAgU"'UAn, B2:An+1,then BlﬂBQZQand
(AL UAZUA3U - UApy1) = ¢ (B1UBy) = ¢(B1) + ¢ (Ba)
=¢p (A UAUA3U---UA,) +d(Api1)

=¢ (A1) + ¢ (A2) + 6 (A3) + -+ ¢ (An) + ¢ (Anta)

where in the last equality we use the inductive hypothesis.
(3) Note that

Ay = (A1 — A2) U(A1 N Ag)
Ay = (As — A1) U (A1 N Ag)
A1 UAs = (A1 — A2) U (A — A1) U (A1 N Ay)

(see figure below), so

qb(Al UA2)+¢(A1QA2):(¢(A1—A2)+¢(A2—A1)+¢(A1QA2))+¢(A10A2)
= (¢ (A1 — A2) + ¢ (A1 N A2)) + (& (A2 — A1) + ¢ (A1 N Ag))
¢ (A1) + ¢ (A2)
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(4) Since A C B, then B= AU(B — A)and AN(B—A)=9,s0¢(B)=¢(A)+¢(B—A) >
¢ (A), because ¢ (B— A) >0
(5) By item 4 we have ¢ (B) = ¢ (A) + ¢ (B — A), since |¢ (A)| < oo, then

¢(B)—¢(A)=(¢(A)+¢(B—A) —¢(A) =¢(B—A)
Note that non-negative additive set functions satisfy item 4, because this fact these functions
are called monotonic.

THEOREM 2. Suppose ¢ is countably additive on a ring R. Suppose A, € R forn=1, 2, 3,
R A1 CAy CA3C---CAER and

n=1
Then,
¢(A) = lim ¢(An)
Let By = Ay, and B, = A,, — A,_1 forn=2,3,.... Then B, N B; = @, for i # j. Indeed,

since @ # j we can suppose i < j, then by hypothesis
Ai1 CA C A CA;
So
Bi=A;—Ai_ 1 CA CAj_

Since Aj_1NB;j =A;_1N(A; —A;_1) =2, then B,N B; = @.

On the other hand, using induction we show that A, = [LJ B;. added

For n = 1, the above equality is A; = Bj, and supposé_tlhat this equality is true for n = k,
since

App1 = (App1 — Ap) U Ay,

then
k k+1
Ag+1=Brr1UAg = B U U B; = U B;.
j=1 j=1

Furthermore, A; C A; C A3 C--- C A,,, implies | 4; = A, = |J B;. Then
i=1 j=1

<

(G

A:DAJ:
j=1

The figure below illustrates this fact
Since ¢ is countably additive, then

B;.
Jj=1

and
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So
lim ¢(A,) = JE%OZ ¢(B;) = Z ¢(Bj) = ¢(A)

n—oo
as the theorem states.

THEOREM 3. Suppose {¢, :n=1,2,3,...} is sequence of countably additive functions on a
ring R. Suppose ¢n, < Ppy1 form=2,3, ..., then

¢ =sup{o,:n=1,2,3,...}

is a countably additive function on fR.

Note that for each B € R,¢,, (B) < ¢ (B) for alln € N. Hence if A = |J A;, with A;NA4; = &,
=1
then for each n € N we have

oo

0 (4) =360 (4) <30 (4)).

So

(1.1.6) ¢ (A) = sup o, (4) < ¢ (4))

neN —

k
On the other hand, Since B, = |J A; C A, then

Jj=1
¢ (Br) = sup{¢n (Bk)} < sup {¢n (A)} = ¢ (4)
neN neN
Fix k € N and € > 0, for each j = 1, 2, ..., k there exists n; so that ¢ (A4;) < ¢, (4;) +¢/k.

Since {¢n (4;) : n € N} is increasing, taking n = max{n; : j = 1,2,...,k}, and using the countable



1.2. CONSTRUCTION OF THE LEBESGUE MEASURE v

aditivity of ¢, we have

k k k
Y o)< (Y ou ) | te=ou [JA | +e<o| U4 | +e<o@) +e
j=1

j=1 j=1 j=1

Since € was arbitrary, then
k
(1.1.7) D 6(4)) <6 (A),
j=1
and taking limit when k — oo, we obtain???
(1.1.8) D o(4;) <6(4)
j=1
Equations (1.1.6) and (1.1.8) imply

Z¢(Aj) =¢(A).

1.2. CONSTRUCTION OF THE LEBESGUE MEASURE

DEFINITION 4. Let RP denote p-dimensional space. By an interval in RP? we mean the set of
points = (z1,...,z,) such that

(1.2.1) a; <x; < b

for i =1, ..., p, or the set of points which is characterized by (1.2.1) with any or all of the signs
< replaced by <. The possibility that a; = b;, for any value of i is not ruled out; in particular, the
empty set is included among the intervals.

Note that an interval in R? is the cartesian product of finite intervals (closed, open, semiopen
or degenarate) of R.

DEFINITION 5. If A is the finite union of intervals, A is said to be an elementary set.
If T is an interval, we define the measure of I by
P
m (I) = H(bi —a;)
i=1
no matter whether equality is included or excluded in any of the inequalities (1.2.1).

REMARK 4. f I = 1 x Iy x --- x I, and J = J; X Jy x -+ x J, where I, ..., and Jj,
...Jﬂ.]:([lﬂjl))((IQQJQ)X"'X(I;DQJP)

REMARK 5. If I, J are two finite intervals of R, then I — J can be written as the union of two
(possible empty) intervals. Indeed, let a < b be the extreme points of T and ¢ < d be the extreme
points of J, then we can have

(a) a<b<c¢<d,in this case I — J =1I.
(b) a <c¢<b<d,in this case I — J is the interval with extreme points a, c.

(¢) a < ¢ <d<b,in this case [ — J is the union of the intervals with extreme points a, ¢ and
d, b.



vi 1. LEBESGUE MEASURE AND INTEGRATION

(e
added — PS ()

Note that, if I=1I; x [y X - x I, and J = J; X Jy x -+ X Jp, then
(1.2.2)
I-J= (Il — Jl)XIQX-”XIpU(Il — Jl)X(IQ — JQ)X"'XIPU'”U(Il — .]1))(([2 — JQ)X"'X(IP — Jp)

Thus, by Remark 5 I — J is the union of intervals disjoint in RP.

k
DEFINITION 6. If If the intervals I; are pairwise disjoint, then for A = (J I;, we set
j=1
k
(1.2.3) m(A) = m(I))
j=1

We denote by £ the family of all elementary subsets of RP. Note that £ satisfies the following
properties.

k 1
£ 1 & is a ring, but not a o-ring. Clearly the if A= |J I, and B= |J J,,, then AUB =
n=1 m=1

k l
UL.ulU J,and
1 m=1

n=

k l k l
A-B= ] (In— U Jm> = (ﬂ (In—Jm)>
n=1 m=1 n=1 \n=1
but I,, — J,, is the union of at most 2p intervals in R? and by Remark 4 the intersection
of intervals is an interval, then A — B is a finite union of intervals in RP.
added — PS Finally note that £ is not a o-ring: if RP is an element of &, since RP can not be
written as a finite union of intervals in RP then £ is not a o-ring
E21If A€ &, then A is the union of a finite number of disjoint intervals. If A is an interval

this fact is obvious. Now suppose that all unions of k intervals is the union of a finite
k+1

number of disjoint intervals, and let A = |J I, then
n=1

k+1 k l
A= UIn:Ik—HU UIn:Ik'+1U UJn
n=1 n=1 n=1

! !
= (Ik+1_ U Jn> U U Jn
n=1

n=1

! !
= (ﬂ (Lr1 Jn)) U U Jn

where the J,, are disjoint intervals, since Iy — J,, is the finite union of disjoint intervals
(see 5) and the intersection of intervals is an interval, then A is the union of a finite number
of disjoint intervals.



1.2. CONSTRUCTION OF THE LEBESGUE MEASURE vii

E3IAe& m(A) is well defined by (1.2.3); that is, if two different decompositions of A

into disjoint intervals are used, each gives rise to the same value of m(A). Indeed, If
l
A= U I, = U Jg, where the intervals I, and J, are pairwise disjoint, then for each

— q=1
r—l 2 ,kand g =1, 2, ..., [ we have
l
I = U (J,NL)
k
J, = U (J,NL.)
since the family {B, =J,NL. :r=1,2,..., kand ¢=1, 2, ..., [} is pairwise disjoint,

then

m(A) = ijm(m => (Zm (I N IT)> = Ekj (ijm(Bq»)

r=1 r=1 \g=1 n=1 =
! k ! k !
-3 (Snmn) -3 (S nn) - Xway
g=1 \r=1 g=1 \r=1 qg=1
€ 4 m is additive on £. Indeed, If A = U I, and B = U Jg, where the intervals I, and J,
r=1
are pairwise disjoint, and ANB = &, then I, NJ, = @ for eachr=1,2,...,kandg¢g=1,
2,..., L
k l
Since AUB = |J I, U |J Jg, then
r=1 q=1
k l k l
(AU B) <UITUUJq>:Zm(IT)—i-Zm(Jq):m(A)—i—m(B)
r=1 q=1 r=1 q=1

Note that if p =1, 2, 3, then m is length, area, and volume, respectively.

DEFINITION 7. A non-negative additive set function ¢ defined on £ is said to be regular if the
following is true: To every A and to every £ > 0 there exist sets F', G € £ such that F is closed, G
is open, FF C A C G, and

(1.2.4) 6(G)—e <6 (A) < 6(F)+e
Note that by 1.2 we have A = U I, where I, are intervals pairwise disjoint. So for each
n=12,..., k, if F,, is a closed set and G, is an open set, such that F;, C I,, C G,, and

(b(Gn)_% S‘b(In) S‘b(Fn)"’%

Then F = U F, and G = U G, satisfy requirement in Definition 7 for A. Thus, to show that

¢ is regular on ETtis suﬁiment to verify the conditions of Definition 7 only in the intervals of RP.
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EXERCISE 1. [Exercise 11.15] Let R be the ring of all elementary subsets of (0,1]. If 0 < a <
b < 1, define
¢ ((a,0)) = ¢ ((a,0]) = ¢ ([a,b)) = ¢ ([a,b]) =b—a
but define
¢ ((0,b)) =140
if 0 < b < 1. Show that this gives an additive set function ¢ on R, which is not regular and which
cannot be extended to a countably additive set function on a o-ring.

SOLUTION 1. Here as in Definition 6 we define

k
(12.5) 0(4) = o),

k
if A= {J I;, and the intervals I, are pairwise disjoint.
j=1
First, if A is an elementary set, ¢(A) is well defined by (1.2.5); that is, if two different decom-
positions of A into disjoint intervals are used, each gives rise to the same value of ¢(A). Indeed, if
k l
A=\ L,= U J.m, where the intervals I,, and J,,, are pairwise disjoint, then for each n =1, 2,

n=1 m=1
..,kandm=1,2,...,1 we have
l
L =ANnL, = | (@nnI,)
m=1
k
I =ANTp =) TmnTy)
n=1
since the family {B,, =Jn NI, :n=1,2, ..., kand m =1, 2, ..., [} is pairwise disjoint, then
k l k l
wm=2mm:2<2¢mmu>=z<2¢®w>
n=1 n=1 \m=1 n=1 \m=1
l k l l
= <Z ¢(an)> = Z (Z ¢(Jm N In)) = Z ¢(Jm)
m=1 \n=1 m=1 \n=1 m=1

k
Recall that if A is an elementary set, then A = |J I; is the union of a finite number of disjoint
j=1
intervals (see 1.2). So

j=1

6(4) = SOk I(I;)  if 0 is not the end point of any interval in A
) 1+ 25:1 I(I;) if 0 is the end point of any interval in A

where [(I;) is the length of the interval I;. In particular, ¢ (A) < 1 if A is a closed set of (0, 1].
Indeed, note that 0 ¢ A for any subset A C (0, 1].

Now, if 0 is the endpoint of any interval in A, since A is closed then 0 is limit point of A, and
0 € A. which is clearly a contradiction.

If two elementary sets A and B are disjoint, at most one of them can have the point 0 as
the endpoint of one of its intervals. Then ¢ (AU B) is the sum of the lengths of the intervals in
A U B if neither set contains an interval having 0 as the endpoint, and 1 plus this sum if one of
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them does contain an interval with 0 as endpoint. In either case ¢ (AU B) = ¢ (A) + ¢ (B) when
AN B = @.Thus, the function ¢ is additive.

The function ¢ is not regular, because by definition ¢ ((0, %]) =1+3= %, but ¢(A) < 1if A
is closed, so taking e = £, we have ¢(A) + 1 <1+ 1 =¢((0,3]) for all closed A C (0,%). Thus,
¢ does not satisfy Definition 7.

The function also cannot be extended to a countably additive set function on a o-ring, because

1 <011
0,=-| = —_—, —
(2] = U (0]
the intervals in this union are pairwise disjoint, but

((r2]) -3 3-Sa-2e((F )

n=1

ExXAMPLE 1.

(a) The set function m is regular. If A is an interval, i.e., A=1; x Iy x -+ X I,, if a;,b; are
the extreme points of I;, then by the continuity of the volume function on RP, we can
choose r such that

G=(ag—rb+7r)x(ag—rbo+7r) X - X (an—71by +7)
F=lay+7rb —r]x[ag+7rby—7r]x - X[an+rb, —7]

and

$(@) =[] —aj+2r) <[] (b —aj) +e=¢(A) +e¢
=1

p(A) —e=T] ®; —ay) Hb—aj—27“ & (F)

(b) Take p =1, and let o be a monotonically increasing function defined for all real x. Put

p([a,b)) = a(b—) —a(a—) = supa (t) - sup o (t)
p(la, b)) = o (b+) — a(a—) = lggga()—igga(t)
#((a,b]) = a(b+) —afat) = infa(t) — infa ()
p((a,b)) = a(b—) —a(at) = supa () — inf o (2)

Recall that if « is a monotonically increasing function then the set of points of discontinuity of «
is at most countable, and if « is continuous at x, then a (x—) = o (z) = a(z+). Also for each a,
b € R with a < b, by the definition of infimum and supremum given € > 0 there exists ¢, z, y, d
with ¢ < a <z <y < b < d, so that « is continuous at ¢, z, y, d and

afa=) =5 <ale) al@)<aler)+s

a(b—)—g<a(y) a(d) <a(b+)+%
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or equivalently

—a(c)—§<—a(a—) —a(a—|—)<—a(x)—|—%
a(b—)<a(y)+% a(d)—§<a(b+).

The behavior of a monotonically increasing function around a discontinuity point x is sketched in
the figure below

Now we show that pu is regular on £. Here ¢, z, y, d are as above
(1) In the case A = [a,b) consider F' = [a,y] and G = (¢, b), then
€

(@)= <(@) =5 =alb-)—a() -5 <alb-)-ala-) =6 (4)

0(A) =a(b-)—ala-) Saly)+ 5 —ale=) = (F)+5 < o(F)+e
(2) In the case A = [a,b] consider F' = [a,b] and G = (¢, d), then
¢(G)—c=ald -3 -al)-5<abt)-ala-)=¢(4)
¢(A)=¢(F) <¢(F)+
(3) In the case A = (a,b] consider F' = [x,b] and G = (a,d), then
(

(@) —e<9(G)—5 =a(d) -5 —alat) <a(b+)—alet) = ¢(4)
¢(A):a(b+)—a(a+)Sa(bJr)—a(x)Jr%: (F)+ 2 < o(F)+e

(4) In the case A = (a,b) consider F' = [z,y] and G = (a,b), then
¢ (G) —e < ¢(G)=¢(A)

6(A)=a(-)—alat)<aly)+ -

= —a@) s =9(F) +e

2
Now we show that every regular set function on £ can be extended to a countably additive set

function on a o-ring which contains £.

DEFINITION 8. Let p be additive, regular, non-negative, and finite on £. Consider countable
coverings of any set £ C RP by open elementary sets A,,.

Ec ] An
n=1
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Define
o0
(1.2.6) P (E) =inf > pu(An),
n=1

where the infimum is taken over all countable coverings of E by open elementary sets.

w* is called the outer measure of F, corresponding to u.

It is clear that p* (E) > 0 for all E and that if E; C Fs, then any countable coverings of Fs
by open elementary sets is a countable coverings of E; by open elementary sets and by properties
of infimum we have

(1.2.7) p (Br) < p* (E).

THEOREM 4.

(a) For every A€ &, p* (E) = p(E)
(b) if EC U E,, then

(1.2.8) i (B) < S (En)

REMARK 6. (a) implies that u* is an extension of p from &£ to P (RP). The property (1.2.8) is
called subadditivity.

Choose A € £ and € > 0. The regularity of p shows that A is contained in an open elementary
set G such that
w(G) < p(A) +e.
Since p* (A) < (@) and ¢ is arbitrary, we have

(1.2.9) i () < pu(A)

By the properties of the infimum there is a sequence of open elementary sets whose union contains
A, such that

o0 . c
D on(An) Spt(A)+ 5
n=1
The regularity of 4 implies that A contains a closed elementary F' such that p (A) < pu(F)+§;
and note that F' is bounded, because it is the finite union of finite intervals, so F is compact, and
we have

k
FcC UAn,

n=1
for some k. Since p is additive, using Theorem 1, item 2 we have

Do ™
| ™

k k ]
p(A) SH(F)+§ Su(L_JlAn) +§§;u(z4n)+ S;u(AnH

since € is arbitrary we obtain

(1.2.10) n(A) < p* (A),
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Equations (1.2.9) and (1.2.10) prove (a).
Now, suppose E = |J E,. If u* (E,) = oo for some n, then the right side of (1.2.8) is equal

n=1
to o0, and (1.2.8) is trivial, so we can assume that p* (E,) < +oo for all n.
Given € > 0, there are coverings {A,;} for k =1,2,3,---of E, by elementary sets, such that

oo . c
k=1
Since .
E=|JE.c|J 4w
n=1 n=1 k=1
then
. . o0 oo oo o0 o0 . € o0 .
p(E) <p (U U Ank) < (ZZN(!‘WJ) <> (u (En) + 27) —c+ Y 4 (En)
n=1k=1 n=1k=1 n=1 n=1
and since ¢ is arbitrary (1.2.8) follows.
DEFINITION 9. For any A, B C RP We define
(1.2.11) S(A,B)=(A-—B)U(B—-A)
(1.2.12) d(A,B) =p* (S (A, B))

S(A, B) is called symmetric difference of A and B. Now we will see some properties of
S(A,B) and d (A, B)
LEMMA 1. For any A, B, C, Ay, Ay, By, By in RP we have;
S1 S(A,B)=5(B,A), S(A4,A)=0.
S2 S(A,B)C S(A,C)US(C, B).
S3
S(A;1 U Ay, By UBy)
S(Al ﬂAg,BlmBg) CS(A]_7B]_)US(A2’BQ>.
S (A1 — A2, B — By)

S1 Since XUY =Y U X for all X,Y CRP, so
S(A,B)=(A-B)U(B—-A)=(B—A)U(A-B)=5(B,A),
and X — X = @ for all X C RP, implies
S(ALA)=(A-—AUA-A)=gUg=0.
S2 Note that AC AUC =(A—-C)UC, so
A-BCc((A-C)-B)U(C-B)c(A-C)U(C-B),
interchanging A and B we get
B-AcC(B-C)u(C-A4)
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Thus,

S (4, B) A-B)U(B—-A)
(A-CYU(C-B)U((B-C)Uu(C—-A))
(A-C)u(C-A)u((C-B)U(B-0))

S(A,C)US(C,B)

N

(
(
(

S3

(a) If Y =RP — Y (the complement of Y in R?), then X — Y = X NY*° so
(A1 U Ay) — (B1UBy) = (A1 UAy) N (B UBy)°

A1 UAz) N (BYN Bj)

AN (Bf N B3)) U (A2 N (Bf N By))

A1 N BY)U (A2 N BS)
B1) U (A2 — Bs)

N

=
(
(
(A

and
(Bl U Bg) — (Al U Ag) C (Bl - Al) U (32 — Ag)
S(A1UAy, ByUBsy) = ((A1 UAg) — (B1UB3))U ((B1UBsy) — (A1 U Ag))
(A1 = B1) U (A2 — B2)) U ((B1 — A1) U (B2 — A2))
(A1 = B1) U (B1 — A1) U ((A2 — B2) U (B2 — Az))
— S(Ay, Bi)US (As, By).

N

(b) Since

(A°)° mBC) ((B9)" N A7)

then

((A1 N A", (B1 N By)°)
(A7 U A3, Bf U B3)

(Af, BY) U S (A3, B3)
(A1,B1)US (As, Bs)

—

S(A; — Ag, By — By) = S (A1 N A5, B1 N BS)
C S (A1, B1)US (45, BS)
=S (A41,B1)US (As, Bs)
These properties of S(A, B) imply
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LEMMA 2. Forany A, B, C, A1, As, By, Bs in RP we have;
D1 d(A,B)=d(B,A), d(A,A)=0.
D2 d(A,B)<d(A,C)+d(C,B).
D3
d(A; U Ay, By U Bo)
(1213) d(A1 n AQ, Bl N B2) < d(Al, Bl) + d(AQ, BQ) .
d(Al — AQ,Bl — Bz) }

D1
d(A,B) = p" (S(A,B)) = p (S (B, A)) = d (B, A)
d(A,A) = p" (S(A,A) = p* (9) =0
D2 Since S (A,B) C S(A,C)US(C,B), by (1.2.7) and (1.2.8)
A(A,B) = j* (S (4, B)) < 4 (S(A.C) US (C. B))

S pt(S(AC) +p" (5(C,B)) =d(A,C)+d(C,B)
D3 As in the proof of D2, the inclusions in S3 and (1.2.7) and (1.2.8) imply

d(A; U Ay, By U By)
d(A1 N AQ,Bl n BQ) } < d(Al,Bl) U d(AQ,BQ) .
d(A1 — AQ, Bl — B2)
The relations D1 and D2 show that d( A, B) satisfies the requirements of definition for a distance
except that d(A, B) = 0 does not imply A = B. For instance, ifp=1, u =m, A = {a, € R: n € N}
is countable, and B = &, then

d(A,B) =m* (A—2) U (@ — A)) = m* (4)

€ € 00
If e > 0, taken I,, = (an ~ gnrT an + W)’ then I,, are elementary open sets and A C |J I,
n=1
and

m* (A) < m(l,) = ZQ% —c
n=1 n=1

Since ¢ is arbitrary, then m* (A) = 0.
If B = @, then D2 tells us that

1 (A) = d(A, ) < d(A,C) +d(C. ) = d(A,C) + " (C)
interchanging A and C we get
W (C) < d(A,C) + " (A)
So if at least one of u* (A), p* (C) is finite, then
(1.2.14) W (4) — " (O)] < d(A,C)

We write A,, — A, if
lim d(A, A,) =0.

n— oo
If there is a sequence {A,} of elementary sets such that A, — A, we say that A is finitely
pu-measurable and write A € Mp (u) .



1.2. CONSTRUCTION OF THE LEBESGUE MEASURE xv
If A is the union of a countable collection of finitely u-measurable sets, we say that A is
p-measurable and write A € 9 (u) .
THEOREM 5. M () is a o-ring, and p* is countably additive on MM (u) .

Let A, B € Mp (p), and {A,}, {B,} be sequences of elementary sets such that A,, — A and
B,, — B, then by 1.2.13 and 1.2.14 we have

d(A,UB,,AUB) <d(A,,A)+d(B,,B
d(A,NB,,ANB) <d(A,,A)+d(B,,B
d(A, — By, A—B) <d(A,, A) +d(B,,B
1" (An) — p* (A)] < d(4,, A).

Since p* (A,) < oo, taking limit when n — co,we have

(1.2.15a) A,UB, — AUB
(1.2.15b) A,NB, — ANB
(1.2.15¢) A,-B, - A-B
(1.2.15d) pF(Ay) =t (A)

So p* (A) < co. By (1.2.15a) and (1.2.15¢), Mp (1) is a ring. Since p is additive by item 3 in
Theorem 1 we have u(A,) + 1 (By) = pn (A, UBy,) + p (A, N B,) taking limit when n — oo, by
(1.2.15d) and Theorem 2 (a) we obtain

p* (A) +p* (B) =p" (AUB) +p* (AN B).
Since AN B = @, implies p* (AN B) =0, then if AN B = & we have
W (A)+ 1" (B) = i (AUB).

And p* is additive on Mp (p).
Now let

A= 4,
=1
with A, € Mg (n). for n =1,2,3,..., Then B,, € Mp () because B, is a finite union of elements
of Mp(u),ByC By C---CAand A= |J B,,ifC; =Byand C, =B, —Bp,_1 forn=2,3,--- |
n=1
then C), € Mp () because C,, is the difference of elements of Mg (1), and as we see in the proof
of Theorem 2 C;N C; = @ for i # j and A= |J Ch.
k=

By (1.2.8)
(1.2.16) W (A) <3 (Ch).
k=1
On the other hand, with the above notation B U Cy C A. the additivity of p* implies

k=1

(1.2.17) > o (Cr)=u" (U Ck) =p" (By) < 1" (4)
k=1 k=1
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Equations (1.2.16) and (1.2.17) imply

(1.2.18) >t (Cn) = pt (A).

Suppose now that p* (A) < co. Then (1.2.17) shows

lim pi* (By) = lim Y p* (Cx) =D 1" (Cr) = p” (4).
k=1

n—oo

Hence B, — A; and since B, € Mg (u), there are sequences {E,;} for k = 1, 2, 3, ... of
elementary sets, such that

lim p* (Enk) = p" (Bn)
k—o0
and the double sequence {E,; : n,k € N} satisfies
lim lim p* (En) = p* (A4).

n—00 k—o00
So AeMp(p)if AeM(p) and p* (4) < co.
To see that p* is countably additive on 2t (1), note that if A = U Cp,where {C), } is a sequence

of disjoint sets of M (p). Then
If u* (Ck) = oo for some k € N, since Cy C A, then

n=1

(1.2.19) 0o = p* (Cg) < p* Z/‘

therefore the inequalities in (1.2.19) are all equalities.
If u* (Cp,) < oo for all n € N, above we see that A,, € Mp (1) and by (1.2.18) we have

A=Y

Finally, if A = U Ay, with 4, € M (p), then for each n there exists{ B} for k=1,2, 3, ...

n=1

with B € Mp (1) and A, = U B,i, s0
k=1

A:

(@

Aﬂ:: LJ LJ-Bnh
n=1 n=1k=1
)5

1
Note that A is a countable union of elements in Mg (1), then A € M (u).
Now suppose that A, B € M (u) and

A=JA., B=|J B,
n=1 m=1
where A,,, B,, € Mz (u) for all n € N. Note that

AnﬂB:AnﬂGB D A, NBy).

m=1
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So A, N By, € Mp (1), and A, N B € M (p) for all n € N. Since 4, N B C A, then
w (A, NB) < pu*(A,) < oc.
Thus, A, N B € Mg (u),s0 A, — B=A, — (4, N B) € Mg (u) for all n € N. Hence

AB(DAR>B G(AnfB)Gfm(,u)

We now replace u*(A4) by p(a), if A € M(u). So u, initially defined on &, is extended to a
countably additive set function on the o-ring 9t (1). This extended set function is called a measure.
The case u = m is called the Lebesgue measure on RP.

REMARK 7.

(a) If A is open, then A € 9t (u). Because every open set in RP is the union of a countable
collection of intervals. To see this, using the density of Q in R, we can see that § =
{I = (a1,01) % (a2,b2) X -+ x (ap,bp) : a;,b; € Q} is a countable base whose elements are
open intervals. Since RP is an open set, taking complements we obtain that closed set is

in M (p)
(b) If A € M (u) and € > 0, there exist sets F' and G that FF C A C G, F'is closed, G is open,
and
(1.2.20) w(G—A) <e, p(A—F)<e.

Indeed, if p(A) < oo, ie., A € Mp () by (1.2.6), there exists a sequence {A,} of
open elementary sets, so that

Ac|JA,  and D p(An) <p(A)+e,
n=1 n=1

taking G = |J A,, then
1

n=

(G —A) = (@) - p(A) <3 p(A) — (n(4) <.

If u(A) = oo there exists a sequence {A,} with A, € Mg (u) for all n € N; so
that A = |J A,. Now, for each n € N by show above there exists an open set G,, with
n=1
A, C G, so that

l‘(Gn - An) < 2%a
taking G = fj Gy, then, G isopen, ACG,G— A= Ej (Gn — A,), and
n=1 n=1
w (G~ A) <u<U <Gn—An>> <> u(Ga—A) <=
n=1 n=1

For the second inequality, since 9 (i) is a o-ring, then A € M (u), so there exists G
w(G—A° <e.
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Taking F' = G°, then F is closed A C F, using Remark 1 we have
pA=F)=p(A-G)=p(ANG) =p(G- A% <e

We say that E is a Borel set if F can be obtained by a countable number of operations,
starting from open sets, each operation consisting in taking unions, intersections, or com-
plements. The collection B of all Borel sets in R? is a o-ring; in fact, it is the smallest
o-ring which contains all open sets. By Remark (a) if B C 9t (u).

By (b) If A € M (u), for each n € N, there exist Borel sets F), so that that F,, C A, F, is

closed for all n € N, and

1
p(A—-F,) <—

If F=|J F,,then FisaBorelset, FC A, A—F C A—F, for all n € N, in consequence

n=1
we have

u(A—F)Su(A—Fn)<lforallneN.
n
Thus,
w(A—F)=0.

Since A = FU (A — F), we see that every A € M (u) is the union of a Borel set and a set
of measure zero.

The Borel sets are always p-measurable for all p. But the sets of measure zero, i.e.,
the sets E for which p* (E) = 0 may be different for different measures p’s.
For every p, the sets of measure zero form a o-ring, Indeed, recall that E has measure
zero, if for a given € > 0, there exists a sequence {A,} of open elementary sets, so that

EC GA" and iu(An)<e, i
n=1

n=1

Since Fy — F5 C FE; for all Ey, E5, then
0<p™ (B —Ez) <p (E1)=0

On the other hand, if £ = |J E,, with u* (E,) = 0, for all n € N. For each n € N let
n=1

{Ank : k € N} a sequence of o_pen elementary sets, so that

00 S
En C U Ank and ZM(Ank) <5
k=1

k=1

Thus, E= | E, C U U Ank, and

n=1 n=1 k=1

In case of the Lebesgue measure, every countable set has measure zero. In effect, for

each ¢ > 0, the interval centered on x and of volume § is a covering of A = {x} by

elementary sets, with measure less than €. As any countable set B is the countable union
of its elements, the remark 6 (e¢) shows that B has zero measurement. But there are
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uncountable sets of measure zero. The Cantor set P is an example: Recall that P is

defined as
P =) En,
n=0

where Ey = [0,1]. Removing the the middle thirds ibterval of this intervals we obtain
E1 = Eg — (3,%), s0o Ey is [0,4] U [2,1]. Removing the middle thirds interval of these
intervals we obtain F5 and continuing in this way, we obtain a sequence of compact sets
FE,, such that

EoDFE{DFEy---

and E,, is the union of 2" intervals, each of length 37™. So m (E,) = (%)n
Below we show the Fq, Fsy, F3 and FEjy.

E, N
R e — V]
po—e o—e —eo o—o
g Geee oeoo eo oo oeoo
° ° ° °

1] 103 23 1

Now P can be identified with the set of the sequences (apa; ... a, ...) where a,, =0 or a,, = 2,
and using the same argument as the one that shows that [0,1] is uncountable, we get that P is
uncountable.

Since P C E, for all n € N, then m (P) < m(E,) = (%)n, and taking limit when n — oo we
obtain m (P) = 0.

Moreover, if we denote by ¢ the cardinality of R, we obtain that cardinality of P is equal to c.
Because every subset of the set of measure 0 is the set of measure 0, we have at least 2° measurable
sets on R. Because the cardinality of the family of all subset of R is also 2¢, the natural question
is: ‘are there unmeasurable sets?’.

(g) A Vitali set is a subset V of the interval [0, 1] of real numbers such that, for each real
number 7, there is exactly one number v € V' such that v — r is a rational number. Vitali
sets are a set of representative of the group R/Q in [0, 1].

Every Vitali set V' is uncountable, and

(1.2.22) v —u is irrational for any w,v € V, u # v.

A Vitali set is non-measurable. Indeed, assume that V' is measurable and let g1, ¢o,
be an enumeration of the rational numbers in [—1,1]. And let V,, be the translated
sets defined by
Vo=V+qg,={v+g,:veV}
Note that V;, NV, = @, because if y € V;, N V,,,, then v + ¢, = y = v + ¢, implies v — u
is rational in contradiction with (1.2.22).
Also note that [0,1] C G Vo, C[-1,2].

n=1

added

added

PS

PS
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To see the first inclusion, consider any real number r € [0, 1] and let v be the repre-
sentative in V for the equivalence class [r]; then » — v = g, for some rational number g,
€ [-1,1] which implies that r € V,

Since the Lebesgue measure is countably additive, then

1<) m(V,) <3,
n=1

Because the Lebesgue measure is translation invariant, we have m(V,,) = m(V) for all
n € N, and therefore

oo
1<) " m(V) <3

n=1
But this is impossible. Summing infinitely many copies of the constant m(V') yields either
zero or infinity, according to whether the constant is zero or positive. In neither case is the
sum in [1, 3]. So V cannot bee measurable. An adequate change of the above argument
shows that, for all measurable set A with m(A) > 0 there exists a non-measurable set B
with B C A.

1.3. MEASURE SPACES

DEFINITION 10. Suppose X is a set, not necessarily a subset of an Euclidean space, or indeed
of any metric space, X is said to be a measure space if there exists a o-ring 9 of subsets of X,
which are called measurable sets, and a non-negative countably additive set function p which is
called a measure, defined on 9.

If, in addition, X € 9t then X is said to be a measurable space.

For example, we can take X = R, and 9. the collection of all Lebesgue measurable subsets
of R and p = m the Lebesgue measure.

Or, let X = N the set of all positive integers, 9t the collection of all subsets of X, and u (F) is
the number of elements of E. u is know as the counting measure

Another example is provided by probability theory, where events may be considered as sets,
and the probability of the occurrence of events is an additive (or countably additive) set function.

1.4. MEASURABLE FUNCTIONS

DEFINITION 11. Let f be a function defined on the measurable space X, with values in the
extended real number system. The function f is said to measurable if the set

(1.4.1) {z: f(x) >a}
is measurable for every real a.

EXAMPLE 2. If X = RP and 9t = M (1) as in Theorem 5, every continuous f is measurable,
because then (1.4.1) is an open set, and the open sets belong to 1.

THEOREM 6. Let f be a function defined on the measurable space X . The followings conditions
are equivalent:
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(1.4.2) {z: f(z) > a} is measurable for every real a

(1.4.3) {z: f(z) > a} is measurable for every real a

(1.4.4) {z: f(z) < a} is measurable for every real a

(1.4.5) {z: f(x) <a} is measurable for every real a
Let a € R.

(1)

(2)

(3)

If f(x) > a, then f(z) > a— + for all n € N. So

(x: f(z)>a} C m{;z::f(x)>a—711}.

neN

Reciprocally, if f(z) > a — 1 for all n € N, then f(z) is an upper bound of the set
{a—1:neN}, since a=sup{a— 2 :neN} wehave f(z) > a and

" ﬂ{x:f(x)>a—i}c{x:f(x)2a}.

neN
So {z: f(z) > a} = N {z: f(x) > a— L1}. Since the intersections of measurable sets is
neN

a measurable set, then 1.4.1 implies 1.4.2
Note that

{z: f(x) za} =X —{z: f(z) 2 a} ={z: f(x) <a}

Since the complement of measurable sets is a measurable set, then (1.4.2) implies (1.4.3)
If f(x) < a, then f(z) < a+ + for all n € N. So

{z: f(z)<a}C ﬂ{x:f(x)<a+%}.

neN

Reciprocally, If f(z) < a+ + for all n € N, then f(z) is lower bound of the set
{a+1:neN}, since a=inf{a+<:neN} wehave f(z) > a and

N {m:f(x)<a+i}c{x:f(x)§a}.

neN

So{z: f(z) <a} = N {z: f(z) <a+ L} Since the intersections of measurable sets is
neN
a measurable set, then (1.4.3) implies (1.4.4).

Note that
{z:flx)<a} =X —{z: f(z) <a}={z: f(z) > a}

Since the complement of measurable sets is a measurable set, then (1.4.4) implies (1.4.1)

COROLLARY 1. Let f be a measurable function on a measurable space X, then —f is a mea-
surable function on X.
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Note that
{z:=f(z)>a} ={z: f(z) < —a}
Hence {z : —f(x) > a} is measurable for every real a if f is a measurable function.
Hence any of these conditions may be used instead of (1.2.21) to define measurability

THEOREM 7. Let f be a measurable function on a measurable space X, then |f| is a measurable
function on X.

If a < 0, then {x : |f(x)] > a} = X, hence measurable.
Recall that |f (z)| > a, if and only if f(x) >a or —f (z) < —a. So

{z:[f(2)] >a} ={z: f(x) >a} U{z: —f(x) < —a},
and by Theorem 6 and corollary 1 {z : | f(z)| > a} is measurable for every real a if f is a measurable
function.

THEOREM 8. Let {fn} be a sequence of measurable functions on a measurable space X. Then
g(x) =sup {fn(x):n € N}
h(z) =inf {f,(z) : n € N}
k() = lim sup { fu(2)}
n—oo
(z) = lim inf{f,(z)}
n—oo

I(x

are measurable functions.

Note g(z) < a, if and only if f,(z) < a for all n € N. Thus, since {z:g(z) <a} = (N {z:
neN
fu(x) < a}, {x: g(x) < a} is measurable for every real a if f,, are measurable functions for all n.

If f, are measurable functions for all n, then —f,, are measurable functions, so p(x) =
sup {—fn(z)} is a measurable function. Since h(z) = —p(x), then h is also a measurable function.
Note that

k() = inf gy, ()
(@) = sup hn (),

where hy, (x) = inf {f,(z) : n > m} and gy, (z) = sup {fn(x) : n > m}. Then by the show above,
9Im, hm are measurable functions, in consequence k, [ are also measurable functions.

COROLLARY 2. Let X be a measurable space, then
(1) If f, g are measurable functions on X, then

max{f,g}, min{f,g}, [T, f~

are also measurable functions.
(2) The limit of a convergent sequence of measurable functions on X is measurable on X.

(a) Recall that
max {f, g} = sup{f, g},
min {f, g} = inf {f, g},
f* =max{f.0},
[~ =max{-f,0},
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where 0(z) = 0.
(b) If f(z) = nh_}n;O fn(x), then

fl@) = Tim fo(@) = lim sup{fa(2)}

n—oo

THEOREM 9. Let f and g be measurable real valued functions defined on X, let F' be a real
valued and continuous function on R?, and put

hz) = F(f(z),9(x))
then h is measurable.
In particular, f + g and f - g are measurable.

Let
Go = {(u,v) : F(u,v) >a} = F~! (a,+0)
Since F is continuous, then G, is an open subset of R?, recall that every open set in R? is the union
of a countable collection of intervals (be((mse both open squares and open disks form a topological

basis in R?), so we can write G, = U I,,, where {I,,} is a sequence of open intervals:

I, = (an,bn) X (cn,dyn) .
Since f and g are measurable, then the sets
{z:an, < f(x) <bp} = (an,by),
{r:c, <g(x)<dy}y =9 "(cn,dy),
are measurable. So
{o: (f(2),9(2)) €L} ={z:an < flz) <b} N {z:cn <g(z) <dn}

is measurable, Hence the same is true for
U {z:( (2)) € L} ={z:(f(2),9(z)) € Ga} ={z : h(z) = F (f(2),9(z)) > a}.

Above we see that all ordinary operations of analysis when we apply to measurable functions,
lead to measurable functions. but the next example shows that there exits continuous function g
and a measurable function h such that h o g is non-measurable.

EXERCISE 2. [Exercise 11.3] If {f,} is a sequence of measurable functions, prove that the set
of points at which {f,(z)} converges is measurable.

SOLUTION 2. Let A = {z : {fn(z)} converges}, if = € A then {f,(z)} is a Cauchy sequence in
R. Thus, given n € N, there existsng € N such that |f, (z) — f; ()| < L if p, ¢ > no.
Note that for each n € N. we have

ve N {=h@-nwi<tfc U N {Fno-ne<i)

p,q>no noENp,g>no

and z belong to the set

c=NU N {=h6-n6<1}

neNngeN p,qg>ng

added — PS
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Clearly by construction if z € C, then {f,(z)} is a Cauchy sequence in R, so {f,,(z)} converges

and x € A. in consequence A = C.

Finally, since f,, is measurable for all n, then |f, — f,| is measurable for all p, g, in consequence
the sets {z : |f, (2) — fq (z)| < 1} are measurable for all p, ¢ and n. Since the measurable sets form

a o-ring then A = C is a measurable set.

ExXAMPLE 3. Consider the following sequence {f,} of functions defined by

— ol

% (1 + fnfl(?’m - 2)) )

o
IN
8

Wiy Wik

IN
8

IN
8

IN A A
= Wiy Wi

This sequence of functions converges to the continuous function f know as the devil’s stair-
case function of Cantor, below we can see the graph of the first three functions f,, and a sketch

of the graph of f.
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Consider the function g(x) = f(z) + z, where f is the devil’s staircase function of Cantor. The
function g is strictly increasing homeomorphism from [0, 1] onto [0, 2] and note that the measure
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of [0,2] — g(C), where C' is the Cantor set, is equal to two minus the sum of the measures of the
images of the middle thirds of the intervals in E,,, that we use to defined C, i.e.,

m(0.2)-g(e) =2-3" () =1

n=0

in the figure below we can see a sketch of the graph of g,

02 ofg oz 04 o0& oe 1 12

If A is a non-measurable A C g(C). Note that B = g~1(A) is measurable, because B C C, so
m(B) = 0. Since g is a homeomorphism, then g~! is continuous. If h = yp, then h is measurable
on [0, 1] but

1 (1 gl'(x)eB [1 z€A
(g (x)){O glx)¢B ~ 0 z¢A = X4

is the non-measurable characteristic function of the non-measurable set A.

Note that measure p has not been mentioned in above discussion of measurable functions. In
fact, the class of measurable functions on X depends only on the o-ring 1.
For instance, we speak of Borel-measurable functions on R, that is, of function f for which

{a: f(x) < a)
is always a Borel set, without reference to any particular measure.
1.5. SIMPLE FUNCTIONS

DEFINITION 12. Let s be a real-valued function defined on X. If the range of s is finite, we say
that s a simple function.

Let £ C X, and put xg: X - R

1 z€eFk

Xk is called the characteristic function of E. Note that xg = x% = |xg|-
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Suppose the range of s consists of the distinct numbers ¢y, ..., ¢,. Let
E;={z:s(z) =¢},

then7X: U El,ElﬂEJ:@lf’L#_}and

=1
(1.5.2) 5= ZCiXEi
i=1

REMARK 8. So every simple function is a finite linear combination of characteristic functions.
It is noted that if s is measurable, then

Ei={z:s(x)=c¢}={x:s(zx) <c¢}n{x:s(z)>¢}

are measurable sets. And reciprocally, if F; are measurable sets for all t =1, 2, ..., r, then
{z:s(z) <a} = U E;
ci<a
So s is measurable, iff F; are measurable sets for allt =1, 2, ..., r.

Now we see that every function can be approximated by simple functions

THEOREM 10. Let f be a real function on X. There exists a sequence {s,} of simple functions
such that

(1.5.3) nh_)ng() sn(x) = f(x) for every x € X
If f is measurable, s,, may be chosen to be measurable functions. If f > 0, then {s,} may be chosen
to be a monotonically increasing sequence.

If f >0, for each n € N define
(1.5.4) F,={x: f(z) > n}
and for k =1,2,...,n2" define

(1.5.5) En,kz{x:kz_nl<f(x)<;}=f_1<[k;17;>)’

and let

n2"
sn(x) =) %mk +nxr,

Note that F,,+1 C Fy,, so if x € Fi 41, therfi1
Spt1(x) =n+1>n=s,(x).

Since

2k—-1 2k 2k—1 k k—1 k
—1 -1 1
Eption=f ({2”“72,&1)) =f ({2"“’2”)) cf <{2n,2n>> =FEnk

_ 2k 2k+1 _ k 2k+1 _ kE k+1
Eniiobp1=f 1({2,”1’2”“)):]( 1({2n72n+1>>Cf 1({27“ on ))ZEn,k-‘rl

so if x € Ey 41,2k, then

2k —1 2k — 2 k—1
S7l+1(x) = on+1 > on+1 = on = Sn (33),
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and if x € E,, 11 2541, then
2k k
So {sn} is a monotonically increasing sequence.
On the other hand, let € X, since f(z) € R, then there existsm € N so that f(x) < m, and
let n, k € N so that n > m and kgnl < flz) < 2%, for some k € {1,2,...,n2"}. Then, z € E,, ; and
by definition of s, (z) we have

(1.5.6) 0= f2) = snl2) < 57

taking limit when n— oo, we obtain

lim s,(x) = f(x)

n—roo

In the general case, consider f = fT — f~ and apply the preceding construction to f+ and f~.

Note that if f is measurable, then F,,, E, ; are measurable sets, so s,, are measurable functions.

Note that if f > 0, then functions s, in the proof satisfy s, > 0, and if f is bounded, i.e.,
|f ()] < M for all z € X and some M € R, then equation (1.5.6) tells us that the sequence {s, }
converges uniformly to f.

1.6. INTEGRATION

Now we define integration on a measurable space X, in which 91 is the o-ring of measurable
sets, and p is the measure.

DEFINITION 13. Suppose s > 0

s(x) = ZCkXEk(ﬂU) reX
k=1

is measurable simple function, and suppose E € 91, we define the integral of s on E by

(1.6.1) Ip(s) =Y cxp(ENEy)
k=1
In the above definition we need s > 0, i.e., ¢p > 0 for k=1, 2, ..., n, to avoid indefinitions in

the sum of the form 400 — 0o, For example, if ;4 = m is the Lebesgue measure on R, and we do not
have this restrictions, consider s(z) = 1+ X(—o0c,0) + (—=1) - X[0,400), then I (s) is not defined.
Now we see some properties of this integral

THEOREM 11. Let s > 0 be a measurable simple function on X, and suppose E € I, with
E=JF
j=1

and F; € M are pairwise disjoint. Then

(1.6.2) Ip(s) = ifpj (s)
j=1



xxviii 1. LEBESGUE MEASURE AND INTEGRATION

Suppose that s(z) = > ) _; ckxp. () € X, then

IE(S):iCk‘LL(EmEk ZC}#L((OF})QE;C

k=1 j=1
:ZCkN(U(ijEk> ZCkZNFmEk
k=1 j=1 k=1 j=1
:Z(chu(FjﬂEk) Z( CkuFﬂEk>
k=1 Nj—=1 =1 \k=1

I

IFj (S) .

<
Il

REMARK 9. The above theorem tells us that if ¢s (E) = Ig (s) for each E € 9, then ¢, is
countably additive.

THEOREM 12. Let s1, so > 0 be measurable simple functions on X,
(1) if s1 < sq, then for each E € MM we have

(1.6.3) Ig (s1) < Ig(s2)
(2) s1+ s2 >0 is a measurable simple function on X, and for each E € M we have
(1.6.4) I (s1 4 s2) = Ip (s1) + g (s2)

Suppose that

n k
= ZCkXEka 52(1') = Zd]XF7
k=1 j=1
where ¢, > 0, d; > 0.

n k
Since X = E;= |J Fj, thenfor 1 <i<n,1<j<k/let Aj; =F,NE;,NE
i=1 j=1

k n
EiﬁE:UAij7 FjﬁE:UAZ‘j

j= i=1

1
n k
(EmE):UUAU

1 i=1j=1

n
FE =
(1) Note that s1 (z) = ¢; < dj = s2 (x) for & € A;5. So

La,; (1) = cipn(Aiy) < djpn (Aij) = La,, (s2)
By theorem (11)
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(2) Note that s () + s2 (z) = ¢; + d; for z € A;;. So
Ia;; (s14 s2) = (ci + dj) p(Aij) = cip (Aij) + djpn (Aij) = Lag; (51) + Lay; (s2);
By theorem 11
n k

n k
Ig (31 +82) = ZZIAU (81 —|—82) = ZZ (IAij (81) +IAij (82)) =1Ig (31) +Ig (82).

i=1 j=1 i=1j=1

Note that if 0 < s; < s are measurable simple functions and A;; are as the above proof, then

So — 81 :Z(dj —¢i)Xa,; >0
j=1
and
(1.6.5) Ig (so—s1) =Ig(s2) — Ig(s1)
DEFINITION 14. If f is measurable and non-negative, we define
(1.6.6) [E fdu =supIg (s),

where the supremum is taken over all measurable simple functions s such that 0 < s < f.

The left member of (1.6.6) is called the Lebesgue integral of f, with respect to the measure
u, over the set . Note that the integral may have the value +oo.

Note that if 0 < s is a measurable simple function, then s < s, and by Theorem 12 (1)
Ig (s1) < Ig(s) for all measurable simple functions s; such that 0 < s; < s so

(1.6.7) /E sdp = 1Ig (s).

DEFINITION 15. Let f be measurable, and consider the two integrals

(1.6.5) /E 1+ du, /E fd,

where f = f*— f~ and f* and f~ are defined as Corollary 2. If at least one of the integrals (1.6.8)
is finite, we define

(1.6.9) /Efdu:/Eerdu—/Ef‘du.

If both integrals in (1.6.8) are finite, then the integral in (1.6.9) is finite, and we say that f is
integrable (or summable) on E in the Lebesgue sense, with respect to p and we write f € £ (u)
on E. If p = m the Lebesgue measure, we say that f is Lebesgue integrable on E and that
feLonkE.

Note that if the integral in (1.6.9) is 400 or —oo, then the integral of f over E is defined,
although f is not integrable on E in the above sense; f is integrable on E only if its integral over
FE is finite.

All properties in Remark 11.23 of Rudin’s books are true, but not are evidently as he say, here
we only show those we need, and lead to later the rest

REMARK 10. The integral satisfies the following properties:
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(a) If f € £L(u) on E, and X € R, then

(1.6.10) /EAfdu:A/Efdu

We first see the case 0 < s = 22:1 CLXE,

L. If A > 0, then 0 < As is a measurable simple function and [, Asdp = Ig(Xs) =
Shci A (ENER) =AY e (ENE) =M (s) =X [, sdu
2. f A <0, then As < 0,80 (As)” = (=) s

/E)\sdu:—/E()\s)_ du:—/E(—)\)sdu:—(—)\)/Esdu:)\/Esd,u

In the case 0 < f;

1. If A > 0, then s; is a simple function with 0 < s; < Af , if and only if s; = As where s is
a simple function with 0 < s < f. So

/)\fd,uzsup{IE()\s)}:sup{/ )\sdu} :sup{)\/ sd,u} :Asup{/ sd,u} :)\/ fdu
E E E E E
and consequently fdu

to the end 2. If A < 0, then Af < 0, so (Af)” = (=\) f

[ asa== [ ondu=— [ 3 pa= =3 [ fan=x [ s

In the general case;
1. If A >0, then (Af)T = Aft, (Af)” = Af~ and

[ asan= [ o= [ o /Af+ /Af——A/ﬁ YR (/Eﬁ—/Ef—):A/Efdu

2. If A < 0, then (Af)" NN =01

/E/\fdu:/E(Af)+_/(Af) /(—)\)f*—/E(_A)JH:(_)\)/]Sf,_(_)\)/Ef+
:A(/Eﬁ_/ )_A/fdu

(b) If f is measurable and bounded on F, and if p (F) < oo, then f € £ (u) on E.

Since f is bounded, then there exists M, so that |f(z)] < M , fT(x) < M and f~(z) < M.
If sy = Y 1, ckxE, and so = >.°  dpxp, are simple functions so that 0 < s; < f* and
0<sy < f7,then 0 < ¢k, di < M and

/slduzzcku(EmEk)gZM-u(EmEk)gM.M(E)
E k=1 k=1

/SQd‘LL de,u (ENFg) <ZM w(ENFy) <M-pu(E)
E k=1
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So

/f+dM§M-M(E)<OO
E

/f+dMSM-M(E)<OO
E

and f € L(u) on E.
(¢) If f,ge L(u), and 0 < f(x) < g(x), then

(1.6.11) / fdu < / gd.
E E
Note that 0 < f(z) < g(z) implies that

{s: s is a simple function, 0 < s < f } C {s: s is a simple function, 0 < s < g}.

So
fip= swp Tp(s) < swp I (s) = [ fau
E 0<s<f 0<s<g E
(d) If u(E) =0, and f is measurable, then
(1.6.12) / fdp =0,
E

Note that EN A C E implies p(ENA)=0,S0if 0 < f, and s = Y ,_, ckXE, is a simple
function, 0 < s < f on F, then

n n
IE(S)=chu(EﬂEk):ch-0:O.
k=1 k=1

Thus,
/ fdu= sup Ig(s)=0.
E

0<s<f

In the general case, we have [, ftdu= [, f~du =0, so

/Efdu=/Ef+du—/Ef—du=o.

(e) If feL(u)on E,and A€M, AC E, then f € L(u) on A.

if0<f,and s =, _; ckXp, is a simple function, 0 < s < f , since A C E, then ANE, C ENEy
and p (AN Ey) < p(ENEg). Thus,

IA(S) Zickﬂ(AﬂEk) < ick,u(AﬂEk) ZIE(S).
k=1 k=1

and taking supremun we have,
f@=SwIM$SSwIM$=/fW~
A 0<s<f 0<s<f E

In the general case, we have [, ftdu < [, ffdu < oo, [, f~du < [, f~du < oo, s0 f € L (1)
on A.
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THEOREM 13 (Lebesgue’s monotone convergence theorem). Suppose E € M. Let {f,} be a
sequence of real, measurable functions such that

(1.6.13) 0< fi(z) < fax) < ...
forallxz € E. Let f be defined by
(1.6.14) f(z) = li_>m ful(2),
then

.6. dp = lim nd
(1.6.15) /Efu n_m/Ef 1

First note that the sequence {f,,(z)} is an increasing sequence of real functions so
f(z) = lim_f,(z) = sup {fn(2)}
n—oo neN

and f is a measurable non-negative function with f,(z) < f(z) for all x € E and n € N. Also we
end of the proof not here have { f = fn(z)du} is an increasing sequence of real extended numbers, so

lim fndpu = sup {/ fndu} =«
n—oo Jg neN UJ/E

for some «, and since fy,(z) < f(z) for all z € E and n € N, we have

(1.6.16) a< / fdpu.
E
Choose ¢ such that 0 < ¢ < 1, and let s be a simple measurable function such that 0 < s < f
and let

E, ={z: f.(2) > cs ()},
for n € N. Since
By (1.6.13), By CE; C---CE, C---.If x € E, since 0 < ¢ < 1 then
cs(z) < f(x) = sup {fu(2)},
ne

so there existsn € N, so that cs (z) < f,,(x). Thus,

(1.6.17) E= O E,.

n=1

Remark 10 (c) implies that for every n,

(1.6.18) /Efnd,u > /E fndp > /E csdyp = C/E sdp = clg, (s) = cps (En)

Since the ¢ is a countably additive set function (see Remark 9) by (1.6.17 ) we can apply
Theorem 11 and Remark 10 (a) to ¢ in (1.6.18), and taking limit when n — oo in(1.6.18), we
obtain
(1.6.19) o= lim fodp > lim cps (Ep) = cps (E) = c/ sdu

E n—oo E

n—oo
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Taking limit when ¢ — 1, we see that

(1.6.20) aZ/sdu
E
SO
(1.6.21) a > sup /sd,u:/fd,u
0<s<f

Inequalities (1.6.16) and (1.6.21) and definition of a imply
/ fdp=a= hm / frndp.

THEOREM 14. (a) Suppose f is measurable and non-negative on X. For A € MM, define

(1.6.22) o ()= [ s

then ¢ is countably additive.
(b) The same conclusion holds if f € C( ) on X.

Note that if f € £(p) on X, then ¢+ (A) = [, fTdp and ¢y (A) = [, f~dp are both finite,
then write
_ | rdu— Fdu= b (A) — s
(1.6.23) o1 = [ fan= [ frau= [ 5rau=os ()= o (4)

and apply (a) to ¢+ and ¢,- we obtain (b).
To prove (a), by Theorem (10) there exists a sequence {s,} of simple functions such that

(1.6.24) 0<s1(z) <sg(x)<..<f
for all x € X. So that
(1.6.25) f= li)m Sp=sup{s,:n=1,23,...}

Remark 10 (c) shows that ¢, < ¢, forn =1,2,3,.... So {¢s, :n=1,2,3,...} is a
sequence of countably additive functions on 9t. By Lebesgue’s monotone convergence theorem
(1.6.26) / fdp = lim sn = sup {/ snd,u} = sup {¢s, (4)},

n—00 neN LJA neN

and by Theorem 3, ¢ is a countably addltlve function on 1.
COROLLARY 3. IfA,BeM, BC A and u(B — A) =0, then

(1.6.27) /fdu /fdu

Since B C A, then A= BU (A — B), BN (A — B) = @. The condition (B — A) = 0 implies
Ja g fdu=0 (bee Remark 10 (d)), so

(1.6.28) /Afduzasf (A) = ¢ (B) + ¢y (A—B)z/dequ/AideuZ/deu.

REMARK 11. The preceding corollary shows that sets of measure zero are negligible in integra-
tion
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Let us write f ~ g on F if the set {z : f(z) # g(x)} N E has measure zero.
Clearly f ~ f .and f ~ g implies g ~ f; and note that
(1.6.29) yefz: f(z) =g(@)} n{zx: g(z) = h(x)}
then
y €{z: f(z) = h(x)}
{z: f(x) # W)} N E={x: f(z) =h(x)} N
C ({z: fx) =g(x)} U {ﬂC tg(@) =h(=)})NE
= ({z: f2) # g(2)} N E)U ({2 : g(2) # h(z)} N E)

Thus, ({z : £(z) # h(2)} N E) = 0if p ({a : f(x) # g(a)} N E) = 0and pu ({x : g(x) # h(a)} N E) =
0. Hence f ~ g and g ~ h implies f ~ h. In conclusion, ~ is an equivalence relation on FE

If f ~gonE, then f ~ gon A, forall A C E. let, B = {a: f(z) =h(z)} N A and
C={x: f(z)#h(x)},then A=BUC, BNC =@. Soif f and g are integrable on A then

(1.6.30) /Afdu:/deu:/Bgduz/Agdu.

If a property p holds for x € F — A and if p(A4) = 0, we say that p holds for almost all z € E,
or that p holds almost everywhere on E.
Note that if u(A) > 0, where A = {z: f(z) = +o0}, then s, (z) = XA < f(x), so

(1.6.31) n:/Asndug/Afdu.

Thus, [, fdu = +oc and f ¢ L(u) on E, in consequence if f € £(x) on E, then f(z) must be finite
almost everywhere on E. In most cases we therefore do not lose generality if we assume the given
functions to be finite-valued from the outset.

EXERCISE 3. Let f be a measurable function on E. Then, if f > 0 and fE fdu =0, prove that
f(z) = 0 almost everywhere on E. Hint: Let E, be the subset of F on which f(z) > % Write
A=\J;_, E,. Then pu(A) =0 if and only if u(E,) = 0 for every n.

SoLUTION 3. Note that for every n, E,, C A , so if u(A) =0, then pu(E,) = 0 also. Conversely,
if u(E,) =0 for every n, by Corollary ?? we have

oo

B < S

On the other hand, if u(F,) > 0 for any n, since f > XE on E,then

1 1
0—/ fdu>/ madp = (B OBy = p(By) > 0
which is a clearly contradiction.

EXERCISE 4. [Exercise 11.2] Let f be a measurable function on E. Then, if fA fdp = 0 for
every measurable subset A of a measurable set E, then f(z) = 0 almost everywhere on E.
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SOLUTION 4. Consider Ay = {z € E: f(x) >0} and A_ = {z € E: f(z) <0}, since [ is
measurable, then A, and A_ are measurable sets and

AyNA_ =2, E=A,UA_

Note that
_J ff@) =zeA
f(x)—{ —f () zGA-i__ ’
rw={ 7 Er

_ o 0 S A+
F(@) = { —f(z) zeA_
If A is a measurable subset of F, then
A=Ay NA)U(A_NA)

Since A4 N A and A_ N A are measurable sets of E, we have

o= [ gdu=[ st
AynA ALnA

Since

/fﬂm:/ f+du+/ f+du:/ f+du+/ 0dp=0+0=0
A ArNA A_NA AtLNA A_NA

/ffdu:/ ffd,uﬁ—/ ffd,u:/ Odu—|—/ ffdp=04+0=0,
A AynA A_NA ALnA A_NA

Since fT and f~ are non-negative measurable functions, then exercise 11.1 implies that f(z) =
0 and f~ (z) = 0 almost everywhere on E, so

f@)=f (@) - f (2)=0
almost everywhere on F.

THEOREM 15. If f € L(u) on E, then |f| € L(1) on E and

(1.6.32) | / fdu’ < [ 1f1du
E B
Write E = AU B, where A={x € E: f(x) >0} and B={z € E: f(z) <0}, then A and B

are measurable and AN B = &, and note that
(1) If 2 € A, then |f| (z) = f(z) = T (z), f~(z) =0.
(2) 1w € B, then [f](z) = —f(z) = f~(x), f*(2) = 0.
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By Theorem 14 we have

(1633 [ frdu=op ()= op W+ oy B) = [ rrans [ rran= [ rran
o3 [ pde=op B) =0 W+ o (B)= [ Fdus [ rau= [ fau

and,

/E Fldu = by (B) = dy71 (4) + é11 (B)

= [ 1f1dus [ (1= [ fraws [ fan
A B A B
:/f+du+/f7du<oo.
E E
Since 0 < f*, and 0 < f~ we have 0 < [ f*du, and 0 < [ f~ dp. So
fdu‘z f*du—/f‘du‘< /f+du‘+ /f‘du‘
E E E E E

:/Efde/,LA—/]Ef’du:/Elfldu-

Since the integrability of f implies that |f| s integrable, the Lebesgue integral is called an
absolutely convergent integral.

THEOREM 16. Let f be a measurable function on E and g € L () on E. If |f| < g, then
feL(p) onkE.

Note that 0 < f+, f~ <|f] < g so

og/f+du§/gdu<oo

E E

Oé/f‘duﬁ/gdu<oo
E E

EXERCISE 5. [Exercise 11.4] If f € L(u) on E and g is bounded and measurable on E, then
fg€ L(p) on E.

and f € L(u) on E.

SOLUTION 5. Since g is bounded, let M a positive constant such that |g (x)] < M for all z € E.
Since f € L(u) on E, by Remark 10 (a) and Theorem ?? we have M |f| € L(u) on E. Since f and
g are measurable, fg is also measurable. Now

[f9l () = lg (@) |f (2)| < M [f (z)] = M |[] ()
so by Theorem ?? we have fg € L(u) on E.

THEOREM 17. If f, g € L(u) on E, then

(1.6.35) [E (f +9)dyi = [E fdu+ /E odp
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In the case 0 < f, g let {s,}, {pn} be sequences of simple functions such that
0 <si(z) <sofx) <... < f,
0<pi(z) <p2(z) <...<y,
for all x € E. and
(1.6.36) flz) = nhﬁn;o sn(x), g(x)= nl;n;opn(x) x € E.

Then
0<s1(x)+p1(x) <so(x) +p2(z) <...< f+y,
for all z € E and

(1.6.37) (f+9g) (z)= nh—>Holo (Sn+pn) (x). z€E.

By Lebesgue’s monotone convergence theorem and item 2 in Theorem 12 we have

/ (f +g)dp = lim / (8n + pn)dp = lim </ sndu—|—/ pndu)
= lim Spdp + lim / Prdu = / fdu+ / gdu
In the general case, since f,g € L (u) we can suppose that f(z) and g(z) are finite for all z € E.
Let h = f + g, then
ht—h™=h=f+g=f"—f +g"—g°
or equivalently
(1.6.38) Rt +f +g =fT+gt+h”

Since both sides in equation (1.6.38) are the sum of three positive functions of £ (1) we conclude

/Eh+du+/Ef_du+/Eg_du:/E(h++f_+g_)du

G )
E

:/ f+du+/g+du+/ h™dpu
E E E
Thus,

[ u+radn= [ nan= [ wran— [ wip= [ prau= [ paus [ gtan [ gau
z/Efdu—k/Egd,u.

THEOREM 18 (Absolute Continuity). Let E be a measurable set and f € L(u) on E. Then,
given any £ > 0, there is a 0 > 0 such that for any A C E measurable with pu(A) < §, we have

b5 (A) = /A |fldp <e.
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If f is bounded, i.e., |f(x)| < M for some real positive M and all z € E, then if 4 (A) < § = £,
since p (A) < p (E) we have

o) = [ 1< [ M= ()M <.
Otherwise, define

n  fx)>n

Then {f,} is an increasing sequence of bounded, measurable functions with f = lim f,, on E. By
n—oo

fn () _{ |[f(z)] f(z)<n

Lebesgue’s monotone convergence theorem, we can find N € N so that

/Efzvdu>/E|f|du*g

2> [ 1fldn= [ fdu= [ (1= n)d

If 0 <0 < 5% and pu(A) <6, since 0 < fy () < N for all z € E, then

Jstdn= [ 00150+ fudu= [ 471= 5+ [ fud
< [uri=t+ [ Naw

€ e €
-+ Nu(A —+ ==
<2 u()<2 5 €,

and hence

and the proof is complete.

THEOREM 19. Suppose E € M. Let {f,} be a sequence of non-negative measurable functions
on E. Let f be defined by

(1.6.39) fa) =Y frlx),
k=1

then

(1.6.40) /E fdp = ; ; fedp

Note that the sequence {g, = > ,_; fx} of the partial sums of (1.6.39) form a monotonically
increasing sequence such that

f: lim 9n,
n—oo

and by Theorem 17

(1.6.41) /E o =3 /E fedp

By Lebesgue’s monotone convergence theorem we have

fdp = lim /gndu: lim /fdu: /fd,u.
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THEOREM 20 (Fatou’s Lemma). Suppose E € M. Let {f,} be a sequence of non-negative
measurable functions on E. Let f defined by

(1.6.42) f(z) = liminf f, (x),
n—oo
then
(1.6.43) / fdp < lim inf/ fndp.
E n—oo E

Consider the sequence {g,, = infy>, fx}, by Theorem 8 the functions g, are measurable func-
tions on E. On the other hand:

(1.6.44) 0<g1(x) <golx) < ...

(1.6.45) In < fn

(1.6.46) f=supg, = lim g,,
neN n—oo

Inequality (1.6.45) and Remark 10 (c¢) imply

/ gndp < / Jndp
E E
So

(1.6.47) liminf/ gndp Sliminf/ fndu
E n— oo E

n—roo

Equations (1.6.44) and (1.6.46) imply that {g, } satisfies the hypothesis of Lebesgue’s monotone
convergence theorem, so using ( 1.6.47) we have

(1.6.48) /fdu: lim /gndu:liminf/ gnd,ugliminf/ fndp.

EXERCISE 6. [Exercise 11.5] Put

_ JO0 0<z<}
fa(x) = g(),
Jort1(z) = g(1—ux).
Show that
liminf f, (x) =0,
n—oo
but

! 1
/0 frn(x)dm = B

[Compare with (1.6.43).]
SOLUTION 6. Since for each 2 with 0 < z < 4, we have fo, (z) = g(x) = 0 for all k, then for

these x, by the definition of the inferior limit we have liminf f,,(z) = 0.
n—oo

Analogously, for each x with % <z <1, we have fory1 () = g(1 — ) = 0 for all k, thus
liminf f,,(z) = 0 for % <z <l1.
So lirr_1>inffn(x) =0forall0<z<1.

or comma
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Note that g(z) = X[3.1] (x), so
fau (@) = 9(2) = X3

fowy1 (@) = g(1 —2) = X[o,%)(x)

Thus,

/1f(x)dm:{ f01f2k )dm = fo 27] (x)dm = m([%71}):1 " — 9k
n f01f2k+1 Ydm = fo ) z)dm = m([O,%)):% k41

This exercise show that we can obtain strict 1nequality in equation (1.6.43 ) in Fatou’s Lemma.

[N

THEOREM 21 (Lebesgue dominated convergence theorem). Suppose E € M. Let {f,} be a
sequence of measurable functions on E and f a measurable function on E such that

(1.6.49) f=lim f, inE
n—oo
If there exists a function g € L (u) on E, such that
(1.6.50) |fn (@) < g ()
too early end of the the-  for alln € N and x € E, then f € L(u) on E and
orem
(1.6.51) / fdp = lim fndu
n—oo E

Note that (1.6.50) implies
@) = lim [fu(2)] < f(z) in E

and by Theorem 16 we have f, f,, € £ (u) on E, (1.6.50) also implies

(1.6.52) —fn (@) < g(2)
(1.6.53) fn () < g(2)

So the sequences {g + fn}, {g — fn} are measurable non-negative functions such that
g+ f=lim (g+ fn) =liminf (g + f»)
n—oo n—oo
g—f= lim (g— f,)=liminf (g — fy)
n—oo n—oo

By Fatou’s theorem and Theorem 17 we have

/gd,u—l—/fdu / g+f)d/¢<hm1nf/ (g+fn)duz/gdu+lin_1>inf/ fndu
E n—ee JE

/gdu /fdu / 9—1) uSliminf/ (g—fn)du=/gdu—liminf/ fndp

So
(1.6.54) /fd,uglirginf/ fndp
E nwee JE

(1.6.55) f/ fdu < fliminf/ fndp
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Note that (1.6.55) can be rewritten as

(1.6.56) limsup/ fndug/fdu
n— 00 E E
Thus,
(1.6.57) limsup/ fndug/ fdugliminf/ fndu Slimsup/ fndu
n—oo JE E n—oo Jp n—oo JE

So all inequalities in equation (1.6.57) are equalities which implies that the limit in (1.6.51)
exist and the equality in (1.6.51) is holds.

COROLLARY 4. If u(E) < oo, and {fn} is uniformly bounded on E, and f(z) = lim f, (z)
n—oo
on E, then

(1.6.58) / fdp= lim [ fndu.
E n—oo E
Since {f,} is uniformly bounded on E, then there exists M such that |f,(z)] < M = Mxg (z)

for all n € N and = € E. note that [, Mxpg (z)dp = Mu(E) < oo, So Mxg (x) € L (i) on E, and
we can apply the Lebesgue’s dominated convergence theorem with ¢ = Mxg.
A uniformly bounded convergent sequence is said to be boundedly convergent.

EXERCISE 7. [Exercise 11.6] Let

|z <n
|z] >n

O3

ful) = {

Then f,(x) — 0 uniformly on R, but
o0
/ fndm=2 (n=1,2,3,...).

(We write | fooo in place of [,). Thus uniform convergence does not imply dominated convergence in
the sense of Lebesgue dominated convergence theorem. However, on sets of finite measure, uniformly
convergent sequences of bounded functions do satisfy the Lebesgue dominated convergence theorem.

SOLUTION 7. Recall that {f,} converges to g uniformly on R! if for given ¢ > 0 there exist a
natural number N, such that |f, (z) — g(z)| < € for all z € R! and n > N.

In this case given € > 0. Let N be natural number such that % < . Note that for all z € R'and
all integers n > N, we have

1

1
- < =<ec.
n N c

So {fn} converges to 0 uniformly on R!.
On the other hand, we have that f, = X[ nn]- S0 for all n € N

[ m@an= [ @ dm = L)) = o=

n n

and the proof is complete.
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EXAMPLE 4. In this example we have a sequence {f;} of continuous function that converge to
a continuous function f, but

b b
lim / frdx %/ fdx
k— o0 a a
In this case consider

kEx 0<z< 1
- Tk
fo(@)=9 12(2_ 1 <2
k v T k <zx< k
0 % <zr<l1

This sequence punctually converge to the function f () = 0 for all z € [0, 1], below we can see the

graph of fj, this graph shows that the integral of fi is 1 equal to the area of the triangle in red on
the graph, so

b b
lim / frdz=1#0= / fdx.
k—oo J, a

The last example shows that the condition |fx (z)| < g(z), in the dominated converge theorem
is necessary to obtain the conclusion.

EXERCISE 8. [Exercise 11.12] Suppose

(@) |f(z,y)| <1, for0<z<1, 0<y<1

(b) for fixed x, f(z,y) is a continuous function of y,

(c) for fixed y, f(z,y) is a continuous function of x.
Put

1
s@)= [ Sy 0<e<y)
0
Is g continuous?

SOLUTION 8. The answer is yes, g is continuous. We only need to show that if {z,} is a
sequence so that x,, — =, then f(x,) — f(z).
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Indeed, first note that the continuity condition (b) implies that the right side on the definition
of g(x) is well defined (really we only need that for fixed z, f,(y) = f(z,y) is integrable on [0, 1]).

On the other hand, by (c), f(xn,y) = f(x,y) for each y € [0, 1], in particular for almost every
y.

Since the set [0, 1] has finite measure, then the function h = x(o,1) € L (m)

Let fu (y) = f(2n,y) and fu(y) = f(2,y), then fu (y) = fu(y) and by (a)

[fn W)l = |f(zn,y)| <1=h(y)

for all n and y € [0, 1], using the dominated convergence theorem we have

1 1 1
fim gw) = lim [ Sty = [ it = [ = o).

n—oo

This concludes the proof.

1.7. COMPARISON WITH THE RIEMANN INTEGRAL

Our next theorem will show that every function which is Riemann-integrable on an interval
is also Lebesgue-integrable, and that Riemann-integrable functions are subject to rather stringent
continuity conditions. Quite apart from the fact that the Lebesgue theory therefore enables us to
integrate a much larger class of functions, its greatest advantage lies perhaps in the ease with which
many limit operations can be handled; from this point of view, Lebesgue’s convergence theorems
may well be regarded as the core of the Lebesgue theory.

One of the difficulties which is encountered in the Riemann theory is that limits of Riemann-
integrable functions, for example, If {g, € [a,b] : n € N} is an enumeration of the rationals number
in the interval [a,b] and Ex = {q1,q2,...,qx} consider fx = x&,, f = Xqn[a,b), then the discon-
tinuities of f; are the points of Ej, since Ej is finite, then f; are Riemann-integrable functions,
also lem fr = f and note that f is not Riemann-integrable, because if P = {z1,29,...,2,} is a

partition of [a,b], L (f,P) =0, U (f,P) =1, So

b 7b
/fdx:sup{L(f,P)}0<1:inf{U(f,P)}:/fdw.

This difficulty is eliminated with the Lebesgue theory, because limits of measurable functions are
always measurable.

Let the measure space X be the interval [a,b] of the real line, with u = m (the Lebesgue
measure), and 9 the family of Lebesgue-measurable subsets of [a,b]. Instead of

/X fdm
/ab fdx

for the Lebesgue integral of f over [a,b]. The notation f € R on [a,b] means that f is Riemann
integrable on [a, b], To distinguish Riemann integrals from Lebesgue integrals, we shall now denote

the former by
b
R / fdx.

it is customary to use the familiar notation

with hyphen?
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THEOREM 22. (a) If f € R on [a,b], then f € L on [a,b] and

(1.7.1) / fdm—R/ fdz.

(b) Suppose f is bounded on [a,b]. Then f € R on [a,b] if and only if [ is continuous almost
everywhere on [a, b].



