CHAPTER 1

Lebesgue Measure and Integration

1.1. SET FUNCTIONS

If A and B are any two sets, we write A — B for the set of all elements = such that z € A,
x ¢ B. The notation A — B does not imply that B C A. We denote the empty set by &, and say
that A and B are disjoint if AN B = &.

DEFINITION 1. A family R of sets is called a ring if A, B € R implies
(1.1.1) AUBecR, and A—BeR
REMARK 1. Note that
ANB=A—-(A-B)=B—-(B-A4A)
so for any A, B € R we also have AN B € R if R is a ring.
The set F(N) = {A C N: A is finite } is an example of ring.

DEFINITION 2. A ring R is called a o-ring if

(1.1.2) U Anen
n=1
whenever A, € R foralln=1,2,3,....
Since
(1.1.3) An:AlﬁﬂAn:A1—<A1—ﬂAn):Al—U(Al—An),
n=1 n=2 n=2 n=1

for any A, € R,n=1,2, ..., we also have () A4, € Rif R is a o-ring.
n=1
An Example of o-ring is P (X) the set of all subsets of and set X.
Note that F(N) is not a o-ring, because E = [J {2n} the set of all even numbers is not finite.

n=1

DEFINITION 3. We say that ¢ is a set function defined on o-ring fR if ¢ assigns to every A € R
a number ¢(A) of the extended real number system. ¢ is additive if AN B = & implies

(1.1.4) (AU B) = 6(A) + 6(B),

and ¢ is countably additive if A; N A; = @ for ¢ # j, (in this case we say that the family A; is
pairwise disjoint) implies

i



added

ii 1. LEBESGUE MEASURE AND INTEGRATION

REMARK 2. Here we will assume that ¢ is not the constant functions whose only value is +oo
or —oo, and that the range does not contain both 400 and —oo, because if it did, the right side of
(1.1.4) could lose meaning.

REMARK 3. Note that the left side of (1.1.5) is independent of the order in which the A,’s
are arranged. Hence, by the rearrangement theorem for series, if the right hand side of (1.1.5))
converges, it converges absolutely. Otherwise, the partial sums tend to +o0o or —oc.

THEOREM 1. If ¢ is additive, then
1) $(2) = 0.

k
k ) .,

2) ¢ ( U1 An) =3, _10(A), if AiNA; =@ fori#j.

(
( =
(3) ¢ (A1UAz) + ¢ (A1NA2) = ¢ (A1) + ¢ (A2).

(4) If p(A) > 0 for all A, and A C B, then ¢ (A) < ¢ (B).

(5) if AC B,and |¢ (A)] < oo, then ¢ (B —A) = ¢ (B) — ¢ (4).

Note that non-negative additive set functions satisfy item 4, because this fact these functions
are called monotonic.

THEOREM 2. Suppose ¢ is countably additive on a ring R. Suppose A,, € R forn =1, 2, 3,
o, A C A CA3C---CAER and
oo
A= ] A
n=1

Then,
¢(A) = lim ¢(Ap).

n— oo

1.2. CONSTRUCTION OF THE LEBESGUE MEASURE

DEFINITION 4. Let RP denote p-dimensional space. By an interval in R we mean the set of
points = (x1,...,x,) such that

for i =1, ..., p, or the set of points which is characterized by (1.2.1) with any or all of the signs
< replaced by <. The possibility that a; = b;, for any value of 7 is not ruled out; in particular, the
empty set is included among the intervals.

Note that an interval in R? is the cartesian product of finite intervals (closed, open, semiopen
or degenarate) of R.

DEFINITION 5. If A is the finite union of intervals, A is said to be an elementary set.
If I is an interval, we define the measure of I by

m (1) =[] b — a:)
i=1
no matter whether equality is included or excluded in any of the inequalities (1.2.1).

REMARK 4. f I = 1 xIx x --- x I, and J = J; X Jy x --- x J, where I, ..., and Jj,
...7ImJ:([1ﬂJ1)X(IQQJQ)X"'X(IPQJP)
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REMARK 5. If I, J are two finite intervals of R, then I — J can be written as the union of two
(possible empty) intervals. Indeed, let a < b be the extreme points of T and ¢ < d be the extreme
points of J, then we can have

(a) a<b<c¢<d, in this case I — J =1I.
(b) a <¢<b<d,in this case I — J is the interval with extreme points a, c.
(¢) a < ¢ <d<b,in this case I — J is the union of the intervals with extreme points a, ¢ and
d, b.
(d) ¢ <a<d<b,in this case I — J is the interval with extreme points d, b.
() ¢e<d<a<b,in thiscase [ —J = 1.
(f) e<a<b<d, in this case [ — J = &. added

Note that, if I=1; x Ig x -+ x I and J = J; x Jg x -+ x Jp, then
(1.2.2)
I-J= (Il — Jl)XIQX”'XIpU(Il — Jl)X(IQ — JQ)X"'XIPU'”U(Il — .]1))((]2 — JQ)X"'X(IP — Jp)

Thus, by Remark 5 I — J is the union of intervals disjoint in RP.

k
DEFINITION 6. If If the intervals I; are pairwise disjoint, then for A = J I;, we set
j=1

(1.2.3) m(A) = m(I))

We denote by £ the family of all elementary subsets of RP. Note that £ satisfies the following
properties.

k 1
£ 1 & is a ring, but not a o-ring. Clearly the if A= (J I, and B= |J J,, then AUB =
n=1 m=1
k l
UL,u U Jn,and
n=1 m=1

A—sz1 (In—le_JlJm> =U (ﬂ (In_Jm)>

= n=1 \n=1

but I,, — J,, is the union of at most 2p intervals in RP and by Remark 4 the intersection
of intervals is an interval, then A — B is a finite union of intervals in RP.
Finally note that £ is not a o-ring: if R? is an element of &£, since RP can not be
written as a finite union of intervals in R? then £ is not a o-ring
E2 If A€ &, then A is the union of a finite number of disjoint intervals. If A is an interval
this fact is obvious. Now suppose that all unions of k intervals is the union of a finite
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iv 1. LEBESGUE MEASURE AND INTEGRATION

k+1
number of disjoint intervals, and let A = |J I, then
n=1

k+1

A= UIankHU UIankHU Ul.]
n=
l
= (Ikﬂ— U%) U UJn

:(n(l} Ik:l ) UJ

where the J,, are disjoint intervals, since Iy — J,, is the finite union of disjoint intervals
(see 5) and the intersection of intervals is an interval, then A is the union of a finite number
of disjoint intervals.

E3 I Ae& m(A) is well defined by (1.2.3); that is, if two different decompositions of A
into disjoint intervals are used, each gives rise to the same value of m(A). Indeed, If

A= U I = U Jg, where the intervals I, and J, are pairwise disjoint, then for each

r=1 =1
r:1,2,...,kandq:l,Q,...,lwehave
1
I, = :U (J,NL)
k
J, = U (J,N1,)
since the family {Bg, =J,NL.:r=1,2, ..., kand ¢=1, 2, ..., [} is pairwise disjoint,
then

£ (Funon]) - (Se0n)

n=1

k l l
- (Zm(qu)> => (Zm(Jq mL)) = m(dy)

g=1 \r=1

€ 4 m is additive on £. Indeed, If A = U I, and B = U J 4, where the intervals I, and J,

r=1
are pairwise disjoint, and ANB = &, then I, NJ, = @ for eachr=1,2,...,kandq¢=1,
2, ..., L
k l
Since AUB= |J I, U |J Jg, then
r=1 q=1

Note that if p =1, 2, 3, then m is length, area, and volume, respectively.
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DEFINITION 7. A non-negative additive set function ¢ defined on £ is said to be regular if the
following is true: To every A and to every € > 0 there exist sets F', G € £ such that F is closed, G
is open, FF C A C G, and

(1.2.4) P(G)—e<Pp(A)<o(F)+e

Note that by 1.2 we have A = U I, where I, are intervals pairwise disjoint. So for each

n=12,..., k,if F,, is a closed set and G, is an open set, such that F,, C I, C G, and
€
QS(Gn)_%Sd)(In)Sd)(Fn)_FE

k k
Then FF = |J F, and G = U G, satisfy requirement in Definition 7 for A. Thus, to show that
n=1 =1
¢ is regular on & It is sufﬁment to verify the conditions of Definition 7 only in the intervals of RP.

EXERCISE 1. [Exercise 11.15] Let R be the ring of all elementary subsets of (0,1]. If 0 < a <
b < 1, define
¢ ((a,0)) = ¢ ((a,0]) = ¢ ([a,0)) = ¢ ([a,b]) =b—a
but define
$((0,b)) =140
if 0 < b < 1. Show that this gives an additive set function ¢ on R, which is not regular and which
cannot be extended to a countably additive set function on a o-ring.

SOLUTION 1. Here as in Definition 6 we define
k

(1.2.5) ¢ (A) =) o))
=1

if A= U I;, and the intervals I; are pairwise disjoint.
j=1
First, if A is an elementary set, ¢(A) is well defined by (1.2.5); that is, if two different decom-

positions of A into disjoint intervals are used, each gives rise to the same value of ¢(A). Indeed, if
A= U I, = U J,., where the intervals I,, and J,,, are pairwise disjoint, then for each n = 1, 2,

kandm—12 , | we have

ju—
3
I
e
)
e
3
I
3
1 C -
™
3
D
ju—
2

|

BN
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I
=
=
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e

3
Il
-

) e l} is pairwise disjoint, then
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k
Recall that if A is an elementary set, then A = |J I; is the union of a finite number of disjoint
j=1
intervals (see 1.2). So

6(4) = Z?Zl I(1,) if 0 is not the end point of any interval in A
) 1+ E?:1 I(I;)  if 0 is the end point of any interval in A

where [(I;) is the length of the interval I;. In particular, ¢ (A) < 1 if A is a closed set of (0, 1].

Indeed, note that 0 ¢ A for any subset A C (0, 1].

Now, if 0 is the endpoint of any interval in A, since A is closed then 0 is limit point of A, and
0 € A. which is clearly a contradiction.

If two elementary sets A and B are disjoint, at most one of them can have the point 0 as
the endpoint of one of its intervals. Then ¢ (AU B) is the sum of the lengths of the intervals in
A U B if neither set contains an interval having 0 as the endpoint, and 1 plus this sum if one of
them does contain an interval with 0 as endpoint. In either case ¢ (AU B) = ¢ (A) + ¢ (B) when
AN B = @.Thus, the function ¢ is additive.

The function ¢ is not regular, because by definition ¢ ((0,3]) =144 =3, but ¢(A) < 1if A
is closed, so taking e = 5, we have ¢(A) + % <1+ % =9 ((0, %]) for all closed A C (O, %) Thus,
¢ does not satisfy Definition 7.

The function also cannot be extended to a countably additive set function on a o-ring, because

1 o 1 1
(03)=U (537

the intervals in this union are pairwise disjoint, but

() -3 s Se((ed])

EXAMPLE 1.

(a) The set function m is regular. If A is an interval, i.e., A =11 x Iy X -+ X I, if a;,b; are
the extreme points of I;, then by the continuity of the volume function on R?, we can
choose r such that

G=(ag—rb+7r)x(ag—rba+7r) X X (an—71by+7)
F=lay+7rb —r]x[ag+7rby—7r]x - X[an+r by, —7]

and

n

¢(G) =[] (bj —a; +2r) <

j=1 j=1

¢(A)—€:H(b —aj)—¢e< Hb—aj—Qr):¢(F)

j=1 j=1

::]:

(bj—aj)+e=¢(A)+e¢
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(b) Take p =1, and let a be a monotonically increasing function defined for all real z. Put

p([a, b)) = a(b-) —ala—) = supa()—sgga(t)
p([a,b]) = o (b+) — a(a—) = ;)gﬁa()—igga(t)
n((a,b]) = a(b+) —a(at) = nfa (1) — inf a(t)
1 ((a,b)) = o (b=) — a(a+)—st1£a() inf o (?)

Recall that if « is a monotonically increasing function then the set of points of discontinuity of a
is at most countable, and if « is continuous at z, then a (z—) = a (z) = a(x+). Also for each q,
b € R with a < b, by the definition of infimum and supremum given € > 0 there exists ¢, x, vy, d
with ¢ < a < x <y < b < d, so that « is continuous at ¢, z, y, d and

ala-) =S <ale) a@) <alet)+:

2 2
O‘(b—)—g<a(y) a(d)<a(b+)+%
or equivalently
< €
_O‘(C)_§<_0‘(a—) —a(a+)<—a(x)+§
a(b—)<a(y)+§ Oé(d)—§<oz(b+),

2 2
The behavior of a monotonically increasing function around a discontinuity point x is sketched in
the figure below

Now we show that p is regular on £. Here ¢, z, y, d are as above
(1) In the case A = [a,b) consider F' = [a,y] and G = (¢, b), then

(@)~ < (@)~ 5 =alb-)—a() -3 <alb-)-ala-)=o(4)
o(A) =a(b-)—ala-) Saly)+ 5 —ale=)=¢(F)+5 < o(F)+e

(2) In the case A = [a,b] consider F' = [a,b] and G = (¢, d), then

€
-5
¢
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(3) In the case A = (a,b| consider F = [x,b] and G = (a,d), then

6(G)—e<9(G)—5 =a(d) -5 —alat) <a(b+) —alet) = ¢(4)

6(4) = a(b+) —alat) SabH) —al@)+ 5 =6 (F)+ 5 <o (F) +<
(4) In the case A = (a,b) consider F = [z,y] and G = (a,b), then
¢(G)—e <9 (G)=¢(4)
6(A)=a(b-)—ale+) Sal) +5—al) +5=0(F) +<

Now we show that every regular set function on £ can be extended to a countably additive set
function on a o-ring which contains €.

DEFINITION 8. Let p be additive, regular, non-negative, and finite on £. Consider countable
coverings of any set £ C RP by open elementary sets A,,.

EC U A,
n=1
Define
(1.2.6) P (B) =inf Y p(An),
n=1

where the infimum is taken over all countable coverings of E by open elementary sets.

w* is called the outer measure of F, corresponding to u.

It is clear that p* (F) > 0 for all E and that if E; C Fs, then any countable coverings of Es
by open elementary sets is a countable coverings of F; by open elementary sets and by properties
of infimum we have

(1.2.7) p(Er) < p* (E2).

THEOREM 3.

(a) For every Ac &, p*(E) = p(E)
(b) f EC U E,, then
1

(1.2.8) W (B) <3 1 ()
n=1

REMARK 6. (a) implies that p* is an extension of p from & to P (RP). The property (1.2.8) is
called subadditivity.

DEFINITION 9. For any A, B C RP We define

(1.2.9) S(A,B)=(A—B)U(B - A)

(1.2.10) d(A,B) = i (S (A, B))
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S(A, B) is called symmetric difference of A and B. Now we will see some properties of
S (A, B) and d (4, B)

LEMMA 1. For any A, B, C, Ay, Ay, By, By in RP we have;
S1 S(A,B) =S (B,A), S(A A)=o.
2 §(A.B) C S(A.C)US(C.B).
S3
S(Al U AQ,Bl U Bg)
S(Al ﬂAg,BlﬂBQ) CS(Al,Bl)US(AQ,BQ).
S(Al — AQ,Bl — Bz)

These properties of S(A, B) imply

LEMMA 2. Forany A, B, C, A1, As, By, By in RP we have;
D1 d(A,B)=d(B,A), d(AA)=2.
D2 d(A,B) <d(A,C)+d(C,B).
D3
d(A1 UAQ,Bl UBQ)
(1.2.11) d(AlmAQ,BlmBQ) < d(Al,Bl)"’d(AQ,BQ).
d(A; — Ay, By — Bs)

The relations D1 and D2 show that d( A, B) satisfies the requirements of definition for a distance
except that d(A, B) = 0 does not imply A = B. For instance, ifp=1, u =m, A = {a, € R: n € N}
is countable, and B = &, then

d(A,B) =m* (A—2) U (@ — A)) = m* (4)

€ € >
Ife > 0, taken I,, = (an = ng1) 0n + W)’ then I,, are elementary open sets and A C LJ I,

n=1
and

* > = 9
m (A)me(In):ZZ—nze
n=1 n=1
Since ¢ is arbitrary, then m* (A) = 0.
If B =@, then D2 tells us that

i (A) = d(A, @) < d(A,C) +d(C, ) = d(A,C) + 1 (C)
interchanging A and C we get
1" (C) < d(A,C) + p* ()
So if at least one of pu* (A), pu* (C) is finite, then
(1.2.12) 1" (4) — p* (C)] < d(A,C)

We write A,, — A, if
lim d(A,A,) =0.

n—oo
If there is a sequence {A,} of elementary sets such that A, — A, we say that A is finitely
p-measurable and write A € Mp () .
If A is the union of a countable collection of finitely p-measurable sets, we say that A is
p-measurable and write A € M () .

THEOREM 4. M (u) is a o-ring, and p* is countably additive on 9 (u) .
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We now replace p*(A) by u(a), if A € M (). So p, initially defined on &, is extended to a
countably additive set function on the o-ring 9% (11). This extended set function is called a measure.
The case u = m is called the Lebesgue measure on RP.

REMARK 7.

(a)

(1.2.13)

If A is open, then A € M (u). Because every open set in RP is the union of a countable
collection of intervals. To see this, using the density of Q in R, we can see that § =
{I = (a1,b1) x (a2,b2) x --- x (ap,bp) : a;,b; € Q} is a countable base whose elements are
open intervals. Since RP? is an open set, taking complements we obtain that closed set is
in 9N (1)

If A e M () and € > 0, there exist sets F and G that F C A C G, F is closed, G is open,
and

w(G—A) <e, w(A—F)<e.
Indeed, if u(A4) < oo, ie., A € Mp () by (1.2.6), there exists a sequence {A,} of
open elementary sets, so that

Ac| A, and D p(An) <p(A)+e,
n=1 n=1

(oo}
taking G = |J A, then

n=1

(G = A) = (G = p(A) £ 3 j(An) = (1(A) <.

If u(A) = oo there exists a sequence {A,} with A, € Mg (u) for all n € N; so
that A = G A,,. Now, for each n € N by show above there exists an open set G,, with
A, C Gy S0 that

1 (G = An) < 5

taking G = fj Gy, then, G isopen, ACG,G— A= [.j (Gn — 4,), and
n=1 n=1
n=1 n=1

For the second inequality, since M (1) is a o-ring, then A € M (u), so there exists G
p(G— A% <e.
Taking F' = G, then F is closed A C F, using Remark 1 we have
(A= F) = p(A—G) = n(ANG) = p (G — A%) < &

We say that E is a Borel set if F can be obtained by a countable number of operations,
starting from open sets, each operation consisting in taking unions, intersections, or com-
plements. The collection B of all Borel sets in R? is a o-ring; in fact, it is the smallest
o-ring which contains all open sets. By Remark (a) if B C 9t (u).
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(b) If A € M (u), for each n € N, there exist Borel sets F), so that that F,, C A, F, is
closed for all n € N, and
1
A—-F, -,
1 ( )<
(oo}
IfF= | F,,then FisaBorelset, F C Ay A—F C A—F, for all n € N, in consequence
n=1
we have

u(A—F)Su(A—Fn)<lforallneN.
n
Thus,
w(A—F)=0.

Since A = FU (A — F), we see that every A € M (u) is the union of a Borel set and a set
of measure zero.

The Borel sets are always p-measurable for all . But the sets of measure zero, i.e.,
the sets E for which p* (E) = 0 may be different for different measures p’s.
For every u, the sets of measure zero form a o-ring, Indeed, recall that E has measure
zero, if for a given € > 0, there exists a sequence {4, } of open elementary sets, so that

ECUAn and Zu )<e, i
n=1
Since Ey — Es C Ey for all Ey, Es, then
0<p* (Er— Ep) <p” (E1) =0

On the other hand, if £ = U E,, with p* (E,) = 0, for all n € N. For each n € N let

{An : k € N} a sequence of open elementary sets, so that

oo

En - U Ank and Z:U‘(Ank) < 2%’
k=1 k=1
Thus, E = U E, C U U Apk, and
n= n=1k=1
SN 00 c

In case of the Lebesgue measure, every countable set has measure zero. In effect, for

each ¢ > 0, the interval centered on x and of volume § is a covering of A = {z} by

elementary sets, with measure less than €. As any countable set B is the countable union
of its elements, the remark 6 (e) shows that B has zero measurement. But there are

uncountable sets of measure zero. The Cantor set P is an example: Recall that P is

defined as
P= () En,
n=0
where Ey = [0,1]. Removing the the middle thirds ibterval of this intervals we obtain

[0,
E1 = Ey — (3, %) so Ey is [0,3] U[2,1]. Removing the middle thirds interval of these
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intervals we obtain E5 and continuing in this way, we obtain a sequence of compact sets
E,,, such that

EoDFE{DFEy---

and E,, is the union of 2" intervals, each of length 37". So m (E,) = (%)n
Below we show the Fq, Ey, F3 and Ej.

E, °

EEREEEEEEEEEErY FEEEEESEEEREEEr
E-¢

E9—e o—e — e oo

g 0000 oooe e000 o000

® ® ® ®

0 113 23 1

Now P can be identified with the set of the sequences (apay .. .ay, ...) where a,, =0 or a,, = 2,
and using the same argument as the one that shows that [0,1] is uncountable, we get that P is
uncountable.

Since P C E, for all n € N, then m (P) < m(E,) = (%)n, and taking limit when n — oo we
obtain m (P) =0.

Moreover, if we denote by ¢ the cardinality of R, we obtain that cardinality of P is equal to c.
Because every subset of the set of measure 0 is the set of measure 0, we have at least 2° measurable
sets on R. Because the cardinality of the family of all subset of R is also 2¢, the natural question
is: ‘are there unmeasurable sets?’.

(g) A Vitali set is a subset V of the interval [0, 1] of real numbers such that, for each real
number r, there is exactly one number v € V such that v — r is a rational number. Vitali
sets are a set of representative of the group R/Q in [0, 1].

Every Vitali set V' is uncountable, and

(1.2.15) v —u is irrational for any w,v € V, u # v.

A Vitali set is non-measurable. Indeed, assume that V' is measurable and let gi, ¢o,
be an enumeration of the rational numbers in [—1,1]. And let V,, be the translated
sets defined by
Vi=V4+qg,={v+qg,:veV}
Note that V,, N V,,, = &, because if y € V;, N V,,,, then v + ¢, = y = v + @, implies v — u
is rational in contradiction with (1.2.15).

o0
Also note that [0,1] C J V,, C[-1,2].
n=1
To see the first inclusion, consider any real number r € [0,1] and let v be the repre-
sentative in V' for the equivalence class [r]; then » — v = g, for some rational number g,
€ [-1,1] which implies that r € V,
Since the Lebesgue measure is countably additive, then

1<) m(Vy) <3.
n=1
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Because the Lebesgue measure is translation invariant, we have m(V,,) = m(V) for all
n € N, and therefore

oo
1<y m(V)<3.

n=1
But this is impossible. Summing infinitely many copies of the constant m(V') yields either
zero or infinity, according to whether the constant is zero or positive. In neither case is the
sum in [1, 3]. So V cannot bee measurable. An adequate change of the above argument
shows that, for all measurable set A with m(A) > 0 there exists a non-measurable set B
with B C A.

1.3. MEASURE SPACES

DEFINITION 10. Suppose X is a set, not necessarily a subset of an Euclidean space, or indeed
of any metric space, X is said to be a measure space if there exists a o-ring 9 of subsets of X,
which are called measurable sets, and a non-negative countably additive set function p which is
called a measure, defined on 1.

If, in addition, X € 9% then X is said to be a measurable space.

For example, we can take X = R, and 9. the collection of all Lebesgue measurable subsets
of R* and p = m the Lebesgue measure.

Or, let X = N the set of all positive integers, 9t the collection of all subsets of X, and u (F) is
the number of elements of E. p is know as the counting measure

Another example is provided by probability theory, where events may be considered as sets,
and the probability of the occurrence of events is an additive (or countably additive) set function.



