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ABSTRACT. We investigate the classical eigenvalue problem that arises in hy-
drodynamics and is referred to as the sloshing problem. It describes free liquid
oscillations in a liquid container W C R3. We study the case when W is an axially
symmetric, convex, bounded domain satisfying the John condition. The Cartesian
coordinates (z,y, z) are chosen so that the mean free surface of the liquid lies in
(z, z)-plane and y-axis is directed upwards (y-axis is the axis of symmetry). Our
first result states that the fundamental eigenvalue has multiplicity 2 and for each
fundamental eigenfunction ¢ there is a change of z, z coordinates by a rotation
around y-axis so that ¢ is odd in x-variable.

The second result of the paper gives the following monotonicity property of the
fundamental eigenfunction ¢. If ¢ is odd in z-variable then it is strictly monotonic
in z-variable. This property has the following hydrodynamical meaning. If liquid
oscillates freely with fundamental frequency according to ¢ then the free surface
elevation of liquid is increasing along each line parallel to z-axis during one period
of time and decreasing during the other half period. The proof of the second result
is based on the method developed by D. Jerison and N. Nadirashvili for the hot
spots problem for Neumann Laplacian.

1. INTRODUCTION

Linear water-wave theory is a widely-used approach that allows to determine the
frequencies and modes of free oscillations of a liquid in a container. Such oscillations
exist provided the liquid’s upper surface is free and, in the framework of this theory,
one obtains their frequencies and modes from a mixed Steklov problem. The latter
involves a spectral parameter in the boundary condition on the free surface. This
boundary value problem (usually referred to as the sloshing problem) has been the
subject of a great number of studies over 250 years (see [10] for a historical review and
[3], [13], [16], [22], [23], [24] for some of recent literature). It is also worth pointing
out here that other Steklov type eigenvalue problems have attracted considerable
attention in last years. For some of these developments, see e.g. [15], [11], [2], [9].

Recently, the question of the so-called ‘high spots’ defined by sloshing eigenfunc-
tions corresponding to the fundamental eigenvalue attracted the authors’ attention.
This question is not only similar, but closely related to the long-standing ‘hot spots’
conjecture of J. Rauch. (It is worth mentioning that a substantial progress has been
achieved in studies of this conjecture for the Neumann Laplacian during the past
decade; see, for example, the works [34], [1], [20], [7], [6].) Roughly speaking, the
question about high spots concerns monotonicity properties of fundamental slosh-
ing eigenfunctions (see subsection 1.3 for a detailed description). Several results
about the location of high spots were proved in [26] and [27]. One of them deals
with the fundamental eigenfunction (it is unique up to a non-zero factor) of the
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two-dimensional sloshing problem in the case when the domain’s top interval is the
one-to-one orthogonal projection of the bottom. The other one treat fundamental
eigenfunctions in troughs (their cross-sections are subject to the same condition),
and some vertical axisymmetric containers. Moreover, it was shown in [26] that for
vertical-walled containers with horizontal bottom the question about high spots is
equivalent to the hot spots conjecture.

The aim of this paper is to study the location of high spots for fundamental
eigenfunctions satisfying the three-dimensional sloshing problem in axially symmet-
ric domains of rather general shape. It occurs that the method, which can be briefly
characterised as the method of domain’s deformation (it was developed by D. Jerison
and N. Nadirashvili in [20] in order to prove the hot spots conjecture for domains
with two axes of symmetry) is adaptable for our purpose. The result demonstrating
that eigenvalues and eigenfunctions of the sloshing problem depend continuously on
the domain deformation are of interest in itself.

1.1. Sloshing problem. First we formulate the three-dimensional sloshing problem
in its general form.

Let an inviscid, incompressible, heavy liquid occupy a three-dimensional con-
tainer bounded from above by a free surface, which in its mean position is a simply
connected two-dimensional domain of finite diameter. Let Cartesian coordinates
(x,y, z) be chosen so that the mean free surface lies in the (z, z)-plane and the y-
axis is directed upwards. The surface tension is neglected on the free surface, and
we assume the liquid motion to be irrotational and of small amplitude. The latter
assumption allows us to linearise boundary conditions on the free surface and this
leads to the following boundary value problem for ¢(x,y, z) — the velocity potential
of the flow with a time-harmonic factor removed:

Ap = in W, (1.1)
g—z = vy on F, (1.2)
dp

SE=0 on B. (1.3)

Here W C {(x,y,2) € R® : y < 0} is the domain which is supposed to be a
bounded Lipschitz domain. The boundary 0W consists of a two-dimensional domain
F C {(z,0,z2) : ,z € R} referred to as the free surface (we assume that F is a
bounded Lipschitz domain) and B = W \ F, the rigid container’s bottom. In the
whole paper we will refer to a domain W with the above geometric properties as to
a liquid domain. Throughout the article, % denotes the normal derivative at oW,
which is well-defined for almost every (with respect to the surface measure) point
of W. We understand that ¢ is a continuous function on W, and that (1.3) is
satisfied for all points on B for which % is defined. We remark that in condition
(1.2), the coefficient v = w?/g is the spectral parameter which involves the radian
frequency w of liquid’s oscillations and the acceleration due to gravity g.

The zero eigenvalue obviously exists for the problem (1.1)—(1.3), but we exclude
it with the help of the following orthogonality condition:

/ng — 0. (1.4)
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FIGURE 1. (a) An axisymmetric container W obtained as rotation of
a domain D. (b) A domain D.

It has been known since the 1950s that the problem (1.1)—(1.4) has a discrete spec-
trum; that is, there exists a sequence of eigenvalues

O<m << <, <., (1.5)

each having a finite multiplicity equal to the number of repetitions in (1.5), and such
that v, — 0o as n — co. These eigenvalues can be found by means of the variational
principle (see, for example, [30]), corresponding to the following Rayleigh quotient:

Jw (582 + (%2)* + (59)%]
fF ©? 7

where ¢ is in the Sobolev space H'(W) and satisfies (1.4). Thus v; is equal to
the minimum of this quotient over the subspace of the Sobolev space H'(W) which
consists of functions satisfying (1.4); the corresponding eigenfunction delivers the
value v; to the quotient. The eigenfunctions ¢, (n =1,2,...) belong to H'(W) and
form a complete system in an appropriate Hilbert space (see, for example, [22]).

(1.6)

1.2. Axisymmetric containers. Now we turn to the problem of sloshing in ax-
isymmetric containers. It is convenient to introduce the cylindrical coordinates
(r,0,y) so that

x=rcosf, z=rsind. (1.7)

and to take the y-axis as the axis of symmetry for W. In this case F' is typically
a disc on zz-plane (see Figure 1(a)). Moreover, we will consider W as obtained
by rotation of a domain D adjacent to both axes in the ry-plane. For such liquid
domains, we write W = W(D). It is convenient to think of D as the cross-sections
of W along the half-plane § = 0. By F(D) and B(D) we denote the cross-sections
of F' and B, respectively, while R(D) is the part of 9D located on the y-axis (see
Figure 1(b)).
It is clear that the ansatz

© =1(r,y)cos(mb), or ¢ =1(r,y)sin(mb), m=0,1,2,..., (1.8)
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where v is bounded near R(D), reduces the eigenvalue problem (1.1)—(1.4) in W to
the following sequence of boundary value problems:

32_¢ 10y 0% m?

it N in D L.
37’2+r87’+@y2 7’2¢ 0 S (1.9)
g—;ﬁ = vy on F(D), (1.10)
0
% =0 on B(D). (1.11)
These relations must hold for all m, and by (1.4), for m = 0 we also have that
/ Y(r,y)rdrdy = 0. (1.12)
F(D)

The above reduction was applied by many authors, see, in particular, [29, p. 56],
[23, p. 294], [13, formulas (13), (14)].

The variational method guarantees that for every m = 0,1,2,..., the spectral
problem (1.9)—(1.12) has a sequence of eigenvalues
0<Um1<VUn2a<VUps<..., m=0,1,2 ..., (1.13)

and by ¥k, m > 0, k > 1, we denote the double sequence of corresponding
eigenfunctions. Every eigenvalue in (1.13) has a finite multiplicity equal to the
number of repetitions; moreover, for every m > 0 we have that v,,; — oo as
k — oo.

It is clear that, the sequence of eigenvalues {v,}>°, of problem (1.1)—(1.4) for W
coincides with the double sequence {v, x }pe_g x—1, With every number v, 5, repeated
twice when m > 1. Thus the sequence of problems (1.9)—(1.12) is equivalent to the
original sloshing problem.

1.3. Statement of results. We need the following definition. We say that a liquid
domain W satisfies the John condition when W C F x (—o00,0).

The following theorem is the main result of this paper (cf. [20, Theorem 1.1], |26,
Theorem 2.1], [27, Theorem 3.1]).

Theorem 1.1. Let us consider the sloshing problem (1.1 - 1.4). Assume that a
liquid domain W is an axisymmetric, conver, bounded domain, satisfying the John
condition. We consider W as obtained by rotation of a domain D (see Figure 1).
Then we have:

(i) The fundamental eigenvalue vy equals vy 1 and has multiplicity 2. Two lin-
early independent eigenfunctions corresponding to vy are given in cylindrical
coordinates by 1y 1(r,y) cos and 1y 1(r,y)sinf.

(ii) After multiplication by £1 we may assume that ¢ 1 >0 on D. We have

O 4 O 4
or >0, oy

(iii) Let ¢(x,y,z) be the eigenfunction corresponding to v which is odd in x
variable (in cylidrical coordinates ¢ equals 1 1(r,y)cos@). Denote W, =
{(z,y,z) € W : = > 0}. After multiplication by £1 we may assume that
©>0onW,. Then

Iy Oy

%>O on W, 8_y>0 on W,.

>0 on D.
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For any other eigenfunction ¢ corresponding to vy there is a change of x, z
coordinates by a rotation around y-axis so that p is odd in x variable.

The third part of the theorem has the following hydrodynamical meaning. If liquid
oscillates freely with the fundamental frequency 14 then at every moment the free-
surface elevation of liquid is proportional to the fundamental eigenfunction ¢(z, 0, z)
(see e.g. [28]). If we assume that p(z,y, 2) is odd in = variable then the elevation is
increasing along each line parallel to x axis during one half-period of liquid oscillation
and decreasing during the other half-period. In particular when the free surface is
F={(z,y,2): >+ z* <r3, y = 0} then the elevation has its maximum at (rg, 0, 0)
and minimum at (—7g,0,0) during one half-period of oscillation, whereas during
the other half-period the maximum and minimum values exchange places with one
another. This is the reason to call this property the ‘high spots’ theorem.

One could ask whether the assumption that W satisfies the John condition is
necessary in Theorem 1.1. It occurs that if W does not satisfy the John condition
then the monotonicity property of ; ; does not necessarily hold. More precisely we
have

Proposition 1.2. Let us consider the sloshing problem (1.1 - 1.4). Assume that W
is an axisymmetric liquid domain for which F is a disk and B is a C? surface. We
consider W as obtained by rotation of a domain D. After multiplication by £1 we
may assume that 11 > 0 on D. If the angle between F(D) and B(D) at the point

where F'(D) and B(D) meet (see Figure 1(b)) is bigger than 7/2 and smaller than

7 then 1y attains mazimum in the interior of F(D), and ag;l changes the sign in

D.

One could also ask whether assumption about convexity of W is necessary in
Theorem 1.1. Indeed we will show monotonicity property of i ; for slightly more
general class of domains, see Definition 3.1 and Theorem 3.3. However for this class
of domains we were not able to prove that v; =1 ;.

Although numerical results strongly suggest that Theorem 1.1 (i) should hold the
proof of Theorem 1.1 (i) is far from being trivial. The most difficult part of this
proof is to show that v is not 14 ; which is the smallest eigenvalue corresponding
to an axially symmetric eigenfunction. The proof of Theorem 1.1 (i) is based on
results by Troesch [35] obtained by inverse methods.

1.4. Organization of the paper. In Section 2 we prove Theorem 1.1 (i). The rest
of the paper deals with monotonicity properties of fundamental eigenfunctions. We
use methods from [20], which may be briefly described as deformations of domains.
In Section 3 we first define a new class of domains W and formulate monotonicity
properties of ¢ ; for this class (see Theorem 3.3). Then we prove continuos depen-
dence of v, and 1 ; under certain variations of the domain. In Section 4 we prove
monotonicity properties of ¢ ; for a special class of piecewise smooth domains. In
Section 5 we pass to the limit to obtain the same result for class W. As a conclusion
we obtain Theorem 1.1 (ii) and (iii).

Throughout the article, except Definition 3.4, Lemma 3.5 and Lemma 3.6, we
only study axisymmetric water domains W = W(D), with free surface F' being
a disk. We switch freely between Cartesian and cylindrical coordinate systems.
By scaling, it will be often sufficient to consider the case when F' is the unit disk
{(z,y,2) : 2> +y* < 1, y = 0}. By a standard argument, 11 ; does not change sign
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in D, and v;; < v12. With no loss of generality, we assume that 1 ; is positive on
D. We frequently use the continuity of ¢ ; on D and smoothness of ¢, ; in D.

2. FUNDAMENTAL EIGENVALUE

In this section we prove Theorem 1.1 (i). The most difficult element of the proof
of this theorem is to exclude the possibility that v, equals v ;.

At first we need to introduce an auxiliary Dirichlet-Steklov problem (see [3] for
formal introduction of this problem).

Ap = in W, (2.1)

Z_go =2 on F, (2.2)
Y

Y= on B. (2.3)

Here we assume that W = W(D) is an axisymmetric liquid domain. The prob-
lem (2.1)-(2.3) has a variational formulation similar to the one described in the
Introduction for the sloshing problem (see (1.6)), with the only difference in the
class of admissible functions for the Rayleigh quotient, which is now the space of
H'(W) functions which vanish continuously at B (see [3] for more details). Since
W is axisymmetric it is possible to use the same ansatz (1.8) for Dirichlet-Steklov
problem as for the sloshing problem. We denote the eigenvalues of (2.1)—(2.3) by
Um k(W) in a similar manner as for the sloshing problem (1.1)-(1.4). A standard
argument shows that the first eigenvalue of (2.1)—(2.3) is simple, it equals 7y 1 (W),
the corresponding eigenfunction has constant sign, and it is the only eigenfunction
with this property.

Using standard arguments (see e.g. [3, Section 3], [26], [30]) one obtains the
following domain monotonicity results for eigenvalues for both the Dirichlet-Steklov
problem (2.1)—(2.3) and the sloshing problem (1.1)—(1.4). We omit the proofs of
these results because they are very similar to the proofs of Propositions 3.1.1 and
3.2.1 in [3].

Lemma 2.1. Let Wy, Wy be azisymmetric liquid domains. If W1 C Wy and Fy C Fy
then ﬁO,l(Wl) Z 1;071<W2).

Lemma 2.2. Let Wy, Wy be azisymmetric liquid domains. If W1 C Wy and Fy = F5
then yO,l(Wl) S I/(]yl(Wg) and 1/171(W1) S V171(W2).

In the rest of this section W denotes a liquid domain satisfying assumptions of
Theorem 1.1 and such that F' is the unit disk. By scaling it is sufficient to consider
only such case.

One of the important tools in the proof of Theorem 1.1 (i) is the Stokes stream
function ¥ corresponding to ¢ (see [28, p. 125-127]). Suppose that ¢ is an axisym-
metric eigenfunction of the sloshing problem (1.1)—(1.4). Then V¥ is the axisymmetric
continuous function defined on W by

dp 10V dp 10V
o roy’ oy ror’
Here we use cylindrical coordinates (1.7). Since ¢ satisfies Neumann boundary
condition on B, W is constant on B. Note that formula (2.4) defines ¥ uniquely up

(2.4)
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to a constant. Hence we may assume that ¥ = 0 on B. Furthermore, ¥ = 0 when
r =0, and W satisfies in W the relation

0?0 10V n 0?w

or?  ror  0y?
In particular, ¥ attains its maximum and minimum on {r = 0} U 9W. From the
boundary conditions it follows that the extreme values of ¥ are attained on F'.

In this section we will need the following result which follows by a classical
Courant-Hilbert argument (we omit the standard proof).

=0, r#0.

Lemma 2.3. Any azisymmetric eigenfunction of the problem (1.1)—(1.4) corre-
sponding to vy 1 (W) has two nodal domains.

Lemma 2.4. Suppose that vy (W) < 091 (W). Then the Stokes stream function U
corresponding to an azisymmetric eigenfunction ¢ with the eigenvalue vy (W) has
constant sign on W.

Proof. Suppose, contrary to the hypothesis, that ¥ does not have constant sign. By
the maximum principle, ¥ must change sign on F. Since in cylindrical coordinates
(r,0,y) we also have ¥(0,0,0) = U(1,0,0) = 0, it follows that there exist 0 < r; <

ro < 1 such that $%(ry,0,0) = 4% (rs,6,0) = 0. But on F we have vy (W)p = g‘;’ =

i%‘l’ It follows that the set {¢ = 0} intersects F' along at least two circles r = 4

and 7 = ry. Since ¢ has only two nodal domains Wi, W5, one of them, say Wi,
must touch F' at the annulus r; < r < ry. Since W5 is connected, we conclude that
OW; does not intersect B. Hence, ¢ restricted to W is the first eigenfunction of the
spectral problem (2.1)—(2.3) in W; with F and B replaced by Intg,—; (F'NOW;) and
(OW1) \ F. Hence vy (W) = 01 (W1). Here Intgy—oy(F N OW;) denotes the relative
interior of the set F' N 0W; in the plane y = 0.

By domain monotonicity, we have vy 1 (W) = 1 (W1) > %1 (W), a contradiction
with the assumption vy 1 (W) < 71 (W). O

Lemma 2.5. Suppose that vo1(W) < 0p1(W). If the stream function U corre-
sponding to an axisymmetric eigenfunction ¢ satisfies %(%%—‘f) < 0 on F, then ¢
corresponds to the first azisymmetric eigenvalue vo1(W).

Proof. Note that ar(i %‘f) < 0 at some point on F'. Indeed, if aar(?l, 88\5) was identically

zero on I, we would have U = C; + Cor? on F, which contradicts ¥ = 0 for both
r=0andr=1.

Let v be the eigenvalue corresponding to ¢. Let ¢ be an arbitrary axisymmetric
eigenfunction corresponding to vy 1 (W) and Wg; be its stream function. We have

/ 1 0 Do 1 / 1 60 o,
()0()00,1 = _— = _—— .
F

vip1 Jp Oy Oy vvgy Jpr? Or Or

Integration in polar coordinates and then integration by parts yield that

/ 27 /11aq/a\p071d ~2x /1\1] 0 (10WY
904,00,1—m/01 o T Or Or "= Vg1 %1or \ v or "

,1- ]
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Now we come to the key element of the proof of Theorem 1.1 (i), the application
of the inverse method from Troesch paper [35]. In [35, p. 283-284] an eigenvalue
v corresponding to an axisymmetric eigenfunction for the sloshing problem is com-
puted for a family of domains. With the notation of [35], we take ay = 4, so that
the free surface is a unit disc. When A € (0, 2], then for the domain

Wy = {(z,y,2) : 2> + 2> < 4y> + 8y/A + 1,y < 0}

we simply have v = \; the corresponding eigenfunction is the polynomial ¢ =
1+ Ay +4y? — 22 + (4/3)\y® — 2Ar?y, where r* = 22 + 22, and the stream function
corresponding to ¢ is ¥ = (A/2)(r? — r*) + 4r?y + 2\r?y?. Since Z(1%%) <0 on F,
we may apply Lemma 2.5 an we obtain the following corollary.

Corollary 2.6. For the set Wy, either vy 1(Wy) > 01 (Wy) or the Troesch eigenvalue
v =\ is equal to vy (W)).

It is a natural conjecture that in fact always v = vy (V). However, we were not
able to prove it. For our purposes the above corollary is enough.

In the proof of Theorem 1.1 (i) we need some knowledge about sloshing eigenvalues
for cylinders. These eigenvalues are well known (see e.g. [3, example 2.1, p. 24]).
We collect some results about these eigenvalues which we need in this section in the
following lemma.

Lemma 2.7. Leth > 0, Uy = {(x,y,2) : 2 +22 <1, —h <y <0}, F ={(z,y,2) :
22+ 22 < 1,y = 0} and B = 0U, \ F. Let us consider the sloshing problem
(1.1)(1.4) in the cylinder Uy,. Then we have

v11(Un) = jy, tanh(j] 1 h), 70,1 (Un) = Jo coth(jo,1h),

where jj, ~ 1.8412 is the first positive zero of Ji and joi ~ 2.4048 is the first
positive zero of Jy. Here Jy and Jy are Bessel functions of the first kind.
For any h > 0 we have v 1(Uy) < j1, and v91(Un) > jo1-

Proof of Theorem 1.1 (i). Let us recall that we assume that W is a liquid domain
satisfying assumptions of Theorem 1.1 and F = {(z,y,2) : 2> + 2 < 1, y = 0}.

First note that any eigenfunction of (1.1)—(1.4) corresponding to v (W) must have
2 nodal domains. Eigenfunctions of (1.1)—(1.4) corresponding to vy, (W), m > 2,
of the shape ¥y, x(r,y) cos(mb), V¥ (r,y)sin(mf), have at least 4 nodal domains,
SO V(W) cannot be equal to vy (W) for m > 2. Recall that vy o(W) > vy 1(W).
Hence, in order to show that v (W) = vy 1 (W), we only need to prove that v (W) >
1/171(W).

Note that for A € (0,2] we have 4y? + 8y/A + 1 < (1 + 4y/\)?, so that W, is
contained in the circular cone

Vi ={(z,y,2) : 2* + 2% < (1 +4y/)\)? y < 0}.

For A = 2, in fact, Wy = V). The height of V) is equal to A/4. Hence, Uy, is the
smallest vertical cylinder containing V. By Lemma 2.7 v 1(Uy/4) = j; ; tanh(j; ;A/4)
and 71 (Uy/a) = jo,1 coth(jo1A/4).
Let h be the height of W. When h < 1/2, then for A = 4h we have W, C V), C
W C Uy/s. There are two possibilities.
(a) If vo1(Wy) > D1(Wy), then, by domain monotonicity and Lemma 2.7 we
have V(]’l(W)\) > ﬂo’l(U,\/4) > 1/171(U)\/4>.
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(b) Otherwise, by Corollary 2.6 we have 11 (W) = A, and since X > (57 ,)?A/4 >
J11 tanh(ji 1 A/4) = v1,1(Uy/a), we also have v (W) > v11(Ux/a).

Hence, in both cases, we have v (W) > vo1(Wy) > v11(Uya) > v1,1(W), as desired.
When the height h of W is larger then 1/2, then we simply have Wy = Vo C W C
Uy. Again, there are two possibilities.

(a) If vo1 (W) > Dp1(Ws), then by domain monotonicity and Lemma 2.7 we

have vg1(Wa) > 9,1(Wa) > 09,1 (Ua) > joa1 > J11-
(b) Otherwise, we have vy (W) =2 > ji ;.

As before, in both cases we have, by domain monotonicity and Lemma 2.7, vy 1 (W) >
vo1 (W) > ji1 2 v11(Un) > v11(W), which completes the proof of the inequality
VOJ(W) > 1/1’1<W).

Hence v (W) = vy 1(W). There are exactly 2 linearly independent eigenfunctions
corresponding to vy (W) = vy 1 (W): ¢11(r,y) cos(d), ¥11(r,y)sin(f). Hence vy (W)
has multiplicity 2. 0

3. CONTINUOUS DEPENDENCE UNDER VARIATION OF THE DOMAIN

In this section we first define a new class of domains W and formulate monotonicity
properties of 9 ; for this class. Then we prove continuos dependence of vy ; and
Y11 under certain variations of the domain. Ideas used in this section are similar to
the ideas from Section 2 in [20].

Let us first describe the class W in an informal way. The class W consists of
axially symmetric domains W with horizontal cross-sections being circles or radius
decreasing with depth —y. A similar condition for two-dimensional domains was
assumed in Theorem 1.1 in [20]. For technical reasons we will assume certain reg-
ularity near the free surface and the vertical axis. More formally, we first describe
the class D of cross-sections.

Definition 3.1. A domain D C {(r,y) : » > 0,y < 0} belongs to the class of
domains D iff its boundary consists of the following 3 parts (see Figure 2):
(i) the horizontal interval F(D) = {(r,y) : r € [0,79), y = 0}, where ry > 0;
(ii) the vertical interval R(D) = {(r,y): r =0, y € (yo, 0]}, where yo < 0;
(iii) B(D), parametrized by a simple continuous curve (r(t),y(t)), t € [0,T],
satisfying the following conditions:

(a) ((0),5(0)) = (0,50), (r(T),y(T)) = (ro,0), and r(t) > 0 and y(¢) < 0
are nondecreasing for ¢ € [0, 77,

(b) there exist e > 0 (¢ < T/2) and M > 1 such that for t € [0,¢], r(t) = ¢
and y(t) is a Lipschitz function with Lipschitz constant M, and for
te[T—eT],yt) =t—T and r(t) is a Lipschitz function on [T'— ¢, T
with Lipschitz constant M.

For fixede >0, M > 1, H > ¢, 19 > ¢, we write D € D(e, M, H, 1) when the above
relations hold with the prescribed €, M and 7o, and for some y, € (—H, —¢).

Definition 3.2. The domain W C {(z,y,z2) : z,z € R,y < 0} belongs to the class
of domains W iff

W = W(D) = {(r,5,2) € R*: (VaZ ¥ 2,) € DUR(D)}
for some D € D.
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Yo 1
_H,,

FIGURE 2. An example of a domain D belonging to the class D.

For W = W(D) € W we will always assume that its boundary oW consists of 2
nonempty parts F, B with B = 0W \ F and F = {(z,y,2) : * + 2 <12, y = 0}
where r( is the number appearing in the definition of D.

By W(e, M,H,ry) (¢ >0, M > 1, H > ¢, rg > ¢) we denote these domains
W = W(D) from W for which D € D(e, M, H, ry).

Note that all bounded, convex, axisymmetric domains satisfying the John condi-
tion belong to W. We are able to prove the monotonicity of 1, stated in Theo-
rem 1.1 for all W € W.

Theorem 3.3. Let D € D, W = W(D) € W. Let ¢, be the eigenfunction of
(1.9)~(1.12) corresponding to the eigenvalue vy for the domain W = W (D). After
multiplication by £1 we may assume that 11 ; > 0 on D. Then we have

5%01,1 .
o > 0 in D, (3.1)
ag;’l >0 in D. (3.2)

In order to use methods from [20] we need to introduce another class of domains.
This class may be briefly desribed as star-shaped Lipschitz domains (cf. definition
of class Ly in [20, p. 744]).

Definition 3.4. Let py € R®. By A(py) we denote the class of domains W C R?
such that

W:{p€R3: 0<!P—Po|<f(p_p0)}U{po}

[P — pol
for some positive Lipschitz function f on the unit sphere S? C R?. If 0 < r; < 79
and n > 0, then by A(pg,r1,72,1) we denote the subclass of A(pg) for which f is a
Lipschitz function with Lipschitz constant n such that r < f < rs.

Lemma 3.5. Let py € R3. If W € A(po), then W is a Lipschitz domain; that is,
there exist constants 6 > 0, N € IN, L > 0 such that the boundary OW may be
covered by balls B;, 1 =1,..., N of radii 6, and such that for each i, B;NOW s the
graph of a Lipschitz function with Lipschitz constant L. When 0 < 1y < 1ry, 7 >0
and W € A(po,r1,72,m), then 6, N and L depend only on ri,72,1.

The proof of this lemma is standard and is omitted.
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We will use the following notation: we will write C'(«, 3, ...) to indicate that C
is a constant depending only on «, 3, . . ..
The following lemma is the crucial result which is taken from [20].

Lemma 3.6. Let py € R? and let W € A(po) be a liquid domain contained in
a ball B(po,72). Let ¢ be a solution of the eigenvalue problem (1.1)—(1.4) such
that fF ©* = 1, and let v be the corresponding eigenvalue. Then ¢ € H*?(W)
and there is an extension ¢ € H3*(R®) of ¢ (that is, = ¢ on W) such that
supp @ C B(xg, 72 + 1). In particular, Vo € L3(R?).

Suppose that 0 < r; <ry, n>0,1v9>0anda>0. IfW € A(po,r1,72,m), ¥ < 1
and [|p|| 2wy < a, then ||@ll gsrzgwys |9l msrzmsy and [Vl Lsmsy are bounded above
by constants depending only on ri, r9, n, Vo and a.

Proof. The proof is based on the arguments used in the proof of Lemma 2.5 in [20].
For the convenience of the reader we write here much more details, but the main
idea is exactly the same. As it will be seen below the fact that ¢ € H3/2(W) follows
easily from [17] and [18]. What is more difficult to justify is the fact that the norm
¢l gr3/2(wy depends only on 7y, 72, 7, vy and a, and the properties of the extension.
In order to justify these facts we repeat some of the arguments from [18].

Suppose that W € A(po,r1,r2,1). Consider ¢ as the solution of the Neumann
problem

0
on
By M (u) we denote the nontangential maximal function of the function v : W — R
defined for ¢ € OW by

M(u)(q) = sup{|u(p)| : pe W, [p—q| < rdist(p, OW)}

(cf. [17, p. 22], or [19]). Here we take x = 2(L + 1) where L is the constant from
Lemma 3.5. Of course L and k depend only on 7y, o and 7. By M(Vy) we mean
M(g—f) + M(g—;‘;) + M(g—f). Theorem 4.1 in [17] or Theorem 2 in [19] give that

Ap=0 on W, —szylpgo on OW.

IM(Vo)|| 20wy < Cllvlpe||r2ow) = Cl/z/ 0 =C1r? < C’I/g, (3.3)
F

and Corollary 5.7 in [18] (cf. also [19, Remark (b), p. 206]) gives that o € H*2(W).

Now our aim will be to show that the norm ||¢[[s/2) depends only on ry, 7,
n, Vo, a. At first we want to justify that the norm ||[M(V¢)||L2(ow) depends only
on ry, o, n and vy. This follows from the proof of Theorem 2 in [19]. Indeed this
theorem is proved first for star-shaped smooth domains Q = {(r,0) : 0 <r < ¥(6)},
U € C°(S™1), see [19, p. 205, line 4]. For such domains the assertion of Theorem
2 holds with a constant depending only on the Lipschitz constant of the function
U, || V]|, mingegn—1|¥(A)| and &, see [19, p. 205, formula (5)]. The rest of the
proof of Theorem 2 is the approximation of general star-shaped domains by smooth
star-shaped domains. It occurs that the constant C' in the formulation of Theorem
2 depends only on the Lipschitz constant of the function ¥ defing the star-shaped
Lipschitz domain, ||V, mingegn-1 |¥(#)| and . In our situation this gives that the
constant C' appearing in (3.3) depends only on 71, 7o and 7. Note that in [19] the
nontangential maximal function is defined for x = 2 but the proof for the constant
k =2(L+ 1) is exactly the same.
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Now let
L(q)={peW: |p—q|l <rdist(p,0W)}, qe€dW

and define the area integral of a function v : W — R by

S(v)(q) = ( /F " dist(p, OW) | Vu(p)[* dp> b :

By S(Vv) we mean S(22) + S(g—;) + S(82). By Theorem 5.4 in [18] (cf. also [18,
Corollary 5.7, (a) = (c)]) and (3.3) we obtain

1S(Vo)|lL2ow) < CIIM (V)| 20wy < C,
where C" = C'(ry, 72,1, 15). We claim that (cf. [18, Corollary 5.7])

/ dist (p, OW) [V (p) [ dp < C", (3.4)
%%

where C" = C"(ry,72,1,15). Here V2p is the vector of all second derivatives of
@ (cf. [18, p. 181, line 6]). The inequality for the integral over a neighborhood
of OW follows from the estimate of ||S(Vy)||r2swy) by appling the argument used

in the proof of the upper bound inequality in (6.1) of [8] to each of %‘5, %‘5, %f.
The integral over the remaining compact subset of W is bounded using a simple
gradient estimate for each of the harmonic functions g—f, g—‘s, g—f, and the inequality
S IVe? = v < 1. Our claim is proved.

Now we will argue like in Corollary 5.7, (¢) = (b) in [18]. Note that Vy is
harmonic so one could use Corollary 5.5, (¢) = (b) in [18] for v = V. The
implication (¢) = (b) in Corollary 5.5 in [18] follows from the proof of Theorem

4.1, (b) = (a) in [18] for u = v = V. Indeed we have
1642 () V()| 2wy + lull 2wy < Clr, Ry, 1)

for u = Vo, §(p) = dist(p, OW). From the proof of Theorem 4.1, (b) = (a) in [1§]
it follows that

u=Vyp € [L2(W), H1<W)]1/272
and |Vl 2wy mrwy), p, < C(ri,72,m,10). The last inequality follows from the
proof of Theorem 4.1, (b) = (a) in [18] and Lemma 3.5. Here [L*(W), H(W)]1 /2.2
is the interpolation space of power 1/2 given by the real interpolation method and
Vg € [LA(W), H(W)]y/2,» means that 2,52, 82 € [L2(W), H'(W)]1/22.

Now we will argue in the similar way like in Proposition 2.17 in [18] (or in Propo-
sition 2.4 in [18] with real interpolation instead of complex interpolation). By The-
orem VL5 in [33] for any bounded Lipschitz domain D C R™ there is an extension
operator £ mapping functions on D to functions on R™ such that Ef(x) = f(z),
x € D, and such that for each k € N, F is a bounded operator from H*(D) to
H*(R™) (cf. also Theorem 2.3 in [18]) (H® = L?). When D is contained in a ball
B(p, R), R > 0, the operator E may be chosen so that for any function f on D we
have supp(Ef) C B(p, R+ 1). Assume that there exist numbers § > 0, N € N,
L > 0 such that the boundary 0D may be covered by balls B;, i =1, ..., N of radii
0 such that for each ¢, B; N D is the graph of a Lipschitz function with Lipschitz
constant L. It follows from Theorem VI.5’ in [33] and the proof of Theorem VI.5
in [33] ( pages 190-192, see in particular (31) on page 191 and inequalities on page
192) that the norm of E : H*(D) — H*(R") depends only on n, k, §, N, L. What is
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FIGURE 3. An auxiliary picture for Lemma 3.7.

more formula (1.19), page 174 from [18], arguments after this formula and formula
(31), page 191 in [33] give that

0 & 0 :
ax](Ef)_;Q],Z(ax]f)+sj(f>a ]_Lana (35)
where @, ;, S; are bounded linear operators from H*(D) to H*(R") such that their
norms depend only on n, k, §, N, L. It follows that if f, Vf € H*¥(D) then V(Ef) €
HH(R) and [V (E)] ey < Cln k8N, DIV ko) + 1l coy)

Now let us come back to our situation. By Lemma 3.5 the norms of F, Q);;,
S; as bounded linear operators from H*(W) to H*(R?) depend only on k, ry,
ra, . We know that ¢ € H'(W), Vp € [H' (W), H'(W)]i22 and |[¢|lgaw) <
C(ry,m2,m, V9, a), HVQOH[HO(W)7H1(W)]1/212 < C(ry,72,m, ). By the real interpolation
method and (3.5) (cf. the proof of Proposition 2.4 in [18]) it follows that E¢ €
HY(R?), V(Ey) € [H°(R?), H'(R?)]1/22 and also ||E| migsy < C(ri,r2,1,v0,0a),
IV(E) o ®s),m1.(83)), ., < C(r1,72,7m, 10, a).

We have

[HO(R®), HY(R®)]1 o0 = Bys (R®) € HY*(R®) ¢ L*(R?),

where B;/QQ(R3) is the Besov space and both inclusions are continuous embeddings.
The equaiity follows from Theorem 6.2.4 [5], the first inclusion follows from Theorem
6.4.4 in [5] and the second inclusion follows from Theorem 6.5.1 in [5].

Recall also that supp(E¢),supp(V(Ey)) C B(pg, r2+1). It follows that V(Ey) €
L*(B(po,r2 + 1)) and ||[V(EQ) | 13(Bporat1)) < C(r1,72,1, V9, a). We also have Eyp €
HY(B(po,r2 + 1)), V(Ep) € H'2(B(po,r2 + 1)), and the norms ||Ep|| #1(Bpo.rs+1):
IVEO) | i1/2(B(py ro+1)) @re bounded by C(ri,72,m,v0,a). It follows that ( see e.g.
[12, formula (38)], cf. also [18, Proposition 2.18(a)]) Ey € H3?(B(py, 75 + 1)) and
|’E90||H3/2(B(p0,r2+1)) < C(Thr??n? V0>a)' O

Recall that by scaling it is sufficient to consider the domains W such that F'is

a unit disk. For this reason we only consider W € W(e, M, H,1) (that is we fix
Ty = 1)

Lemma 3.7. Fize € (0,1), M > 1, H > . Assume that D € D(e, M, H,1). Let
ho =¢/(2M) and let D" be the translation of D by the vector (0, ho) (see Figure 3).
Let (7,&) be the polar coordinate system in the (r,y) plane, with y = 7cos& and
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r =7rsina. Then there is a Lipschitz function f on [0, 7] such that D' = {0 < 7 <
f(&), 0 < & < w}. Furthermore, the Lipschitz constant of f, the infimum of f and
the supremum of f depend only on e, M, H.

Proof. The proof of this lemma is standard. Let (r(¢),y(t)), t € [0,T], be the curve
from the definition of D. Then the boundary of D’ consists of a part of the y-
axis, a horizontal interval, and the curve (r(t),y(t) + ho), t € [0,7]. In the polar
coordinates, this curve is given by

y(t) + ho
r(t)

1

i(t) = VIr@)2+ (yt) + ho)2, a(t) = g + arctan

Our goal is to prove that &(t) is increasing, and that f = r o &~
function.

By an appropriate reparametrization, with no loss of generality we assume that
r(t) and y(t) are absolutely continuous functions of ¢, and 7'(t) + ¢/(t) > 0 for
a.e. t € [0,T]. Since r(t) > r(e) = ¢ for t € [¢,T], and y(t) < y(T —¢) = —¢
for t € [0,T — €], we have 7#(t) > € — hy for all t. Furthermore, 7'(t) = 1 and
0 <y/(t) < M for ae. t € [0,¢], and similarly 0 < r/(t) < M and ¢/(t) = 1 for a.e.
t € [T —¢e,T]. We find that 7(t) and a(t) are absolutely continuous, and for a.e.
te0,7],

Sy OO O AW Y0~ )+ ()
= (1) oo (0> '

For a.e. t € [¢,T — ¢], we have

is a Lipschitz

& ey'(t) + (e = ho)r'(t) _ € y'(t) +7'(1)
DETemr e Gy
For a.e. t € [0,¢],
a(t) = ty'(t) — (y(t) + ho) _ €= ho e yO+rQ@
(7(1))? ) T 20+ M) (7))

Finally, for a.e. t € [T —¢,T],

a(t) = r(t) — (t =T + ho)r'(t) SE—hM e 1 e y@t)+1r'(1)
(7(1))? )2 T 20@)? T 20+ M) (7(1))?
In particular, &(t) is strictly increasing, with &(0) = 0 and &(T") = 7/2+arctan(hy).
Furthermore, in a similar manner, we have for a.e. ¢t € [0, 7],

r(t)r'(t) + ly(t) + holy'(t) () +y'(t)

()] < <(1+H

(1)) < u <+ H+9 00
Hence, for a.e. t € [0,T],

M (t 20+ M 20+ M)(1+ H 2

POl L 1y grgey 20 M) L 20504 H e

a'(t) € £
It follows that D' = {0 <7 < f(&), 0 < & < w} with f(&) given by f(a(t)) = 7(t),

€ [0, 7] (that is, for & € [0,&(T)]), and by f(&) = —ho/cosa for & € [&(T), 7).

Since 7(t) > e — hg > ¢/2, f is bounded below by /2. Also, f(&) < 1+ H + «.

Finally, f is absolutely continuous, for a.e. ¢ € [0,7] we have

. M) 204+ M)(1+ H +e)?
1G] = F < - ,




ON HIGH SPOTS OF THE FUNDAMENTAL SLOSHING EIGENFUNCTIONS 15

and for & > &(7),

h() sin & h() . hg +1
(cos@)? ~ (sin(arctan(hg)))?  ho

so that f is a Lipschitz function with Lipschitz constant depending on ¢, M, H. [

(@) =

As an immediate conclusion of this lemma we obtain the following result.

Corollary 3.8. Let e € (0,1), M > 1, H > ¢ and assume that W € W(e, M, H,1).
Then there exist py = (0,—¢/(2M),0) and 0 < r1 < re, n > 1 depending only on ¢,
M, H such that W € A(po, r1,72,7).

As in [20] we define the distance between domains (cf. page 745 in [20]).

(0, —2/(2M),0). Let

Definition 3.9. Fix ¢ € (0,1), M > 1, H > . Put py =
Wi, Wy € W(e, M, H,1). Corollary 3.8 gives that W; € A(po),

m:{peﬁsz o<|p—po|<fi(;‘§0’)}u{po}, =12,
— MO

for some Lipschitz functions f; on the unit sphere S2. We define the distance between
Wy, Wy € W(é?, M, H, 1) by

dwee s,z (Wi, Wa) = || f1 = follso-

When it is clear to which class Ty, W5 belong we will abbreviate dyp H,1)(W1, W)
to d(Wl, Wg)

Roughly speaking, we measure the distance between Wy, Wy, € W(e, M, H,1) as
the natural distance between star-shaped domains in the class A(pg) for a special
choice of pg depending on e, M.

Lemma 3.10. Assume that Ds € D(e, M, H,1) for s in a neighborhood of 0, for
some fivzed € € (0,1), M > 1, H > e. Let rs(t), ys(t) be functions defining B(Dy) in
the sense of Definition 3.1. Assume that all functions rs, ys are defined on [0,T],
and that ||rs — rolle = 0 and ||ys — Yolleo — 0 as s — 0. Then

d(Ws, Wo) = dvoen,m1,y(Ws, Wo) = 0, as s =0,
where Wy = W(Dy).

Proof. Let 74(t), as(t), fs(&) be defined as in Lemma 3.7 (see Figure 3), but for the
domain Dy. Note that fs(&) = fo(&) for & greater than a(T") = Go(T).

Clearly, 75(t) — 7o(t) as s — 0 uniformly in ¢t € [0,7]. In a similar manner,
since rg(t) > e for t € [g,T], we have a4(t) — Go(t) uniformly in ¢ € [e,T]. Fur-
thermore, for ¢ € [0,¢] we have ys(t) + hg < —(e¢ — hy) < —¢/2, and as4(t) =
—arctan(r,(t)/(ys(t)+ho)). It follows that d(t) — do(t) uniformly also in ¢t € [0, €].
Finally, since all of f, are Lipschitz functions with Lipschitz constant 7, we have

|fs(@0(t)) = foldo(t)] < [fs(@o(t)) = fe(@s())] + | fo(as(t)) — folao(?))]
< nlao(t) — as(t)] + |7:(t) — 7o (L),

which converges to 0 uniformly in ¢ € [0,7]. Therefore, fi(&) — fo(&) uniformly in
&, and the lemma follows. O
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From now on we will be interested in eigenfunctions of (1.1)—(1.4) corresponding
to v1,1. In the rest of the paper we will use the following notation:

w(h y) = %,1(7”7 y)7 SO(Tv 67 y) = wl,l(n y) COSG? V=" (36>
We use here cylindrical coordinates (r,6,y) defined in (1.7), cf. (1.8). By ¢(z,y, 2)
we denote the function ¢(r, 0, y) written in Cartesian coordinates (z,y, z). Recall
that ¢(x,y, 2) is one of the eigenfunctions of (1.1)-(1.4) corresponding to v = vy 1,
o(—x,y,2) = —p(z,y,2), and ¥ > 0 on D. We will always assume that ¢ is
normalized so that [, ¢* = 1. Since in this section we discuss the problem (1.1)-
(1.4) for more than one liquid domain, we will indicate the dependence on W in the
subscript, as in Yy, Yw, V.

Lemma 3.11. Let W € W(e, M, H,1). There exist absolute constants Cy, Cy such
that

vy = / Vow|* < Cy, / o3 < Cy.
W w

Proof. Note that W is a subset of a cylinder {(z,y,2) : 2+ 2% <1, —H <y < 0}.
By Lemmas 2.2 and 2.7 we get vy < ji,. By the variational characterization of vy
and [, ¢f = 1 we have vy = [, [Vow|*.

Let W, be the orthogonal projection of W on the yz-plane. For any p € W,
let {(p) be the cross-section of W with the line parallel to the z-axis and passing
through p. Then [(p) is an interval symmetric with respect to the yz-plane, and [(p)
has length |I(p)| < 2. Since w(x,y,2) is odd with respect to the z-variable, for
any p € W, we have

2 2 2
/ gO%VSIZ(192)|/ (%w) S%/ <3<pw>
I(p) T U(p) O ™ Ji(p) Ox
[am L (&)= (1 ()
w' . \Jip) v ™ Jw, \ Vi) \ O
4

dow\> _ 4 9
S < = \V4 ) U

The following lemma is analogous to Lemma 2.5 in [20].

Lemma 3.12. There is a constant C(e, M, H) such that if Wy, Wy € W(e, M, H,1)
and vy, , vw, are corresponding eigenvalues v for domains Wy, Wy then

’VW1 - VW2| < C(e’—;, M7 H)d(W17W2)1/3-

Proof. By Corollary 3.8, Wy, Wy € A(pg, r1,72,n) for pg = (0, —¢/(2M),0) € R3 and
some 0 < r; < ry and 7 depending only on ¢, M, H. Using this, Lemma 3.11 and
Lemma 3.6 we obtain that ¢; € H3/2(W;) and [|ow, || gs/2w,) < C1 = Ci(e, M, H) for
i =1,2. Also by Lemma 3.6 there exist extensions @y, (i = 1,2) of functions ¢y,
such that supp(Pw,) C B(po, 2 + 1) and [|@w; || gs/zrsy < Co = Ca(e, M, H). By a
symmetrization argument, we may also assume that these extensions @y, are again
odd functions of x. Lemma 3.6 gives also that [|[V@w, || rsmsy < Cs = Cs(e, M, H).
We have

/w%?: / Vol + / Vusl? — / Vew.  (3.7)
%% Wo Wi\Wa Wo\W1

Hence
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By Hoélder’s inequality (for p = 3, ¢ = 3/2) we get

o Tl = [ D 920 < sl |98, Pl
1 2
= (Wi \ Wal PV G |7 ms) < Cal Wi \ Wal'/? < Csd(Wr, Wa)'/2,

where (', C5 are constants depending only on ¢, M and H.
Note also that [, [Vow,|* = vw, and [ &3y, = [ @iy, = 1. By the variational
characterization of v and (3.7) it follows that

v~ 2
VW1< fW1’ 30W2’

< Crd(Wy, Wa) /3,
> fF(ﬁ%/VQ(m,()?Z)dde _VW2+ 5 ( 1 2)

In the similar way we get vy, < vy, + Csd(W7, W2)1/3- O

Let W € W(e, M, H,1). Recall that the eigenfunction ¢y has the lowest eigen-
value vy among all the eigenfunctions of the problem (1.1 - 1.4) on W which are
odd functions of z, and the next such eigenvalue is strictly greater. We denote it
by vw + ew, where ey > 0 is a constant depending on W. Hence if g € H*(W),
[ ewyg =0 and g is odd with respect to x, then

/W Vgl* > (VWJFEW)/FQQ- (3.8)

Lemma 3.13. Let Wy, Wy € W(e, M, H,1). There is a constant C' = C(e,ew,, M, H)
such that

/ ‘90W1 - (PW2‘2 < Cd<W17 W2)1/37 (39)
F
C
1> / owyow, > 1 — Ed(WlaWQ)l/S- (3.10)
F

Proof. Recall that ¢, (i = 1,2) are normalized so that [, [ow,|> =1, pw, > 0 on
W, and ¢, < 0 on W_, where W, = {(z,y,2) e W : x> 0}, W_ = {(z,y,2) €
Wz <0}

First note that (3.10) follows easily from (3.9) and the equality

2/ Wy oW, Z—/(soWl —ww2)2+/ O, +/ v, =2—/(90w1 — w2
F F F F F

Hence, it is sufficient to show (3.9). Put oy = [, ow,9w,. By the normalization of
ew, and pw, we have 0 < oy < 1. Let g = ow, — a1Pw,, where @y, , Qw, are the
extensions of py,, pw, defined in the proof of Lemma 3.12. On W1 NWa, ow, = pw,
are continuous (i = 1,2), and so also ¢ is continuous on W N Wy, In particular g is
continuous on F. We also have g € L?*(F), and by the definition of o; we have

/ w9 = 0. (3.11)
F
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Furthermore, g € H*2(Wy) C HY(W;). By arguments as in the proof of Lemma
3.12,

Vw, _/ |v90W'2|2 _/ |V95Wz|2 +/ |V¢W2|2 _/ |V<:Z>W2|2
Wo 4%} Wa\W1 Wi\W>

2/ ’V95W2|2 — Cld<W17W2)1/3
" (3.12)

_ / V(g + 9) — Crd(Wr, )3
Wi

= a%/ |V<,5W1|2 + 204 Vow, Vg + / ‘Vg|2 — Chd(Wrh, WQ)I/S,
Wi

Wi Wh

where Cy = Ci(e, M, H). We have [, |Vw,|* = vw,, and by the Green’s formula
and (3.11) we get

N dow, dow,
V@W1Vg—/ ( gw)ng/ <%)9—/ (Apw,)g
B, n F Yy Wy

= Vw, / w9 = 0.
F

Since ¢ is odd with respect to z (because @w, and @y, are odd) and g € H' (W),
by (3.11) and (3.8) we get

/ |Vg|2 > (VW1 +5W1>/92-
Wi F

Put as = ([, ¢*)"/2. By the definition of a; and the normalization of ¢y, we have
a? + a3 = 1. From (3.12) we get

Wi

v, > adv, + a2 (vw, + ew,) — Crd(Wy, Wo)l/?
= v, + asew, — Crd(Wy, Wa)'/3,
where Cy = C (e, M, H). Using this and Lemma 3.12 we obtain
vw, — vy + Crd(Wh, Wo)'2 - Cod(Wh, Wa)'/?

Ewn Ew,
where Cy = Cy(e, M, H). Finally we have

IN

«

)

2C5d(Wy, Wy)/3
[l o =220, < 2 203 = 203 < 2L
F

Ew,
Here we used the fact that 0 < oy < 1. OJ

Lemma 3.14. Let Wy, Wy € W(e, M, H,1). There is a constant C' = C(e,ew,, M, H)
such that

[ 9w, ) < Caw, W), (3.13)
WinWs
Proof. We have

[ Wew -l < [ VewPr [ VewmP-2 [ VowVaw
WiNnWs Wi Wh Wh
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Note that le |Vow, | = vy, and, as in the proof of Lemma 3.12,

/|V<ﬁw2|2 /!Wm!?— / Vel + / Vu,
W1 Wo Wa\W1 Wi\Wa

S VW2 + Cld(Wl, W2)1/3
< vy, + Cod(Wr, W2)1/3

where Cy = Ci(e, M,H) and Cy = Cy(e, M,H). By the Green’s formula and
Lemma 3.13 we obtain

V@leﬂﬁwg = / ( gw > P, +/ < gw ) Pws — / (A<PW1)90W2
Wi By n F Y Wh

= VW1/90W190W2
F

VWl 03 d(W17 W2)1/3

Z VW1 -
> vy, — Cad(Wy, Wo)'/3,
where C3 = Cs(e, e, M, H) and Cy = Cy(g, ew,, M, H). The last inequality follows
from Lemma 3.11. Finally, we obtain

/ |V(QOW1 - ¢W2)|2 < 2I/VV1 + CQd<W17 W2)1/3 - 2VVV1 + 204d(W17 W2)1/3
WinWs

which gives the assertion of the lemma. ([l

Lemma 3.15. Let Wy, Wy € W(e, M, H,1). Thereis a constant C' = C(e,ew,, M, H)
such that

/W y low, — pw,|* < Cd(Wy, Wa)'/3, (3.14)
1MW

Proof. Note that W, N W5 is symmetric with respect to the yz-plane, and its inter-
sections with lines parallel to the z-axis are intervals. Since pw,, ¢w, are odd with
respect to the x-variable, as in the proof of Lemma 3.11 we get

4
[ dewm—omP< s [ 9w - ow)l
WiNnWs T WinWs

Now the assertion of the lemma follows from Lemma 3.14. [l

The next lemma is analogous to Lemma 2.6 in [20].

Lemma 3.16. Let W, € W(e, M, H,1) for t in a neighborhood of 0, and suppose
that d(Wy,Wy) — 0 ast — 0. Let K be a compact subset of Wy. Then there exists
d > 0 such that for all |t| < § we have

Kcw, and |(ew, — ewo) 1kl — 0 as t—0.

Proof. Since K is compact we have dist(K,0W,) = 2r for some r > 0. Since
d(W, Wy) — 0 there exists § > 0 such that for all |t| < 6 we have K C W, and
dist(K, 0W,;) > r.
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FIGURE 4. (a) An example of a domain D in the class D;. (b) An
example of a domain W in the class W;.

Let |[t| < 6 and p € K. Then B(p,r) C Wy N Wy and pw,, ¢w, are harmonic in
B(p,r). Using this and Lemma 3.15 we get

1
ow(p) — o (p)ls—/ PR
! ’ |B(p7T)| B(p,r) ' 0

1/2
|80Wt - SDW0|2>

< e U
|B(p,7)| \J B,
1/2
B —
VB, )] \Jwiemy ’

< C<57 EWo>s M7 H>r73/2d(Wt7 WO)1/67

which implies the assertion of the lemma. [l

4. MONOTONICITY OF THE ODD EIGENFUNCTION FOR SOME CLASS OF
PIECEWISE SMOOTH DOMAINS

This section is similar to Section 3 in [20]. The aim of this section is to show
Theorem 3.3 for domains in some special subclass Wy of the class W, defined below
(see Figure 4(b)). First we need to define the subclass D; of the class D. In the
whole section we use notation (3.6).

Definition 4.1. Let v < 0, m € (0,1), T =r — Yo, T1 = <1y, <T; <T.
The domain D C {(r,y) : r > 0, y < 0} belongs to the class of domains D, iff its
boundary consists of the following 3 parts (see Figure 4(a)):
(i) the horizontal interval F(D) = {(r,y): r € [0,1), y = 0};
(i) the vertical interval R(D) = {(r,y): r =0, y € (yo,0]};
(iii) B(D), parametrized by a simple continuous curve (r(t),y(t)), t € [0,T],
satisfying the following conditions:
(a) (r(£),y(8)) = (t,yo) for ¢ € [0, T,
(b) (r(t),y(t)) = (r1,yo +t —T1) for t € [T, T3],
(c) y(t) =yo+t =T, for t € [Tz, T3], r(t) is a strictly increasing function
on [TQ, Tg},
(d) (r(t),y(t) = (Liyo +t —Tq) for t € [T3,T7,
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(e) r(t) is a C* function on [T}, T].
We denote by By(D), Ba(D), Bs(D), B4(D), the parts of B(D) corresponding to
t e [Tg, T), t e (TQ, Tg), t e (Tl,TQ], t e (0, Tl] respectively.

Definition 4.2. The domain W belongs to the class of domains Wy iff W = W (D)
for some D € D;. For W = W(D) € W; we denote B; = {(z,y,2) € R? :

(Va2 +22,y) € Bi(D)},i=1,2,3,4.

Note that for ¢ = min(ry, T — T3), H = —yo + 1, the domain D € D; belongs to
the class D(e,1,H, 1) and W(D) € W(e, 1, H, 1).
First we need the following general lemma.

Lemma 4.3. Let R > 0, (2,9) be a rectangular coordinate system in R* and
B(0,R) = {(z,9) : #* + 9> < R2} Let f € C*' (=R, R) be such that f(0) =
f(0)=0and T'(f) = {(x f(z)) :x € (=R,R)} N B(0, R) be the part of the graph
of f contained in B(0, R). Assume that g € C**(B(0, R)) and Vg(0,0) = 0.
If g—i(i,@) =0 for all (&,9) € T(f), where 2 is the normal derivative to T'(f) at
point (z,79) € I'(f), then
D?g
0z0y
Proof. By assumptions on f there exists r > 0 such that if £ € (—r,r) then
(z, f(z)) € B(0,R) so (z,f(z)) € I'(f). In the whole proof we will assume that
e (—rr).
The unit (upper) normal derivative to I'(f) at (z, f(z)) € T'(f) is equal to

o= s (1D + 5 )
on T+ (f(#)? o1~ 0y)
The condition 2 2(2,7) = 0 gives

(0,0) = 0. (4.1)

dg . 199 o s
5, 10) = 10520 @) (4.2)
By our assumptions on f we get f(z) = O(z? ) and f'(z) = O(]z|). Similarly,
assumptions on g give 22(#,9) = O(y/22 + §2) so %(, f(#)) = O(|2]). By (4.2) we
get
99 o e )
o, £(2)) = O, (43)
By Taylor expansion for % we get for (z,9) € B(0, R)
99 oy~ 990 0y 4+ 59 L% o
It follows that
9 ,. .. 0% d%g . .
S0 (8)) = 50,002 + S50.01/(2) + o).
By (4.3) and f(2) = O(2?%) we get
829 . .

This implies (4.1). O
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Lemma 4.4. Let D € Dy and W = W (D) € W,. We have ¢ € C*Y(W).

Proof. This is a standard result. The lemma follows from [29, formula (13.14)] and
[29, p. 63, lines 1-3], see also [32]. O

As an immediate conlusion of this lemma we obtain:
Corollary 4.5. Let D € Dy and W = W(D) € Wy. Then %‘f, %5 are bounded on
w.
Recall our notation W, = {(x,y,2) € W : = > 0}. Recall also that we may
assume that ¥ > 0 on D.
Lemma 4.6. Let W = W(D) be an axisymmetric liquid domain. If g—lf >0 on D
andgiZOonD theng—“DZO on W, andg—wzo on W.
Y Yy T
Proof. In the cylindrical coordinates (r, 0, y) (see (1.7)) we have W, = {0 € (—n/2,7/2)}.
Clearly,
8g0 oY
dy  dy
Hence 3—15 > 0 on D implies g—“’ > 0 on W,. Furthermore,

dp 8g0 dp [ —sinf
or  or " 9+89( r )

Since ¢ = ¥(r,y) cos§, we obtain

—(r,y) cosb.

.2
5 = S0t (). (4.4
It follows that 1) > 0 and 8” >0on D 1mphes = >0on W. 0

Note that if D € D, and W =W(D) e W, then, in view of Lemma 4.4, (4.4)
holds on W, given that r = Va2 + 22 # 0.

Lemma 4.7. Let D € Dy and W = W(D) € Wy. Assume that (r,y) € D. For
x =1 and any n,m € N we have
8n+mgp

an—l—mw
OxmOy™ (%,9,0) = ornoy™ (r,y)-

Proof. This follows from the fact that for z = r we have ¢(x,y,0) = (r,y). O

The proof of the following lemma uses some ideas from the proof of Proposition
3.2 in [20].
Lemma 4.8. Let D € Dy and W = W(D) € W;. ]f‘g—f >0 onD and g—f >0 on
D then 2_115 >0 on B1(D)U By(D) U B3(D) (see Figure 4(a)).

Proof. Since % > 0 on D we have % > 0 on By(D)U By(D) U B3(D) so we only
need to exclude the possibility that W’ = 0 at some point of By (D)UBy(D)UB3(D).

On the contrary assume that y(r*,y*) = 0 at some point (r.,y.) € Bi(D) U
By(D) U Bs(D). Since g¢ (re,yx) =0, gf (r+,y«) = 0 and since the normal vector is
not parallel to the y-axis, we have Vi (r.,y.) = 0. Let T = (a,8) € R a > 0,
B > 0, a® + % = 1 be the tangent unit vector to B(D) at point (r,,y.) and
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FIGURE 5. New coordinate system (z, 7).

= (—f, @) € R? be the normal unit vector to B(D) at point (r.,y.) (see Figure 5).
Let us introduce a rectangular coordinate system (&, y) with origin at (7., y«) so that
f-axis is in the direction 7' and § y-axis is in the direction N. Note that in these new
coordinates B(D) in some ball centered in the origin is the graph of a C*! (even
C) function f such that f(0) = f'(0) =
By Lemma 4.4 ¢ € C?*Y(D). Using this by [14, Lemma 6.37] there is a C?!
extension of the function ¢ to some ball centered at (r,,y.). We will denote this
extension by the same letter 1.
Then the assumptions of Lemma 4.3 are satisfied which gives
82
() = 0. (4.5)
Since V(ry, ys) = O we get 3 99 2(re,yi) = 0.
Note that 8 =agy: +66y and define u = a —1—6 . By Lemma 4.7, u(x,y,0) =

% (r,y) (Wlth r= x) Note that w is harmonlc in W and by Lemma 4.6 and the
fact that « > 0, § > 0 we have u > 0 in W,. Finally, for z, = r,,

oY
U(LU*, Yss 0) - %(T*, y*> =0
and ) o
U
o\ *70 ~\Tey Ys) = 0. 4.6
o (e Y 0) = aa(ry) (4.6)
At the point (x4, y.,0) € OW, the domain W, satisfies the inner ball condition.

Hence (4.6) gives contradiction with the Hopf’s lemma for the harmonic function
u. U

Lemma 4.9. Let u be a function which is harmonic in a bounded domain 2 C R"
and continuous in ). Let Q1 C 02 be such that for each p € Q1 the boundary OS2

has a tangent plane at p, the outer normal derivative 2%(p) exists and g—Z(p) = 0.

- on
Let Q2 = 00\ Q1. If u>0 on Qy then u >0 on Q.

Proof. On the contrary assume that there exists py € Q such that u(py) < 0. By the
maximum principle for u there exists p; € ; such that 0 > u(p;) = min g u(p).
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By the normal derivative lemma (see e.g. [12] Lemma 2.33) $%(p;) < 0 which gives
a contradiction. O

Let us denote R3 = {(z,y,2) : > 0}, By = BNR3, F, = FNR3, By =
BNRE,i=1234.
Lemma 4.10. Let D € Dy and W = W(D) € W;. If‘g—z > 0 on By(D) then 3—7’: >0
on D and%‘ezo onm.
Y
Proof. We have

&p oY
dy  dy

on W, so by the assumptlon > 0 on By(D) we get > 0 on By.

—(r,y) cos b

Let us denote u = a_y‘ Then w is harmonic in W, and contlnuous in W,. We have
u > 0 on By,. We also have u = 0 on B,,. Since ¢ =0 on {(z,y,2) € W : x =0}
we get u = 0 on {(v,y,2) € W : = 0}. Recall that ¢» > 0 on D so ¢ > 0 on
W, Wegetu:g—‘g:VQOZOOHF+,souZOonF_+. Notealsothat%zoon
By U Bsy. Now the assertion of the lemma follows from Lemma 4.9 for 2 = W,

and Q]_ — B]_+ U B3+. |:|

Lemma 4.11. Let D € D(e, M, H,1) and W = W(D) € W(e, M, H,1). Assume
that w € H' (W), u is odd with respect to the z-azis, a = ([, u2)1/2 > 0 and

| [z owu| # o Then we have
/ Vuf2 > VW/U
w F

Proof. Put 3 = [, ewu and g = u — Bow. We have [, owg = 0 and [,¢° =
a? — 32 # 0. We also have

/mP:/ |vgy2+/ |,6ww\2+2/ VgV
w w w w

By Green’s formula one easily get [, VgV = 0 (cf. proof of Lemma 3.13). We
have [i,, [Vow|* = vw. Using (3.8) we obtain [, |[Vg|* > vy (o — 5%). This implies
the assertion of the lemma. 0

Lemma 4.12. Let D € Dy and W = W (D) € W. ]fg—f > 0 on By(D) then g—‘;’ >0
on W.

Proof. Since By(D) is a graph of an increasing function y = g(r), g_z =0 on By(D)
and g—;ﬁ > 0 on By(D), we get g—f > 0 on By(D). We also have g—“f =0on By(D)U
Bg(D) s0 22 >0 on By (D) U By(D) U Bs(D). By (4.4) 2 > 0 on B; UB, U B;. Let
W_ ={(x,y,2) € W :c<0}andW0—{(3:y, z) € W: x =0}. Since ¢ < 0 on
W_andg0>00nW+weget >00nWO
Assume, contrary to the hypothesus of the lemma, that there exists (., y., z:) € W
such that g—‘;(x*,y*,z*) < 0. Since g—i(m,y,z) = W( x,y,z) we may assume that
(T, Yu, 2¢) € Wi, Let Vi be the connected component of the set {(z,y,z) € W :
92 (2, y,2) < 0} containing (., Yy, z,). Since %‘f >0 on B; U B, U Bz UW, we have

ox
V. cw,.
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F1GURE 6. The set V.

Let
F(V.,.) = Int{yzo} (8V+ N F) and B4(V+) = Int{y:yo}(8V+ N B4)

(see Figure 6). By Intg,—oy, Intg,—y,), we denote the relative interior of a set in a
2-dimensional plane. Recall that —yq is the depth of a liquid domain D € D, see
Definition 4.1.

Since %ﬂ% >0 on B; UBy,UB3UW, and V, is the connected component of the set

{(z,y,2) € W: g—;‘j(x,y,z) < 0} we have g—i =0on V. \ (F(V,)U By(Vy)). We

also have
g (0
- (a—i) =0 on By(V.)
and
0 (0Op a0 [0y Op
— () == ) =L F(Vy).
on (6x> oy (81:) Wor M (V2)
Let Vo = {(z,y,2) € W : (—x,y,2) € Vi }. Of course V_ C W_. Let us define the
function u in the following way. We put u = %f on Vi, u= —%f on V_and u =0

on W\ (VL UV_). We have u € C(W) and u is odd with respect to the z-axis. By
Green’s formula we also get

/ IV :2/ IV
w Vi
:2</ @ujt/ @u—l—/ @u—/ (Au)u) (4.7)
F(vy) On Ba(vy) O OV (F(V4)UBa(V,)) O Vi

:21/W/ uzzyw/ug.
F(V4) F

We have F(V,) # 0 and [,u* > 0 because otherwise u = 0 on V. which is im-

possible. Of course, there are points on Intg,—g} (OW, N F) for which g—i > 0, so
F(Vy) # Intgy—o; (OW,NF). This implies that u and ¢ are not linearly dependent
on F, so | [ owul # | [, u?['/% By Lemma 4.11 we get

/ Vul* > Vw/u2,
w F

which contradicts (4.7). O
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)

L1 32 2

Yo 1

FIGURE 8. An auxiliary picture for Lemma 4.14.

Lemma 4.13. Let D € Dy and W = W (D) € Wy. Assume that there exists h > 0
such that W contains the cylinder {(x,y,z): 24+ 2* <1,0 >y > —h}. Then there
exists C'(h) such that for all (z,y,z) € W such that y < —h we have

lp(x,y,2)| < C(h).

Proof. Denote by W’ the set {(z,y,2) € W : —h/2 > y}. Let M be the supremum of
|| over W’. By the maximum principle, the supremum is attained at the boundary
of W’. By the normal derivative lemma (see [12, Lemma 2.33]), since ¢ is not
constant, it cannot attain its supremum or infimum at OW' N {(x,y,2) : y < —h},
the part of the boundary where ¢ satisfies Neumann boundary condition. It follows
that M = |p(po)| for some py = (xg, —h/2, z9) € OW".

By the Harnack inequality up to the Neumann boundary (see [4, Theorem 3.9]),
there is = d(h) € (0,h/2 A1) such that ¢(p) > M/2 for p € B(pg,d) N W.
Furthermore, |B(pg,d) N W| > C16%, where C} is an absolute constant. It follows

that
/ , / M2 CioPM?
> .
B(po,0)NW 4 - 4

On the other hand, by Lemma 3.11, the left-hand side is bounded above by an
absolute constant. d

For a fixed domain D € D; we define the family of domains Dy, s € [0, 1] such
that D; = D and Dy is a rectangle (0,1) x (yo,0) (see Figure 7). Let yo, r1, r(t),
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y(t) be as in the definition of class D; for the domain D. For y € [yo,0] put

g(y) = r(r1 + yo — y). Note that D = {(r,y) : v € (y0,0), 7 € (0,9(y))}. The
domain Dy € D, for s € (0,1) is defined by

Dy ={(r,y): y € (%,0), 7 € (0,1 — s + s9(y)) }.
We denote 1 — s+ sg(y) = gs(y), so that Dy = {(r,y) : y € (v0,0), r € (0, g5(y))}.
Lemma 4.14. Let D € Dy. We define a rectangle R (see Figure 8) by

R = (T1/27 3/2> X (y{%7 y§)7
where yf* = yo + (Ty — T1) /2, yf = —(T —T3)/2 and ry, yo, Th, Ts, T3, T are taken
from the definition of class Dy for the domain D. Let D, s € [0,1], be the family
of domains constructed before the statement of this lemma for the domain D, and
let Wy = W(Dy). There exist a constant a = a(D) such that for all s € [0, 1]

oatB

a5 0. (P)

< a. 4.
0crdBy “ (48)

sup

Moreover, there exist constants € = (D), H = H(D) such that for all s,q € [0,1]
WseW(e, 1,H,1) and d(W,,W,) =0 as s—q.

The key point in this lemma is that the constant a does not depend on s. The
proof of this result follows by elementary but tedious calculations.

Proof. We define a rectangle (see Figure 8) Q = (r1/4,2) x (y%,4Y), where y& =
yo + (Ty — Ty)/4 and y$ = —(T — T3)/4. For each s € [0,1] let us consider the
following change of variables:

. r
Yy, T=-——F.

9s(y)
This change of variables is chosen so that the curve Q N dD; is straightened in

these new variables. In fact this transformation of variables changes ) N 0D, to
{(7,9): 5 € @), 7 =1}.

y

: N N e 0 r \_ _rsgy) _ _7sg(@)
Since gs(y) = gs(9), 9.(y) = s¢'(9), and 5.(55) = — Gz = — oy We have
9__1 90 9 _0 1s9(y 0 o _ 1 &
or  gs(y) OF dy 0y gs(y) OF or?  (gs(y))? or%
9P 2sg(j) O (7’59’(@7))2 *27s*(g'(9)* — Tsg" (§)9s(9) O
Oy 05> gs(y) 0yOF 9s(9) ) O (95(9))? or

The set @ N Dy is transformed in the new variables to the set Qg := {(7,9) : 7 €
(y?,y?), 7 € (r1/(49s(7)),1)}. Let us put ¢s = ¢p,. Since 1, satisfies (1.9) in Dj
for m = 1, we obtain that, in the new coordinates, 14 satisfies in €):
1+ (7sg'(§))? 0% | 0%s  27sg () O%1hs
(9s(9))> o/ 0p*  gs(y) Oyor
1+ 2(7sg'(9))* — 759" (5)9s(5) Os 1

f(Qs(@))Q or - (fgs<g))2 ¢s =0.

Now we will verify the assumptions of [14, Lemma 6.29]. Note that 0 < r; < g4(7) <

1, and 0 < 7s¢'(9)/g9s(y) < C1(D) on Q. Hence, by an elementary calculation, there
exists a constant A = A(D) > 0 such that for all &, n € R, s € [0,1], (7,7) € Qs,

(4.9)
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we have (€ — (7sg'(7)/9+(@)0)? + (1/(9:(3)?) > M€ + 7). This means that for
all s € [0,1], the operator in (4.9) is strictly elliptic on g with a constant A which
does not depend on s.

Note that the unit outer normal derivative 6—871 on () N Dy equals

L S R )
on — (1+ (sg)H 2 \or ~ Wy )
Since 1, satisfies % = 0 on Q N AD, we obtain that in the new coordinates

satisfies Lt (s (3))%F 0 o
+(sg'(y))"10Ps . _ Iy~ 5~ ~
w@) o (7,9) — s9'() 9 (7,9) =0, (4.10)
forr=1and y € (yf2 , y2Q ). Note that the coefficient at 881!: in the above formula is
bounded from below by x = 1, which does not depend on s.

We will use [14, Lemma 6.29] for a =1, u =15, Q=Q,, T ={(7,9): 7=1,7 €
(y2,4$)} and L the operator in (4.9). We have already checked that & > 0 does not
depend on s and that the operator L on 2 is strictly elliptic with a constant A not
depending on s. It is also easy to check that absolute values of all the coefficients of
L on Q, and the coefficients in (4.10) on T" are bounded from above by a constant
not depending on s.

Note that R N D; is transformed in new variables to the set Uy := {(7,9) : 7 €
(yR, ylt), 7 € (r1/(294(9)),1)}. Tt is easy to check that

ootB
0rofy

g+

a5 Us(7, 7)) -

sup 92795y

(ry)€DsNR oy g—2

mvmﬁscw>$m

(79)€Us 4 B<2

Note that dist(Us, 92 \ T') is bounded from below by a positive constant not de-
pending on s. By [14, Lemma 6.29] for u, 2, T and L as above we get

SC(D) sup st(fag”

(7,9)€Us

sup
(7,9)€Us a+B8<2

—ﬁgws(ﬁ v)

We have sup; ;) [¥s(7, )| = sup(, ,\epag [¥s(r, y)|. By Lemma 4.13 this is bounded
by a constant not depending on s. This implies (4.8).

It is clear that for ¢ = min(r /2,7 —T3), H = —yo+ 1 we have W, € W(¢e, 1, H, 1)
for any s € [0,1]. The convergence d(W;, W,) — 0 follows by Lemma 3.10. O

Lemma 4.15. Let D € Dy. Let Ds, Wy, s € [0,1], be as in Lemma 4.14 (see Figure
7). Fiz q € [0,1]. Let R be the rectangle defined in Lemma 4.14 (see Figure 8).
Then we have

0
dy

sup
pEDNDGNR

Proof. Denote ¢s = ¢p,. By Lemma 4.14, there are ¢, H such that Wy, € W(e, 1, H, 1)
for all s € [0,1], and d(W,, W,) — 0 as s — ¢. Hence, by Lemma 3.14,

(m%—mm@ﬂﬁo @ soq

2

o, 0
/ r Vs _ O — 0 as s — q. (4.11)
DsNDy dy dy
Again by Lemma 4.14, 68125 is a Lipschitz function on DyN R with Lipschitz constant

a = a(D) not depending on s € [0,1]. Let 6 € (0,1). It follows that for any
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p,p' € DsN D, N R with |p —p'| < § we have
RN AT Y
() — ()| < ®) — -+
dy dy dy dy
Furthermore, |B(p,d) N Dy, N D, N R| > C(D)4?. Hence,

o6, | Oty
% ) - Zagy|

O Othy
dy () — 2 (p)

2
+ 2a5) < 8a?6% + 2 ‘

Iy O, |

dy Oy

2
<82 /
C(D)é? B(p,6)NDsNDyNR

Since r > r1/2 on R, we conclude that

O oY
5 p) — 8—;(1))

By (4.11), it follows that

2

o, O,

C (D)%, /qu " ‘ dy oy

2
sup < 8a?6? +

peD.ND,NR

%s () — %@D < 2v2a0.

lim sup ( sup

s—q peDsNDyNR ay ay
Since § € (0,1) was arbitrary, the proof is complete. O
Lemma 4.16. Leth>0andW-{(my, 2) 422 <, 0>y>—h} be a
cylinder. Then > 0 on W,. In particular 5 ¢ >0onD={(x,y): € (0,1),y €
(=h,0)}.

Proof. The result follows from explicit formulas for sloshing eigenfunctions in cylin-
ders, we have ¢y (r,y) = c(h)J1(j1 17) cosh(j; 1 (y + h)), where J; is the Bessel func-
tion of the first kind, and j| ; is the first zero of its derivative (see e.g. [26, page
502] or [3, page 24]). O

The next result shows that the assertion of Theorem 3.3 holds for W € W;. The
proof of this result uses some ideas from Proposition 3.2 [20].

Proposition 4.17. Let D € Dy and W = W (D) € W;. Then we hcwe 2 >0 on
|74 and%fZOonW}.

Proof. In view of Lemmas 4.10 and 4.12 it is enough to show that ?9_15 >0on D. On

the contrary assume that there exists a domain D € D; and a point p € D such
that g—;f(p) < 0.

Let Dy, s € [0,1] be the family of domains constructed before the statement of
Lemma 4.14 for the above domain D = Dy, and denote ¥s = ¥p,, s = ¢p,. Let

O,
dy

q:inf{se[o,l]: (p)<()forsomep€ﬁs}.

We will first show that
Oy >0 on D, (4.12)

If ¢ = 0 this follows from Lemma 4.16 (here we use the fact that we know that the
assertion of the proposition holds for cylinders).
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Now assume that ¢ > 0. Then for all s < ¢ we have %i; > 0 on D,. Note that
for all s < ¢ we have D, C D,. Let R be the rectangle defined in Lemma 4.14. By
Lemma 4.15 (for s < q) we have

0

sup 3y

peD.ND,NR

5= b)) = su

pEDGNR

5= ) )| 0.

as s — ¢~ . This with the fact that for all s < ¢ we have 68—% > 0 on D, implies that
88—12" > 0on D,NR. But By(D,) C D,N R so Lemma 4.10 implies that 88—12‘1 >0 on

D,
We have shown (4.12). Note that by Lemma 4.12 we get % >0on W(D,). It
follows that % > 0 on D,. Now we will show that there exist a point py € By(D,)

such that 5
0y

By (4.12) we get that ¢ < 1. By the definition of ¢ we get that there exists a
decreasing sequence {s,}°>, C [0,1], s, — ¢, such that for all n € IN we have
(O, /0y)(pn) < 0 for some p,, € D, .

By Lemma 4.10 we may assume that p, € By(D,,). Note that D, C D,. We
also may assume (after taking a subsequence if necessary) that p, — py € Ba(D,).
Note also that p, € R for any n =0, 1,2, .... We have

N, Y, s, O, 0, O,
oy (Pn) — 8—y(po) < oy (Pn) — a—y(pn) + a—y(pn) — a—y(po) iy
Ns, oY o o '
< o) - S| | G0 - G|

By Lemma 4.15 the first expression in (4.13) tends to 0 as n — oo. The second
expression in (4.13) tends to 0 as n — oo because p, — po, pn € DN R (n =
0,1,2,...) and 88—12‘1 is a Lipschitz function on D, N R by Lemma 4.14.

Since ads" (pn) < 0 it follows that 8% - (Po) < 0. We know that % > 0 and % >0
on D, 0 wq( 0) =0. But pg € BQ(D ), a contradiction with Lemma 4.8. O

5. MONOTONICITY OF THE ODD EIGENFUNCTION

In the previous section we proved monotonicity properties of 1;; for a special
class of piecewise smooth domains W;. In this section we pass to the limit to obtain
the same result for class W. In the whole section we use notation (3.6).

proof of Theorem 3.3. Note that by scaling it is sufficient to show the assertion of
the theorem for D € D such that ry = 1.
Let us consider the following inequality:

Y(re, y2) > U(r1,y1) for any (r1,v1), (re,y2) € D, 19 > 71, Y2 > y1. (5.1)

Our first aim will be to justify (5.1) for all D € D such that ro = 1. To show this in-
equality we will use the following scheme. If we have a family of sets {Ds : s € [0, so|}
such that all these sets belong to D(e, M, H, 1), Wy = W (D), dwe,am,m1)(Ws, Wo) —
0 as s — 0 and (5.1) holds for all Dy where s € (0, so] then Lemma 3.16 guarantees
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that (5.1) holds also for Dy. We will show that (5.1) holds for all D € D such that
ro = 1 in a number of steps.

Step 1. Note that Proposition 4.17 gives (5.1) for D € D;.

Step 2. Let Dy be the class of domains satisfying all conditions for the class D,
except that the condition (e) is replaced by

(e') t = r(t) is a continuous function on [7T7, 7.

We will show that (5.1) holds for D € Dy. Fix D € Dy and let yo, r1 = T3, Ts, T3,
T such as in Definition 4.1. Let ¢ = min(ry,T — 13,75 — T1), H = —yo + 1, so that
D e D(e,1,H,1), and let r(t), y(t), t € [0,T], be the parametrization of B(D).

For s > 0 let hy € C*(R) be such that hy > 0, supp(h,) C (—s,s), [phs = 1.
Put s = /2. For s € (0,s0] let ys(t) = y(t) for t € [0,T], rs(t) = r(t) for
t €0, Ti+e/2)U[T—¢/2,T) and ry(t) = [° r(t—u)hy(u) dufort € [Ty+¢/2,T—¢/2].
Let Dy = D and for s € (0, s, let Dg be a domain defined like D but with (r(t), y(¢))
replaced by (rs(t), ys(t)). Note that D; € Dy for s € (0, s0] and Ds € D(e/2,1,H, 1)
for s € [0,s0]. We have ||ys — ¥olloc = 0 and ||7s — 70]joc — 0 as s — 0 so Lemma
3.10 gives that dw/21,1,1)(Ws, Wo) — 0 as s — 0, where W, = W(D,). Hence Step
1 and Lemma 3.16 give that (5.1) holds for Dy = D € Ds.

Step 3. Let D3 be the class of domains satisfying all conditions for the class D,
except that condition (e) is deleted and condition (c) is replaced by

(¢") t = y(t), t — r(t) are strictly increasing continuous functions on [Ty, T3].

It is clear that Dy C D, and since we can replace (r(t),y(t)) by (r(y(yo +t —
T1)),yo+t—"T1) for t € [Ty, T3] (this is just a reparametrization), we see that in fact
D3 = Ds,.

Step 4. Let D, be the class of domains satisfying all conditions for the class D,
except that condition (e) is deleted and condition (c) is replaced by

(c”) t = y(t), t = r(t) are nondecreasing continuous functions on [T, T3].

Fix D € Dy and let yo, r1 = T4, 15, T3, T be such as in Definition 4.1. Let
e = min(r, T — T3), H = —yo + 1, so that D € D(e, 1, H, 1), and let r(t), y(t),
t € [0,T], be the parametrization of B(D).

For s € [0,1) define r,(t) = r(t) and ys(t) = y(t) for t € [0,T5] U [T3,T], and let

ro(t) = (1 — s)r(t) + S(rl + ;3__7;%2 (1- rl)) :

ys(t) = (L = s)y(t) + s(yo +t — T1)

for t € [T5,T3]. Let Ds be the corresponding domain. Note that Dy € Dy for
s € (0,80 and Dy € D(e,1,H,1) for s € [0,s0]. We have |lys — yolloc — 0 and
|7s — 10lloc = 0 as s — 0 so Lemma 3.10 gives that dyw 1,u,1)(Ws,Wo) — 0 as
s — 0, where W = W (Dy). Hence Step 2, Step 3 and Lemma 3.16 give that (5.1)
holds for Dy = D € Dy.

Step 5. Let D5 be the class of domains satisfying all conditions for the class D,
except that conditions (b) and (e) are deleted, T, = T; and condition (c) is replaced
by

(¢”) t = y(t), t = r(t) are nondecreasing continuous functions on [T}, T3].

Fix D € D5 and let yo, 1 = Ty = Ts, T3, T be such as in Definition 4.1. Let
e = min(r, T — T3), H = —yo + 1, so that D € D(e, 1, H, 1), and let r(t), y(t),
t € [0, 7], be the parametrization of B(D).
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Let s € [0,1/2] and Ty(s) = (1—s)T1 +sT5. We define r4(t) = r(t) and ys(t) = y(t)
for t € [0, T7) U [T5,T], r5(t) = r and ys(t) = yo +t — T for t € [T1,T(s)], and let

i =r(n-T20) 0w =a- o

for t € [Ty(s),T3]. The corresponding domains Dy are in Dy for s € (0,1/2], and
Dy € D(e,1,H,1) for s € [0,1/2]. Since r(t) and y(t) are continuous, we have
lys — Yolloo — 0 and ||rs —ro|loc — 0 as s — 0. Again, Lemma 3.10 and Lemma 3.16
together with Step 4 give that (5.1) holds for Dy = D € Ds.

Step 6. Let Dg be the class of all domains from the class D such that o = 1.
Fix D € Dg and let e, M, H, T, o, r(t), y(t) be such as in Definition 3.1. Let
s € [0,e/2]. We define r(t) =t and y(t) = yo for t € [0, 8], r(t) =1l and y(t) =t —T
for t € [T — s,T], and

-1
13_ S ) + sy(T3)

t—s —Yg — S t—s
() =s+(1— T), gt = — T
n)=st(-r(Fom ) )= T2y (2T

for t € [s,T — s]. Let D, correspond to r,4(t) and y,(t) for s € [0,e/2]. Observe
that Dy € D(e,2M, H,1) for s € [0,¢/2] and D, € D5 for s € (0,¢/2]. Furthermore,
lys — Yolloo — 0 and ||7s — rollec — 0 as s — 0, so Lemma 3.10, Lemma 3.16 and
Step 5 give (5.1) for Dy = D € Dg.

Step 7. Step 6 shows (5.1) for all D € D such that ro = 1. This implies
the assertion of Theorem 3.3 but with weak inequalities instead of strict ones. By
Lemma 4.6 this gives 6@ > 0on W and 3*0 > 0 on W,. However g‘ﬁ, g“” are harmonic
functions in W which 1mphes > 0 on W and 8@ > 0 on W,. Of course, this gives
strict inequalities in Theorem 3 3. U

proof of Theorem 1.1 (ii), (ii1). Elementary geometric considerations (we omit the
details here) give that any axisymmetric, convex, bounded liquid domain satisfying
the John condition belongs to the class of domains D. Hence Theorem 1.1 (ii) follows
from Theorem 3.3. The inequalities in Theorem 1.1 (iii) follows from Theorem 1.1
(ii) by Lemma 4.6. The last sentence in Theorem 1.1 (iii) is an easy corollary of
Theorem 1.1 (i). O

proof of Proposition 1.2. Let F = {(z,y,2) : 2*> + 2% < R% y = 0} for some R > 0.
Let 6y € (7/2,7) denote the angle between the free surface F'(D) and the rigid wall
B(D). It was proved in [29] (formula (13.3)) that (see also [21])

P(r,0) = Y(R,0)(1 —v(R —r)cotby) +o(R —1) asT — R,

Let us recall that we may assume that ) > 0 on D. It is a standard result that ¢
is continuous on D and ¥(0,0) = 0. Of course ¢ attains maximum on F so 1) must

attain maximum on F(D).

If ¥(R,0) = 0 then clearly 1(r,0) does not attain its maximum at r = R. If
¥(R,0) > 0 then 2(R,0) = vcotOyi(R,0) < 0 and therefore 1(R,0) cannot be
the maximum of ¢ (r,0).

It follows that 1 (r,0) attains its maximum inside the interval (0, R) and w( ,0)
changes the sign on (0, R). Hence ¢(r,y) has its maximum in the interior of F(D)
and aa—lf(r, y) changes the sign in D. O
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