STATIONARY DISTRIBUTIONS FOR JUMP PROCESSES WITH
INERT DRIFT

K. BURDZY T. KULCZYCKI AND R.L. SCHILLING

ABSTRACT. We analyze jump processes Z with “inert drift” determined by a
“memory” process S. The state space of (Z,5) is the Cartesian product of the
unit circle and the real line. We prove that the stationary distribution of (Z, S)
is the product of the uniform probability measure and a Gaussian distribution.

1. INTRODUCTION

We are going to find stationary distributions for jump processes with inert drift.
We will first review various sources of inspiration for this project, related models
and results. Then we will discuss some technical aspects of the paper that may have
independent interest.

This paper is concerned with the following system of stochastic differential equa-
tions ( the precise statement is in the next section),

(1.1) dY; = dX, + W'(Y})S, dt,
(1.2) dS, = W"(Y,) dt,

where X is a stable Lévy process and W is a C® function. This equation is similar to
equation [1, (4.1)], driven by Brownian motion, but in (1.1) the term 3 (AVV)(X,) dt
from the first line of [1, (4.1)] is missing. An explanation for this can be found in
heuristic calculations in [8, Example 3.7]. The paper [8] deals with Markov processes
with finite state spaces and (continuous-space) inert drifts. This class of processes
is relatively easy to analyze from the technical point of view. It can be used to
generate conjectures, for example, [8, Example 3.7] contains a conjecture about the
process defined by (1.1)-(1.2).

The main result of this paper, i.e. Theorem 2.12, is concerned with the stationary
distribution of a transformation of (Y, .S). In order to obtain non-trivial results, we
“wrap” Y on the unit circle, so that the state space for the transformed process
Y is compact. In other words, we consider (Z;,S;) = (¢®**,S;). The stationary
distribution for (Z;, S;) is the product of the uniform distribution on the circle and
the normal distribution.

The product form of the stationary distribution for a two-component Markov
process is obvious if the two components are independent Markov processes. The
product form is far from obvious if the components are not independent but it does
appear in a number of contexts, from queuing theory to mathematical physics. The
paper [8] was an attempt to understand this phenomenon for a class of models.
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One expects to encounter a Gaussian distribution as (a part of) the station-
ary distribution in some well understood situations. First, Gaussian distributions
arise in the context of the Central Limit Theorem (CLT) and continuous limits
of CLT-based models. Another class of examples of processes with Gaussian sta-
tionary measures comes from mathematical physics. The Gibbs measure is given
by crexp(—ca Y2, (#; — 2;)?) in some models, such as the Gaussian free field, see
[17]. In such models, the Gaussian nature of the stationary measure arises because
the strength of the potential between two elements of the system is proportional to
their “distance” (as in Hooke’s law for springs) and, therefore, the potential energy
is proportional to the square of the distance between two elements. Our model
is different in that the square in the exponential function represents the “kinetic
energy” (square of the drift magnitude) and not potential energy of a force. The
unexpected appearance of the Gaussian distribution in some stationary measures
was noticed in [7] before it was explored more deeply in [8, 1].

The present article has a companion [6] in which we analyze a related jump process
with “memory”. In that model, the memory process affects the rate of jumps but it
does not add a drift to the jump process. The stationary distribution for that model
is also the product of uniform probability measure and a Gaussian distribution.

An ongoing research project of one of the authors is concerned with Markov
processes with inert drift when the noise (represented by X in (1.1)) goes to 0.
In other words, one can regard the process (Y, S) as a trajectory of a dynamical
system perturbed by a small noise. No matter how small the noise is, the second
component of the stationary measure will always be Gaussian. Although we do
not study small noise asymptotics in this paper, it is clear from our results that
the Gaussian character of the stationary distribution for the perturbed dynamical
system does not depend on the Gaussian character of the noise—it holds for the
stable noise.

Models of Markov processes with inert drift can represent the motion of an inert
particle in a potential, with small noise perturbing the motion. Although such
models are related to the Langevin equation (see [13]), they are different. There are
several recent papers devoted to similar models, see, e.g., [2, 3, 4, 5].

We turn to the technical aspects of the paper. The biggest effort is directed at
determining a core of the generator of the process. This is done by showing that
the semigroup T} of the process (Y3, S;) preserves CF, see Theorem 3.1. The main
idea is based on an estimate of the smoothness of the stochastic flow of solutions to
(1.1)-(1.2). This result, proved in greater generality than that needed for our main
results, is presented in Section 3, see Proposition 3.3. This proposition actually
makes an assertion on the pathwise smoothness of the flow. It seems that Theorem
3.1 and Proposition 3.3 are of independent interest.

1.1. Notation. Since the paper uses a large amount of notation, we collect most
frequently used symbols in the table below, for easy reference.
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aVb aNb max(a, b), min(a, b);
ay, a_ max(a,0), —min(a, 0);
m

|| o1 Z|xj| where x = (z1,...,2,) € R™;
j=1

ek the k-th unit base vector in the usual orthonormal basis for R";

14+« a1

A al’ a € (0,2);

. (%) Zer—ay “cO0
glel J

D« m, Oé:(al,...,ad)G]NO;

ok k-times continuously differentiable functions;

C’f, ck, ck functions in C* which, together with all their derivatives up to
order k, are “bounded”, are “compactly supported”, and “vanish
at infinity”, respectively;

[[flloo.8 sup |f(z)| for f:R" = R;
zEB

DD flloo, > IID* flloo, 53
lo=3

1. 1) > sup [Df(x)], resp. > D flloo;
lal<j <P ol <j

IDOV |5, DOVl

sup |D*Vi(x)|, resp., DV, for any function
ZZGBI ()] DY D Vil

la|=j k=1"

V.:R" = R"

laj=j k=1

IVIlGy,s 1Vl

J J
D IV o.5, resp., > [IDDV oo
=0 1=0

)

Constants ¢ without sub- or superscript are generic and may change their value from

line to line.

{z € C : |z| = 1} unit circle in C.

2. A JUMP PROCESS WITH A SMOOTH DRIFT

Let $ = {z € C

|z] = 1} be the unit circle in C. Consider a C® function

V : 8§ — R which is not identically constant and put W(z) = V(e*®), » € R.

Let X; be a symmetric a-stable Lévy process on R which has the jump density

Aoz —y[717* a € (0,2). Let (Y, S) be a Markov process with the state space R?
satisfying the following SDE,

(2.1)

dY; = dX, + W'(Y;)S, dt,
dSt - W,/(lft> dt
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Lemma 2.1. The SDE (2.1) has a unique strong solution which is a strong Markov
process with cadlag paths.

Proof. For every n € IN define the function f,, : R — R by f,.(s) := (—n) Vs A n.
We consider for fixed n € N the following SDE

dv" = X, + W' (V") f.(S™) dt,
ds™ = w" ;™) .

Note that R? 3 (y, s) — W'(y)fn(s) is a Lipschitz function. By [14, Theorem V.7]
and [14, Theorems V.31, V.32] the SDE (2.2) has a unique strong solution which
has the strong Markov property and cadlag paths for every fixed n € IN.

Now fix to < 0o and a starting point R2 3 (y,s) = (Y., Si). Note that for any
t <ty we have

(2.2)

Sy < Is| + to[[W" |-

t
0

Pick n > |s| 4+ to||W”||oo, n € IN. For such n and any t < tq, the process (Y;,S;) :=
(Y™, 8™) is a solution to (2.1) with starting point (y, s). This shows that for any
fixed starting point (y,s) = (Yo, So) and fixed ¢, < oo the SDE (2.1) has a unique
strong solution up to time ¢3. The solution is strong Markov and has cadlag paths.
Since ty < oo and the starting point (y, s) are arbitrary, the lemma follows. ([l

We will now introduce some notation. Let IN be the positive integers and INy =
INU {0}. For any f:S — R we set

f(x) = f(e"), zeR.
We say that f : S — R is differentiable at z = €, x € R, if and only if f is
differentiable at x and we put
() :=(f)(z), where z=¢e" zeR.
Analogously, we say that f : S — R is n times differentiable at z = e, x € R, if
and only if f is n times differentiable at x and we write
™) = ()™ (z), where z=¢2 zeR.
In a similar way we define for f : §$ x R — R

(2.3) fly,s) = f(e",5), y,s€R.

We say that D*f(z,s), z = €%, y,s € R, a € N2, exists if and only if D*f(y, s)
exists and we set

D%f(z,s) = Do‘f(y, s), where z=¢e" y,scR.
When writing C?(3), C%(S x R), etc., we are referring to the derivatives defined
above.
Let

(2.4) 7y = e™.

Then (Z,95) is “a symmetric a-stable process with inert drift wrapped on the unit
circle”. In general, a function of a (strong) Markov process is not any longer a
Markov process. We will show that the “wrapped” process (Z;, S;) = (e™*,S;) is a
strong Markov process because the function W (x) = V(e*) is periodic.



STATIONARY DISTRIBUTIONS FOR JUMP PROCESSES 5
Lemma 2.2. Let (Y;, S¢) be the solution of the SDE (2.1). Then
PUHm) (Y, € A+2n, S, € B)=PW9(Y, € A, S, € B)
holds for all (y,s) € R? and all Borel sets A, B C R.

Proof. Denote by (Y,”,Sf) the unique solution of the SDE (2.1) with initial value
(Yy,S5) = (y,s). We assume without loss of generality that Xy = 0. By definition,
the process (Y%7, S¥) solves

V,=y+2r+ X, + /W’ Y,)S, dr,

St—8+/ WH

Since the function W is periodic with period 27, we know that W' (Y,) = W'(Y, —2n)
and W"(Y,) = W"(Y, — 2n). Therefore, (Y*", S§) solves the system

Y, :y—|—27r+Xt—|—/tW'(Yr —QW)STdT,
0
Sy =s+ /t W (Y, — 2n) dr.
0
By subtracting 27 from both sides of the first equation we get
Y, —2m=y+ X, + /W’ " —2m)S, dr,

Sy=s +/ W"(Y, — 2r) dr.
0

Since the solutions are unique, this shows that (Y™™, S,) = (Y¥ + 27, ;) from
which the claim follows. ]

We can now use a rather general result on transformations of the state space due
to Dynkin [9, 10.25, Theorem 10.13], see also Glover [11] and Sharpe [16, Section
13].

Corollary 2.3. Let v: R* - S x R, v(y, s) := (€%, s) and (Y}, S;) be the unique,
cadlag strong Markov solution of the SDE (2.1). Then (Z;,S;) = (e®**, S;) is also a
strong Markov process. Let P,((y,s), A x B) denote the transition function of (Y, 5)
and P3((y, s), A x B) the transition function of (Z,S). Then fory,s € R and Borel
sets A, B C R,

P}(v(y,5), A x B) = Pi((y,5),7 (A x B))
Proof. All we have to do is to verify Dynkin’s condition [9, 10.25.A] saying that
P((y,s),7 (A x B)) = R((y/,s),7' (A x B))

holds for all Borel sets A C $, B C R and all points (y, s), (v/,s’) € R? such that
Y(y,s) = v(y,s"). Clearly, s = s’ and y — v = 2j7 for some j € Z. Denote
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f(y) = €% . Applying Lemma 2.2 repeatedly we find
PO ((V;,5,) €77 (A x B)) = PU) (v, € f7(A), S € B)
= PWHm) (v, € f7Y(A) + 27j, S; € B)
— PW+299) (Y, € f7Y(A), S, € B)
= PURT) (v, 5,) € v (A x B)). O

We are going to calculate the generators of the processes X, (Y, S;) and (Z;, Sy).
By G¥ let us denote the generator of the semigroup, defined on the Banach space
(Cy(R), || - |lss), of the process X;. By D(G¥) we denote the domain of GX. It is well
known that C2(R) C D(G¥) and for f € CZ(R) we have G f = —(—=A)*/2f, where

f(y)—f(x)d

— (=A% f(z) = A, lim y, = €R.
Ay = A i [ P
If f € CZ(R) is periodic with period 27 then we have
—(- r) = A, lim 2Ly
A /2 A1 f(y) f(l’) d

e—0F T>|y—x|>e |x_y|1+a

(2.5) .
Z[r fly) = f(z)

+ Ao
nezioy Jm>lu-al |z —y + 2nr|tte

In the sequel we will need the following auxiliary notation
Definition 2.4.
C.(R*):={f:R*—= R : 3N > 0 supp(f) C R x [N, N],
f is bounded and uniformly continuous on ]RQ},
CL(R?) == C(R*) N C(R?).
Let us define the transition semigroup {7;}:>o of the process (Y;, S;) by
(2.6) Tf(y.s) =BY f(Y,,S), y.s€R,

for functions f € Cy(R?). Let G be the generator of {T}};>0 and let D(GY))
be the domain of G¥-9),

Lemma 2.5. We have C?(R?) € D(GY)) and for f € C2(R?),

(2.7) U f(y,s) = —(=2,) 2 f(y, s)+ W' (W)s Sy (y, )+ W' () oy, 8),  y.s € R.

Proof. Let f € C.(R?). Throughout the proof we will assume that supp(f) C
R x (=My, My) for some My > 0. Note that for any starting point (Yp, So) =
(y,s) € R x [=My, Mp] and all 0 < ¢ <1,

t
1S, = so+/ W"(Y;) dr
0

< Mo + [[Wloc.

Put

Ml - MO —|— HWHHOO
Note that if (y,s) ¢ R x [—=My, M;] and (Yo, Sp) = (y, s) then for any 0 <t <1 we
have

t
|St| = S() ‘I—/ W”(Y;‘) dr| > My, — ||VV””Oo = .2\407
0
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and, therefore, f(Y;, S;) = 0. It follows that for any (y,s) ¢ R x [—M;, M;] and
0 < h <1 we have
EY) f(Yi, Sn) — f(y.5)
h

We may, therefore, assume that (y,s) € R x [- My, M;]. We will also assume that
0<h<1.

As above we see that for any starting point (Yp, Sp) = (v, s) € R x [—M;, M;| and
all 0 <t <1 we have |Sy| < My + [|[W”||eo. Set My := My + [|[W”|w. We assume
without loss of generality that Xy = 0. Then

= 0.

t
Yoyt Xot [ WS, dr
0

t
St =S+ / W//<Kn) dr.
0

It follows that
Thf(yv S) - f<y7 S) _ E(y’S) f(Yh’ Sh) - f(ya S)

h h
= B, ) — [ (Vi )] + 3 B[ (Vi) = f(5, )
=1+1IL

Using Taylor’s theorem we find

13 " 1 0°f "
[ =B th, /W d+ﬁw 7 & (/W )]

18f

=B 5 s (Vi) / W) dr + 3 5L (%) / (W"(Y,) = W"(y)) dr

) 82 h 2
+ o ([T ar) ]

where £ is a point between s and 5. Note that

E®) H%g—f(yh, )/Oh (W"(Y,) = W"(y)) dr}

h r
<uen L) (e os [Twisal) a2} a
00 J0 0

H 0 [{ 17l ( sup 160+ 1) | 420
0<r<h

h—>0+

uniformly for all (y,s) € R x [—=M;j, M;]. The convergence follows from the right
continuity of X; and our assumption that X, = 0. We also have

1 0%*f "
37 3 (/W ) ]S‘

82

0s?

h
B I, ——o,

h—0t
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uniformly for all (y,s) € R x [—M;, M;]. Because Y}, is right-continuous it is easy
to see that

. [1 o v 4 / R )dr} — Uy ),

h ds h—0+  0$
uniformly for all (y,s) € R x [ My, M;]. It follows that
af
I WI/
h—0+ 8s< IV ),

uniformly for all (y,s) € R x [—My, M;].
Now let us consider II. We have

1 1
I=- EY[f(y + Xn,s) = f(y,5)] + 7 EYS)[f (Y, s) = f(y + X, )]
- IIl + IIQ
It is well known that
_(— /2
1L m (—=Ay)**f(y, ),
uniformly for all (y, s). We also have

HQ:E(%S) }tgf(y—l-Xh, / W/ S dr +ﬁm (/ W/ S dr)]

lllgf(y—l—Xh, (/ W'(y sdr+/ W'(Y,)(S, — s)dr

+/Oh(W’(YT)—W’(?J))SdT)+%% (/ W8 dr> ]

where £ is a point between y + X, and Y},. Using similar arguments as above we
obtain

— EWs)

of :
11, — ay( y, s)W'(y)s,

uniformly for all (y,s) € R x [—M;, M;].
It follows that
of of

Tif(y. S>h— /(. 5) or AV 8) + W g)s 5o (0, 9) + W) 50w s),

uniformly for all (y,s) € R x [~M;, M;]. This means that f € D(G¥)) and (2.7)
holds. O

Remark 2.6. A weaker version of Lemma 2.5 can be proved as follows. If we rewrite
the SDE (2.1) in the form

(2)-(6 () o)

and notice that (X;,t)" is a two-dimensional Lévy process with characteristic ex-
ponent ¥ (&, 7) = [£|* + iT, we can use [15, Theorem 3.5, Remark 3.6] to deduce
that C*(R?) ¢ D(G™)). This argument uses the fact that the SDE has only
jumps in the direction of the a-stable process, while it is local in the other direc-
tion. Theorem 3.1 of [15] now applies and shows that G%) is a pseudo-differential
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operator §¥5u(z, s) = (2m) 72 [p. p(a, 5;€,7) Fu(E, 7) €67 dE dr, where F denotes
the Fourier transform, with symbol

(e, s:6,7) = D(D(y,8) " (€,7)") = €] +EW'(2)s.
A Fourier inversion argument now shows that (2.7) holds for f € C2°(R?) and by a
standard closure argument we deduce from this that (2.7) also holds for f € CZ(RR?).

We say that f € Cy(S x R) if and only if for every € > 0 there exists a compact
set K C S x R such that |f(u)| < e for u € K°. Let us define the semigroup {7} }+>¢
of the process (Z;, S;) by

(2.8) TPf(z,s) =B f(Z,5,), z€8S, seR,

for f belonging to Cy($ x R). Let z = €%, y € R. For future reference, we note the
following consequences of Corollary 2.3,

(2.9) TPf(zs) = B f(Z,5) = B®) f(e™,8) = E¥) f(Y;,5,) = T,/ (y, s),
and
(2.10) T8 f(y,s) = Tif (. 9).

By Arg(z) we denote the argument of z € C contained in (—,7]. For g € C*(S)
let us put

. g(w) — g(z)
Lg(z) = A, lim dw
=) e=0" JSn(| Arg(w/z)| e} | Arg(w/z)|1He

g(w) — 9(2)
DN A e et

nezZ\{0}

(2.11)

where A,, is the constant appearing in (2.5) and dw denotes the arc length measure
on $; note that [ dw = 2.
Let G be the generator of the semigroup {77 };>0 and let D(G) be its domain.

Lemma 2.7. We have C(S x R) C D(G) and for f € C*($ x R),
Gf(z,8) = L.f(z,8) + V'(2)sf.(2,8) + V"(2) fs(2,8), 2z€5, seR.

Proof. Let f € C2($x R). Note that f € C2(R?). We obtain from (2.7), for z = e,
y,s € R,

th(y7 S) — f<y7 S)
t

lim Ttsf(zv 5) — f(Z, S) — lim

t—0+ t t—0+
(2.12) = — (=D f(y, s) + W (y)sfy(y,s) + W' (W) fs(y, ).

By Lemma 2.5 this limit exists uniformly in z and s, i.e. f € D(9).
We get from (2.5)

(2.13) —(=Ay) [ (y,5) = L. f (2, 9).
Recall that we have W (y) = V(e?), y € R. Using our definitions we get V'(z) =
W'(y), V"(2) = W"(y) for z = €%, y € R. Hence (2.12) equals

L.f(z,8) + V'(2)s (2, 5) + V" (2) fo(2, 5),

which gives the assertion of the lemma. 0
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We will need the following auxiliary lemma.

Lemma 2.8. For any f € C*(S) we have

/SLf(z) dz —

Proof. Recall that Arg(z) denotes the argument of z € C belonging to (—, 7]. First
we will show that

(2.14) / /S M| arg(w/2)><) (w) &i;u()w_/gﬁza dwdz = 0.

We interchange z and w, use Fubini’s theorem and observe that |Arg(z/w)| =
| Arg(w/z)],

/ /SXSII{w: | Arg(w/2)|><} (W) ’ /J; EZ()w—/ j) (yﬂa s
_ f) = flw)
= //SXS]I{Z:IArg(z/w)bs}( )|Arg(z/w)’1+a dxd
- f(z) = f(w)
— //stﬂ{zilArg(z/w)ba}(z) |Arg(z/w>|1+a dw ds

_ Flw) - £(2)
= J st [ dud

which proves (2.14).
By interchanging z and w we also get that

//IArg (w/z) +2(nzT|1+a

= 2 //\Arg (z/w) +212)7T!”a Fw

nez\{0}

Note that for Arg(w/z) # m we have | Arg(z/w) + 2nr| = | Arg(w/z) — 2n7|. Hence
the expression in (2.15) equals 0.

Set
flw) — f(2)
L. =
1z) /Sﬁ{|Arg(w/z)|>s} | Arg(w/z) [+

(2.15) neio)

What is left is to show that
(2.16) / lim L.f(z)dz = lim [ L.f(z)dz
s

e—0t e=0t Jg

By the Taylor expansion we have for f € C?($)

fw) = f(2) = Arg(w/2) f'(2) + Arg*(w/z)r(w, 2), w, z €8,
where |r(w, z)| < ¢(f). Hence,

[Lef(2)] =

/ r(w,z) Arg' ™ *(w/z) dw‘
SN{| Arg(w/z)|>e}

9 / | Arg!*(w/2)| dw = o(f, ).

Therefore, we get (2.16) by the bounded convergence theorem. O
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We will identify the stationary measure for (Z;, St).
Proposition 2.9. For z € S and s € R let

1 1
PR = o0n pals) = Z= e wlde,ds) = pi()pa(s) deds.

Then for any f € C3(S x R) we have

// Sf(z,8)m(dz,ds) = 0.
$JR
Proof. We have

/S/RSf(z,s)ﬂ(dz,ds)
! / 1"
=5 /S/]R (sz(z, s)+V'(2)sf.(z,8)+V (Z)fs(z,s))pg(s) ds dz.

Integrating by parts, we see that this is equal to

%/S/RLZf(Z”S)pz(S) dsdz — %/S/RV”(Z)S]C(Z,S)pQ(S) ds d=
1 1" , B
—g/S/RV (2)f(z,5)pa'(s) ds dz = T 4 11 + 1L

Since po'(s) = —spa(s) we find that II + III = 0, while I = 0 by Lemma 2.8. The
claim follows. O

Proposition 2.10. For any t > 0 we have
T8 : C*S x R) — C%(S x R).

The proof of this proposition is quite difficult. It is deferred to the next section in
which we prove this result in much greater generality for solutions of SDEs driven
by Lévy processes.

Theorem 2.11. Let
(2.17) m(dz,ds) =

)2 e 12 4z ds, z€$%, sel.

Then 7 is a stationary distribution of the process (Z;, St).

Proof. Let (Y, S;) be a Markov process satisfying the SDE (2.1) and (Z;,S;) =
(e, S;). Recall that {TP}>¢ is the semigroup on Cy(S x R) defined by (2.8) and
G is its generator. Let P(R x R) and P($ x R) denote the sets of all probability
measures on R x R and § x R respectively. In this proof, for any i € P(S x R) we
define u € P(R x R) by u([0,27) x R) = 1 and u(A x B) = ji(e'* x B) for Borel
sets A C [0,27), B C R.

Consider any fi € P(S x R) and the corresponding 1 € P(R x R).

For this u there exists a Markov process (Y;,S;) given by (2.1) such that (Yp, Sp)
has the distribution p. It follows that for any 1 € P(S x R) there exists a Markov
process (Z;, S;) given by (2.1) and Z; = €™ such that (Zy, Sy) has the distribution
f. By Proposition 4.1.7 [10], (Z;,S;) is a solution of the martingale problem for
(G, 1). The Hille-Yosida theorem shows that the assumptions of Theorem 4.4.1 [10]
are satisfied if we take A = A’ = G. Thus Theorem 4.4.1 [10] implies that for any
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€ P(S x R), uniqueness holds for the martingale problem for (G, ). Hence the
martingale problem for G is well posed.

Note that C?($xR) is dense in Cy($xR), that is, in the set on which the semigroup
{T8} >0 is defined. Tt follows from Proposition 2.10 and Proposition 1.3.3 from [10]
that C%($ x R) is a core for §. Now using Proposition 2.9 and Proposition 4.9.2
from [10] we get that 7 is a stationary measure for §. This means that (Z;, S;) has
a stationary distribution 7. ([l

Theorem 2.12. The measure w defined in (2.17) is the unique stationary distribu-
tion of the process (Zy, St).

Proof. Suppose that for some cadlag processes X' and X2, processes (Y;!,S}) and
(Y2, 57) satisfy

(2.18) Vi=y+ X/ + /W’ NS}t dr,

(2.19) = s+/ W (Y,

(2.20) VP =y+ X} + / W'(Y?)S? dr,
0
t
(2.21) S2=s +/ W"(Y?)dr.
0
Then

t t
(222) IS} -S| < / WYL — W) dr < (WO / Y - Y2 dr
0 0
and, therefore, for t <1,
t
VY2 < - X2 [ st Wy s?ar
0
t t
<X} - X2+ / WYL)(S! - 82)]dr + / (W/(Y) — W(Y2)S2] dr
0 0
t
< IX] = X2+ Wl sup [S! — 82/t + [W"]l sup |S? / Y- Y?|dr
0<r<t 0<r<t 0
t
< X = X W ot WOl [ Y2 = 2] ar
0
t
W e (sl 4 177 oct) / Y- Y2 dr
0
t
< XD X2+ (ert + cals]) / Y- Y2l dr
0

t
< X! — X2| + (e1 + cals)) / Y -2 dr
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By Gronwall’s inequality,

t
sup [V = V2| < sup X} = X2+ [ X! = X20(cr + calslyexp {(e+ calol) ¢} dr
0<r<t 0

0<r<t

< sup | X, — X7[(1+ t(cr + cofs|) exp {(c1 + cas])t}).
0<r<t

For t = 1, the inequality becomes

(223)  sup |V}~ V2| < sup [ X} — XZ(1+ (e + cals]) exp { (s + eals]) ).

0<r<1 0<r<1

We substitute (2.19) into (2.18) and rearrange terms to obtain,
t r
X}/ =—-y+Y/ —/ w'(y,h (s —|—/ W”(Yul)du) dr.
0 0
We substitute the (non-random) number y for Y;! in the above formula to obtain

(2.24) X =—y+y-— /Ot W'(y) (s + / W (y) du) dr

0

= —W'(y)(ts + *W"()/2).

From now on, X! will denote the process defined in (2.24). Tt is easy to see that X}
is well defined for all ¢ > 0. If we substitute this X' into (2.18)~(2.19) then Y; = y.

It follows from [18, Theorem II, p. 9], that every continuous function is in the
support of the distribution of the symmetric a-stable Lévy process on R. We will
briefly outline how to derive the last claim from the much more general result in
[18, Theorem II, p. 9]. One should take a(-) = 0 and b(-,z) = z. Note that
the “skeleton” functions in [18, (5), p. 9] can have jumps at any times and of any
sizes so the closure of the collection of all such functions in the Skorokhod topology
contains the set of all continuous functions. Standard arguments then show that
every continuous function is in the support of the distribution of the stable process
also in the topology of uniform convergence on compact time intervals. We see that
if X! is the continuous function defined in (2.24) and X? is a stable process as in
(2.1) then for every € > 0 there exists § > 0 such that,

IP(sup |XT1—X3\§5> > 0.

0<r<1
This and (2.23) show that for any y, s € R and & > 0 there exists § > 0 such that,
pY* ( sup | X} — X7| <e, sup |V —y| < €> > 4.
0<r<1 0<r<1

Note that S can change by at most ||W”||, on any interval of length 1. This, the
Markov property and induction show that for any € > 0 there exist 6, > 0, k > 1,
such that,

pY® ( sup | X} — X2 <27, sup V2 -V < 2"“5) > 0.
k<r<k+1 k<r<k+1
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where X1 is defined in (2.24). This implies that for any 7 < oo, y,s € R and € > 0
there exists ' > 0 such that,

(2.25) Py ( sup | X} — X?| <26, sup Y2 —y| < 25) >4,
0<r<r 0<r<r

Step 2. Recall that V is not identically constant. This and the fact that V € C°

easily imply that W” is strictly positive on some interval and it is strictly negative on

some other interval. We fix some a1, ay € (—7,7), by > 0, by < 0 and g € (0,7/100),

such that V”(z) > by for z € S, Arg(z) € [a1 — 4o, a1 + 4g¢], and V"(z) < by for

z €5, Arg(z) € [ay — 4eq, ag + 4eo].

Suppose that there exist two stationary probability distributions and/j? for
(Z,8). Let ((Zi,St))es0 and ((Z:, St))e>0 be processes with (Zy, Sy) and (Zy, Sp)
distributed according to 7 and 7, respectively. The transition probabilities for these
processes are the same as for the processes defined by (2.1) and (2.4). Let X denote
the driving stable Lévy process for Z.

Let A be an open set such that W”(y) > ¢ > 0 for all y € A. In view of the
relationship between V' and W, we can assume that A is periodic, that is, y € A
if and only if y 4+ 2w € A. It follows easily from (2.1) that there exist ¢; > 0 and
s1 < oo such that for any (Yp, Sp), the process Y enters A at some random time
T} < s; with probability greater than ¢;. Since Y is right continuous, if Y, € A
then Y; stays in A for all ¢ in some interval (77,T3), with T, < 2s;. Then (2.1)
implies that S; # 0 for some ¢t € (71,T3). A repeated application of the Markov
property at the times 2s1,4s1, 651, ... shows that the probability that S; = 0 for all
t < 2ks; is less than (1 — ¢1)*. Letting k — oo, we see that S; # 0 for some ¢ > 0,
a.s.

Suppose without loss of generality that there exist e; > 0, t > 0 and p; > 0 such
that P™(S,, > €1) > p1. Let Fy = {S, > 1} and t3 = &1 /(2||W"||). It is easy to
see that for some py > 0,

P" (Elt € [ta,to + t3] : Arg(Z;) € [ag — €0, a2 + €0 ’ Fl) > po.
This implies that there exist &1 > 0, to > 0, t4 € [ta, 5 +t3] and p3 > 0 such that,
P7(S;, > e1,Arg(Z;,) € [ag — 250, as + 2¢0]) > ps.
Note that Sy, — Si,| < ||W”||eots < €1/2. Hence,
P7(Sy, > e1/2,Arg(Zy,) € lag — 2¢0, az + 26¢]) > ps.
Let &5 € (£1/2,00) be such that
P7™(Sy, € [e1/2, 2], Arg(Zy,) € ag — 2e0, as + 2¢0]) > p3/2.
Let t5 = 2e5/|bo| and tg = t4 + t5. By (2.25), for any €3 > 0 and some py > 0,

P sup |X! - X,| <es S, € [e1/2,22),

t4<r<ig
Arg(Z;) € [ay — 3e¢, ag + 3g¢] for all ¢ € [t4,t6]) > Py,

where X! is the function defined in (2.24). Since V"(z) < by < 0 for Argz €
[aa — 3¢, ag + 3&¢], if the event in the last formula holds then

te
S = S + / V'(Z,)ds < &5 + bty < —».

tq
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This implies that,

(2.26) P ( sup XD — X,| < e, S, > €1/2,Si < —52) > pa.
ta<r<te

Step 3. By the Lévy-Ito representation we can write the stable Lévy process X in
the form X; = J; —|—Xt, where J is a compound Poisson process comprising all jumps
of X which are greater than ¢y and X =X-—Jisan independent Lévy process
(accounting for all small jumps of X). Let us denote by A = A(a, g¢) the rate of the
compound Poisson process J.

Let (Y,S) be the solution to (2.1), with X, replaced by X, for ¢ > ;. Take
e3 < £0/2. Then sup,, -, | X} — X,| < 3 entails that sup,, <, |/, — | = 0.
Thus, (2.26) becomes

]P”( sup | X} —X,|<es, 5, > ¢ ,§t6§—52>

t4<7‘<t6

ZIP’T< sup |X,}—)N(T|§53, sup |Jy, — J| =0, St4_ ,§t6§—€2>
t1<r<te ta<r<te

> pyg > 0.

Let 7 be the time of the first jump of J in the interval [t4,ts]; we set 7 = tg if
there is no such jump. We can represent {(Y;,5;),0 < ¢ < 7} in the following way,
(Y,,8) = (V,,S) for0<t <7, 8 =85, and Y, =Y, + J, — J,_

We say that a non-negative measure y; is a component of a non- negative measure
po if o = py + pg for some non-negative measure ps. Let p(dz,ds) = P™(Z, €
dz,S; € ds). We will argue that u(dz, ds) has a component with a density bounded
below by ¢o > 0 on S x (—¢&9,¢1/2). We find for every Borel set A C S of arc length
|A| and every interval (s, s3) C (—&2,61/2)

(A % (s1,52))
=P (Z, € A, S, € (s1,59))

21P”<ZT€A,ST€(31,52), sup | X} — X|<€3, St4_ ,§t6§—€2)

ty<r<tg

> PT (ei(JT_JT*) € e_i)zT*A, §T € (s1,82),

sup [X) = K| < 2,5, > 21/2, 8y < —2, NV =1)).
t4<r<te

Here N7 counts the number of jumps of the process J occurring during the interval
[ts,t6]. Without loss of generality we can assume that g < 27. In this case the
density of the jump measure of J is bounded below by ¢3 > 0 on (27, 47). Observe
that the processes (X S) and J are independent. Conditional on {N/ =1}, 7
is uniformly distributed on [t4,#s], and the probability of the event {N”/ = 1} is
At — ty)e Mt6=t)  Thus,

p(A x (51, 82))
>c3| Al P <§T € (s1,52)

sup | X! — X,| <e3, S, >€1/2,8, < —e, N = 1)

ta<r<te

X P4 - )\(t(; — t4)€_)\(t6_t4).
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Since the process S spends at least (so — s1)/||W”||s units of time in (s1,s2) we
finally arrive at

H(A, (51, 52)) 2 pade oW eg| Al (52— 51) /W -

This proves that p(dz,ds) has a component with a density bounded below by ¢y =
pare M=t eg [T o on § X (—eq,1/2).

Step 4. Let e4 = 1/2 Neg > 0. We have shown that for some stopping time 7,
P™(Z, € dz,S, € ds) has a component with a density bounded below by ¢; > 0 on
S X (—ey, 84) We can prove in an analogous way that for some stopping time 7 and
64 > 0, P7(Z> € dz, 5> € ds) has a component with a density bounded below by
62 >0on S x ( 84,64).

Since 7 # 7, there exists a Borel set A C 5 x R such that 7(A) # 7(A). More-
over, since any two stationary probability measures are either mutually singular or
identical, cf. [19, Chapter 2, Theorem 4], we have 7(A) > 0 and 7(A) = 0 for some
A. By the strong Markov property applied at 7 and the ergodic theorem, see [19,
Chapter 1, page 12], we have P"-a.s.

t
tlirglo<1/t)/ 1{(ZS7SS)€A} ds = W(A) > 0.

Similarly, we see that P™-a.s.

t
tli)rgo(l/t)/T ((Z..5.)eA} ds =m(A) =0.
Since the distributions of (Z,, S,) and (Zz, S;) have mutually absolutely continuous
components, the last two statements contradict each other. This shows that we
must have 7 = 7. O

Remark 2.13. It is not hard to show that Theorem 2.11 holds even if we take o = 2
n (2.1), that is, if X; is Brownian motion. It seems that for a = 2 uniqueness of
the stationary distribution can be proved using techniques employed in Proposition
4.8 in [1]. A close inspection of the proofs in this section reveals that our results
remain also valid if X; is a symmetric Lévy process with jump measure having full
support.

3. SMOOTHNESS OF T} f

In this section, we will show that if f € C? then Tif € C? where {T}};>¢ is
the semigroup of a process defined by a stochastic differential equation driven by
a Lévy process. We use this result to show Proposition 2.10 but it may well be
of independent interest. We found some related results in the literature but none
of them was sufficiently strong for our purposes. The key element of the proof are
explicit bounds for derivatives of the flow of solutions to the SDE. This is done in
Proposition 3.3. We provide a direct and elementary proof of this proposition. Note
that our bounds are non-random and do not depend on the sample path. This is a
new feature in this type of analysis since usually, see e.g. Kunita [12], the constants
are random since they are derived with the Kolmogorov-Chentsov-Totoki lemma or
a Borel-Cantelli argument. Let us, however, point out that there is an alternative
way of proving Proposition 3.3. It is possible to use [14, Theorems V.39, V.40] and
[14, formula (D), p. 305] to obtain bounds for derivatives of the flow. Since this
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alternative approach demands similar arguments and is not shorter than our proof
of Proposition 3.3, we decided to prove Proposition 3.3 directly.
Consider the following system of stochastic differential equations in R"™,

dYi(t) = dX,(t) + Vi (Y (1)) dt,
(3.1)
dY,(t) = dX,(t) + Vi (Y (1)) dt,

where Y (t) = (Yi(t),...,Yn(t)) € R™, X(t) = (X1(t),..., X,(t)) € R™. We assume
that X (0) =0, X1, ..., X, are Lévy processes on R and V; : R™ — R are locally Lip-
schitz. We allow X1, ..., X, to be degenerate, i.e. some or all X; may be identically
equal to 0.

By [14, Theorem V.38] it follows that if Y (0) = = then there exists a stopping
time ((z,w) : R™ x Q — [0,00] and there exists a unique solution of (3.1) with
Y (0) = z with limsup, ¢, [Y(t)] = 0o a.s. on ¢ < oo; ( is called the explosion
time. In order to apply [14, Theorem V.38] we take in the equations marked (®)
in [14, p. 302 m = n+ 1, X] = Yi(t), 2* = Y;(0), Z* = X,(t) for a € {1,...,n},
Z =t and fi =6, for a,i € {1,...,n} and fi, (z) = Vi(z) for i € {1,...,n}.

By Y*(t) we denote the process with starting point Y*(0) = z. In the rest of
this section, we will assume that (3.1) holds not only a.s. but for all w € Q2. More
precisely, we can and will assume that the solution to (3.1) is constructed on a
probability space €2 such that X (0) = 0 and

t

Yo(t) =z + X (1) +/0 V(Y (s))ds,

for all £ > 0 and all w € Q.
Set

|z|| = max{|zi|,...,|za|}, == (21,...,2,),
and
B*(z,r)={yeR" : |ly—z||<r}, ze€R", r>0.
For f: R® — R and A C R™ we write DU f =V f,
£l =sup @] 1D fllos = D sup|D*f(x)]
e €

=5 *
1fllgya = 1 fllsc,a + 1DV flloca + - .. 4 [ DD f|oo,a-

When A = R™ we drop A from this notation. For V' = (V4,...,V},) from (3.1) and
A C R™ we put

Vllooa = Y~ Villwas 1DV ]wa =D IDDVi]lc,a-
=1

i=1

Vliga=IIVI§ea+ 1DYV]wa+ ...+ [[DVV]|oo a.
For f: R" — R, x € R” and 0 <t < oo we define the operator T; by

(3-2) Tif(x) = E[f(Y*(1);t < C(x)].
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Before formulating the results for the process Y (¢) let us go back for a moment
to the original problem (2.1), that is,

d)/; - dXt + W’(Yt)St dt,
dSt — W”(}/t) dt
This SDE is of type (3.1) because we can rewrite it as

{le(t) = dX,(t) + Vi(Y (1)) dt,

(3.3)
dYs(t) = dXs(t) + Va(Y (£)) dt,

where X (t) = X, is a symmetric a-stable Lévy process on R, a € (0,2), X5(t) =0,
Vi(yr,y2) = W' (y1)ya, Va(yr,y2) = W”(y1). By Lemma 2.1 there exists a unique
solution to this SDE and the explosion time for this process is infinite a.s. We want
to show that T, f € C? whenever f € CZ. Our proof of Theorem 3.1 requires that
V; and its derivatives up to order 3 are bounded. However, Vi (y1,y2) = W' (y1)ys is
not bounded on R?. We will circumvent this difficulty by proving in Proposition 3.6
that T, f € C?(R?) whenever f € C?(R?), where C?(R?) is given by Definition 2.4.

Let us briefly discuss the reasons that made us choose this particular set of func-
tions, C%(R?). This discussion gives also an explanation for the specific assumptions
in the main result of this section, Theorem 3.1.

Assume that f € C%(R?) and suppf C Ko=Rx[-rr],r>0. Fix tg < oo. If
|s| = [So| > 7+ to]|W"|| then for ¢ < ¢,

t
s+/ W" (YY) du| > r
0

)
t

and, therefore,
Tif(y,s) = Ef (%", 59) = 0.
It follows that if ¢ < t; then
(3.4) supp(T3f) C K =R x [ —r — to[|W"|o, 7 + to||W"|sc] -
For technical reasons, we enlarge K as follows,
Ky=Rx (—r—to|[W"|lo — 3, 7+ to|| W || + 3).

In view of (3.4), we have to consider only starting points (y,s) € K in order to
prove that Tif € C2?(R?). Note that for the starting point (y,s) € K3 and t < t; we

have
s+ / w"(, du

Thus for all starting points (y, s) € K3 and t < £,
(3.5)  (Y,¥,5%9) € M =R x [ —r — 20| W"|ls — 3, 7 + 20| W"||oc + 3]

ys
t

<7+ 2to||W"|s + 3.

But the function Vi(y1,y2) = W’ (y1)ye is bounded on M. Using our assumptions
on W, namely, periodicity of W and W € C?, we obtain also that the derivatives of
Vi(y1,y2) = W'(y1)y2 up to order 3 are bounded on M.

Now we return to the general process Y (t). Let us formulate the main result for
this process.
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Theorem 3.1. Let f : R" — R be a function in Cf. Fiz 0 < ty < oco. Let Y*(t)
be a solution of (3.1). Assume that the explosion time ((z,w) = oo for all x € R™
and all w € Q. Let T, f be defined by (3.2). Assume that K C R", for every t < t,
supp(7;f) C K and that there exists a conver set M C R™ such that Y*(t,w) € M
for all v € K3 := J,cx B*(2,3), t < o, and w € Q. Assume that ||V||oon < 00
and |[DYV || s < 00 for j =1,2,3. Then we have

T,f € C} forall t<t,.

Remark 3.2. When [|[V||i) < oo (i.e. when the assumptions of Theorem 3.1 hold
with K = M = R") then the above theorem implies that we have for any f € C?

T,f € C¢ forall t > 0.
The first step in proving Theorem 3.1 will be the following proposition.

Proposition 3.3. Fiz 0 < ty < oco. Let Y*(t) be a solution of (3.1). Assume
that the explosion time ((z,w) = oo for all x € R™ and all w € Q. Let K C R™.
Assume that there ezists a convex set M C R™ such that Y*(t,w) € M for all
v € K3 :=,cx B (7,3), t < ty, and w € Q. Assume that ||V |3, < 0o. Put

1 1
35 o (fes)
(3:6) T T2V e 0=~
For every w € Q) we have the following.
(i) Forall0 <t <7, 1€ Ky =J,cfe B*(x,2), h € R", ||| <1,

(3.7) Y=+ (t,w) = Y= (t,w)|| < 2|7

(i) Recall that e; is the i-th unit vector in the usual orthonormal basis for R™.
Forall0<t<rt,x€ Ky, i€ {l,...,n},

Y (1, ) — Yol
D;Y*(t,w) := lim (t,w) (t,w)

u—0 u

exists, and
(3.8) | D;Y*(t,w)| < 2.

We will write D;Y*(t,w) = (D;Y{*(t,w), ..., D;Y (t,w)).
(iii) Forall0 <t < 71,2 € Ky =, B*(z,1), h€ R", ||| < 1,i€ {1,...,n},

(3.9) |D;Y 4 (t, w) — DY (t,w)|| < 8[| D@V ||oonr 7 |1
(iv) Forall0 <t <7,z € Ky, i,k € {l,...,n},
D'Yx+uek _ DY:B
Dy Y (t,w) := lim — (t,w) (W)

u—0 u

exists and
(3.10) DY (t,w)|| < 8|DPV||sons 7-

We will write Dy Y*(t,w) = (DY (t,w), ..., DipY,F(t,w)).
(v) Forall0<t<t,xz€ K, heR", ||h]| <1,ike{l,...,n},

”DikYﬁJrh(tv CU) - leYx(t7w)H
< 96| DPVZ, oy 7 1]l + 16 [ DOV || as 7 [ 2].
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Remark 3.4. The existence of D;Y*(t) and Dy, Y*(t) follows from [14, Theorem
V.40]. What is new here are the explicit bounds for D;Y*(¢) and D;,Y*(t) which
are needed in the proof of Theorem 3.1, see Lemma 3.5. The proof of Proposition
3.3 is self-contained. We do not use [14, Theorem V.40].

Proof of Proposition 3.3. The proof has a structure that might be amenable to pre-
sentation as a case of mathematical induction. After careful consideration we came
to the conclusion that setting up an inductive argument would not shorten the proof.

Recall that we assume that (3.1) holds for all w € Q, not only a.s. Throughout
this proof we fix one path w € Q2.

(i) Let x € Ky, h € R™, ||h|| <1 and 0 <t < 7. Recall that X(0) = 0. For any
1 <75 <n we have

(3.11) Y;H_h(t) o Y;x(t) — b+ /Ot [V}.(Yx—i_h(s)) — V}(Yﬂ?(s))} ds.

Let
o= e ) = sup V() = YR

o<t<r

Note that for 0 < t < 7 we have Y*(t) € M and Y**h(t) € M. By (3.11) and
|V ||oo.ns < 00 we get that ¢; is finite. Moreover,

t
1Y57() = Y @)l < IR +/ IDOVjllooar Y= (s) = Y (s)|| ds

< 11 + 71 DWVjlloar 1.
Hence,
cr < bl + 7 I DYV s pr e,
which, when combined with (3.6), gives
17l
T DOV ]|,

sup [V (t) = V()] = o1 < T

o<t<r

< 2[|A][.

(ii) Denote
RYM() = Y7 () = Y7 (8)
and R%"(t) = (RY"(t),..., R%"(t)). Using the Taylor expansion we get from (3.11),

(3.12) R"(t) = by +/ DUV (Y*(s)) - R®"(s) ds + O(||n]|%).

Forie {1,...,n} and h = ue;, let

R®"(¢ REM (¢
¢y = co(,7) = max sup (hm sup J—() — lim inf J—()> _

ISjsno<i<r \ u—0 u u—0 u

Note that ¢y is finite because for u € (—1,1) we have |R§’h(t)| < 2u, by (3.7).
Consider 0 < t < 7,z € Ky, i,j € {1,...,n}. From (3.12) we obtain for u,u’ €
(—1,1)\ {0}, h = ue; and b/ = u'e;,

Ra'c,h Rxh x,h xz,h'
UM /Zpkv;(yw(s)) (Rk (5) By ())ds+0( )+ O(u).

u 0 u o
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Letting u,u’ — 0 leads to
R™M(t) R™M (1)

lim sup —2—~% — liminf 24—~
u—0 U w'—0 u

< 7| DYV ]sonr - 2,
and since 0 <t <7 and j € {1,...,n} are arbitrary, we get
Co S T HD(l)V”qu + Co.

So ¢o = 0 which means that D;Y*(¢) exists. Estimate (3.8) is now an easy conse-
quence of (3.7).

(iii) From (3.12) and the bounded convergence theorem, we obtain
t
(3.13) DiYF(t) = 0; + / DWV(Y*(s)) - D;Y*(s) ds.
0

Let z € Ky, he R", ||h]| < 1and i€ {1,...,n}. Set
c3 = c3(x, h,i) ;== sup HDiY”h(t) — D;Y* (1)
o<t<t

Because of (3.8), c3 is finite. For any 0 < ¢ < 7 we have
z+h T
DY) — DYE()

= /0 | [DOV (Y= (s)) - DiY™(s) = DOV (Y*(s)) - DiY*(s)] ds

(3.14) .
= / < [D(l)Vj(Yx—i-h(S)) — D(I)Vj(yx(s))} 'DiY“—h(s)
+ DIV, (Y7(s) - [DYH(s) = DY*(s)] ),
}DiY}u—h(t) - Dzyfv(t)‘ < /0 [Z |DkV]<Yﬂc+h(3)) — Dk‘/;(Yz(S)N |Diykm+h(s)|

3 1DV ()] DY (s) — DY (s)]| ds.
k=1

In view of (3.7) and (3.8), we have for 0 < s < 7,

D DRV (YT () = DRVi(YE(9))] < IDPV o[ H(s) = Y ()l
k=1
< 2| DPV]|oc I,

IDY**(s) <2, Y DV (Y ()] < IDWV [lsenr
k=1

It follows that
DY (t) — DY ()] < 4IDPV oo ns 7|1l + 7 [1DDV |loons - s,

S0,
c3 < 4DV | loons 7|1 + 7 IDOV | so.ar - €5

By definition, 7 < 1/(2| DMV ||se.1), 50
cs S ADPV |l 7[R + c3/2.
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This gives

sup || DiY*(t) = DY (1) = 5 < 8[IDOV |logar 7 |-

o<t<r

(iv) Set
z,h . T T
Q(®) = DY) — DY)

and Q™"(t) = (Qf”lh(t), ...,Q"™(t)). Using the Taylor expansion we get from (3.14),

in

t n
0= [ 3D Y D)) s+ O

/ DOV, (Y7(s)) - Q' (s) ds
(3.15)
/ S DY) DO DY, (YA (s) - B (s)ds + O[]
01—

+ [ DOV Q) ds

Consider k € {1,...,n} and let h = ueg. Define

x,h z,h
ot Dt
¢4 = cy(x,4, k) == max sup (hmsup Qi) _ lim inf Qi | )> :

I=jsno<t<r u—0 u u—0 U

Note that ¢, is finite because we have ]Qf;’(tﬂ < 8| DAV ||qopr Tu for u € (—1,1),
by (3.9). For u,u’ € (=1,1) \ {0}, h = uey, and h' = /ey, (3.15) implies that,

@h @,h! t wh(g
@) GO 'S byt - s+ o)

u o 0 5 N
[ prrptow ) - s ow
0 =1 v
/ DOV (ve(s) (cth(s) B Qf”’:(s)) e

The first two integrals cancel in the limit as u,u’ — 0. To see that we can pass
to the limit, we use the bounded convergence theorem. This theorem is applicable
because (3.7) provides a bound for 1 R*"(s), (3.8) provides a bound for D;Y;"™"(s)
and we also have ||D®V ||, < 00, by assumption. Letting u,u’ — 0 we get

QU . Qu (1)
u/

lim sup — lim inf < 7'||D(1)V||<><>7M G-

u—0 u u'—0
Since 0 <t <7 and j € {1,...,n} are arbitrary we see that
Cy > < THD V”ooM Cy,

so ¢4 = 0; this proves that D;Y*(t) exists. The estimate (3.10) follows now from
(3.9).
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(v) By (3.15) we get for h = uey,

DZkY;E (t) u—)O 0
=1

t
+/ DWWV (Y™ () DY ™ (s) ds.
0
Let v € K, he R", ||h|| <1 and i,k € {1,...,n}. Put
cs = cs(x, h,i, k) ;= sup ||DxY ™" (t) — DY *(t)||.
o<t<r

Because of (3.10), ¢5 is finite. For any 0 < ¢ < 7 and 5 € {1,...,n} we have
DYt ) - DikY.””( )

/ [ DY (5) Dy Vy( 4 (3) DY)

llml

- Din(s)DlmV»(W(s))DkYTﬁ(s)] ds

/0 V(Y= () DYy (s) — DV (V7 (5)) Dy (s) ds

=1
=1+1IL

We obtain from (3.8), (3.9) and (3.10),

1] < / S5 [PV o)D) DY (s) - DuYa(o)]|

=1 m=1

D Vi (Y (5)) DyYii(s) [DaYi(s) = DY (s)]|
+ | DY () DY) [DunVi(Y ™ (5) = DinV5(*(5))]| | ds
<7 [IDOVIE 5327 3]l + 8 IDOV e 1A
as well as

j < Z | DiV; (Y7 (s)) [Dan Y™ (s) — DY (s)]|

0 =1
+ | DY (s) [DIV; (Y (s)) = Div; (Y7 (s))] || s
<7 [IDOV s -5+ 16 [ DOVIE oy 1]
Combining these two estimates we find for all 0 <t <7 and 1 < j < n,
DY (t) — DY (1)]

<48 [DAVIZ, s IR+ 8IDPV o a7 1l + 7 I DDV [loo a1 - c5.

Hence,
cs < A8 DDV s 72 1Al + 8 DOV logar 7 1R + 7 [ DUV ogar - 5,
so, recalling (3.6),
¢s < 96 | DDV, s 7 1Al] + 16 [ DDV ||oc s 7 1A,

Z D;Y%(s) DYDYV (Y(s)) - DY (s) ds

23



24 K. BURDZY T. KULCZYCKI AND R.L. SCHILLING

which finishes the proof. 0

The next step in proving Theorem 3.1 is the following lemma.

Lemma 3.5. Let g : R" — R be a function in C¢. Fiz 0 < t; < oo and let Y*(t) be
the solution of (3.1). Assume that the explosion time ((z,w) = oo for all x € R”
and all w € Q. Let Tyg be defined by (3.2). Assume that K C R", for every t < t;
supp Tyg C K and there exists a conver set M C R™ such that Y*(t,w) € M for all
r € Ky :=,cx B (2,3), t <t and w € Q. Assume that |V ||s),m < 0o and let

1 1
- Ay (- - >
T DOV o 0~

Then we have

(i) For all0 <t <7, x € K and i € {1,...,n}, the derivative D;T;g(x) exists

and
(3.16) DiTig(x) = E (DWg(Y* (1)) D;Y“(t)) .
(ii) For all0 <t < 7, x € K and i,k € {1,...,n}, the derwative Dy T;g(x)
exists and
(3.17)
Dy Tig(x)

=B (D(l)g(Yx(t)) - DY (t) + > DY () DV (D;g) (Y (1)) - Dka(t)> :
j=1
(iii) Forall0 <t <7 andi,k € {1,...,n}, the derivative Dy T g(x) is continuous
forx e K.

Proof. (i) Let 0 < ¢t < 7,z € K, fixi € {1,...,n} and let h = ue,. By Taylor’s
theorem and (3.7), we get,

Tig(z + h) — Trg(x)

D Tg(z) = lim

- lin E (g<w+h<t>>u_ g(W(t»)
~ lin E (D“)g(w)) : <1:+h<t> - Yﬁ(t)))
+lim E (El<z,m<n Dzmg@)@?*h(t)? — VP () (Y () — Y,m))

u—0

= E (DWg(Y*()) - DY*(1)) + lim E <() (”Y“’%ﬂu— Yx<t>||2))

where € = &, 5,11.m is an intermediate point between Y*(¢) and Y**"(¢). This yields
(3.16).
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(ii) Fix i,k € {1,...,n} and let h = ue,. We have, using (i),
DiTyg(x + h) — DiTig(x)

Dy Tig(x) = lim

_ lig(l)E (D(l)g(yx+h(t)) . Diyx—kh(iz _ D(l)g(Yx(t)) . Din(t))
— lmE (D(I)Q(Y”h(t)) : (D;Y”h(t) - Din(t)))

I B (D"Yﬂ%t) : (D%(Yﬁ:(t)) - D(vg(mt))))
=T+1IL

By (3.9) and bounded convergence theorem,
=k (D(I)Q(Yx(t)) : Dika(t)) :

We apply the Taylor theorem, (3.7) and the bounded convergence theorem to see
that

II=IlmlE
u—0 u

(E}Ll DY (t)(Dg(Y*(t)) — ng(Yx(t)))>

=lim[E

u—0 u

(Z}‘:l DY (t) DY(D;g) (Y2 (1)) - (YH(t) — Y””@)))

s (o (27202370

_E (Z DYF (1) DV(D;g)(Y*(1)) - me) .

This proves (3.17).

(iii) By Proposition 3.3, all derivatives on the right hand side of (3.17) are con-
tinuous. Thus the function Dy, Tig(x) is continuous for z € K, i,k € {1,...,n} and
0 <t < 7. This proves (iii). O

Proof of Theorem 3.1. We set
o 1
" 2DV

We will use induction. The induction step is the following. Assume that T, f € C?
for some s € [0,t5]. We will show that for all » < 7 such that s 4+ r < ¢, we have
Tsrrf € C* and || Ty f|l(2) < 00. To show this we use Lemma 3.5. Put g = T, f and
t; = tp—s. Note that r < 7At; = 7 and g = T f satisfies the assumptions of Lemma
3.5. Hence we obtain that T,,,f = T,g € C?. A combination of the estimates
(3.16), (3.17), the fact that supp 7,9 C K and the estimates from Proposition 3.3
yield [|T,.g]|2) < oo.

An assumption of Theorem 3.1 states that f € CZ. Hence, Tyf = f € C?. The
induction step shows that T, f € Cf for all s < 7 Aty. Subsequent induction steps
extend this claim to T,f € C? for all s < j7 Aty, j = 2,3,... Therefore, T, f € C}
for all s < t. [

A tp.
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Proposition 3.6. Let {Ti}i>0 be the semigroup given by (2.6) of the the process
(Y:, Sy) defined by (2.1). Let C?(R?) be the class of functions given by Definition
2.4. We have

T,: CI(R?) — CI(R?).

Proof. We will repeat some of the arguments given before the statement of Theorem
3.1. Note that the SDE (2.1) is of the form (3.1). By Lemma 2.1 there exists a
unique solution of (2.1) with explosion time (((y, s),w) = oo for all (y,s) € R? and
w € Q. Suppose that f € C?(R?). Then supp f C R x [—r,7], for some r > 0. Fix
to > 0. By (3.4), for any ¢t < ty, we have

(3.18) suppTif € K =R x [— r — tol|W"| oo, 7 +t0||W"||oo}.
We have
Ks= | B ((4.9).3) =R x (=1 —to|[W"]|lc — 3, 7 + o[ W"[|c + 3).
(y,8)eEK
Let

M =R x [ =71 = 2t[[W"|lc = 3, 7+ 2to[[W"||c + 3].

By (3.5) we have (Y;V*, S¥*)) € M for all (y,s) € K;. Rewriting (2.1) as (3.3)
we have Vi(y1,y2) = W (y1)ya, Va(y1,42) = W”(y1). Since W € C® and since it
is periodic, we get [|[V||3),m < o0o. Therefore, the solution of (3.3) satisfies the
assumptions of Theorem 3.1. It follows that for any ¢ <t we have

T.f € C* and ||Tif| 2 < oc.
This and (3.18) yield T f € C?(R?). O

Proof of Proposition 2.10. Suppose that f € C2($ x R). Then f € C2(R?) where f
is given by (2.3). By Proposition 3.6, T;f € C?(R?). Using this and (2.10) we get
TSf e C*(S x R). O
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